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Ders Konusu:

Sinyaller ve Sistemler, veri isleme, iletisim, gorintl isleme, savunma elektronigi, tlketici
elektronigi dahil olmak Uzere birgok farkli alanda mihendislik sistemlerinin ayrilmaz bir
parcasini olusturan, analog ve dijital sinyal islemede temel niteligindedir. Sirekli ve kesikli
zaman sinyalleri ve sistemleri i¢cin temel kavramlar sunulacak ve birlestirilecektir. Sinyal ve
sistemler hem zaman hem de frekans alanlari icin gelistirilmistir. Bu temsiller, Fourier
doénlsimi ve ayrintili olarak incelenen genellemeleri ile iligskilidir. Hem analog hem de dijital
sistemler igin filtreleme ve filtre tasarimi, modilasyonu ve 6rneklemenin yani sira hem
analog hem de dijital sistemler icin geri bildirim sistemlerinin temel kavramlarinin
gosterilmesi ve gosterilmesi tartisilir ve gosterilir.

Ders Programlari:

Matematiksel Kavramlar: Kompleks Sayilar, Homojen Diferansiyel Denklemler.
Surekli Zamanli isaretler ve LTI Sistemleri
Sinyallerin Siniflandiriimasi, Faydali Sinyaller
Zaman Vektorleri ve Sinlizoidler

Sinyaller ve Guriltl, Kanal Kapasitesi
Ornekleme ve Aliasing

Sistemlerin siniflandiriimasi, Frekans yanitlari
Fourier donisimi

Laplace donlisimu

Z-Donlsum

Ayrik Zamanli Sistem Modelleri, Sistem analiz
Filtreleme, Modilasyon

Matlab uygulamalari

isbirligi yapilacak disiplinler:
e Olasilik, istatistiksel veri analizi: Kesirim yaparak karar verme
o Uygulamali matematik: Matlab, Tirev, Integral, Limit, Laplace dénisim, Z-dénisim,
Sayisal matematik, Niimerik analiz, trigeometri, Algoritma ve matematiksel modelleme
e Kaos: Dnamik ve dinamik olmayan, lineer olmayan; Risk ve sapma analizi,
Manipulasyon, siireclerde sapma analizi

Systems, signals, mathematical models will be explained in the details: General properties of
signals, Continuous-time and discrete-time signals. Energy and power for continuous &
discrete-time signals. Signal transformations. Specific signal types. Representing signals in
Matlab and Simulink



Var oldugumuz kainat, sinyaller denizidir. Yasayan kiiclik bir organizma, bir hiicre ya da en
karmasik ve en akilli canli organizma (insan), ¢evresinden sirekli sinyalleri alir ve isler.
Herhangi bir canli organizmanin hayatta kalmasi, sinyallerin uygun sekilde islemesine ve

tepki vermesine baghdir. Beynimiz gevresi ile algilama, hissetme ve koklama dahil pek ¢ok
sinyal ile mesaj gonderip almaktadir.

Sinyal bilgi tasiyan bir isarettir. Bu ders notunda, sinyallerin matematiksel temsilleri
anlatilacak. Cevremizdeki sinyallere drnekler mi ariyorsunuz? insan sesi, kuslarin civiltilari,
duman sinyalleri, jestler (isaret dili), cicek kokularidir. Viicut islevlerimizin ¢ogu kimyasal
sinyallerle duzenlenir, kor insanlar dokunma hissini kullanir. Arilar dans modelleriyle
birbirleriyle iletisim kurarlar. Ses uzayda yayihr mi? Uzay neden karanlik? Teknolojik
sinyallerinin bazi 6rnekleri, bir telefon teli icindeki akim ve gerilim, bir verici antenden ¢ikan
elektromanyetik dalga, bir fiber kablonun kilindaki 1sik yogunlugunun degismesidir. Boylece
neredeyse sonsuz bir gesitlilikte sinyaller oldugunu ve sinyalleri bir yerden baska bir yere
tastyan yol ve tastyicilar oldugunu goriyoruz.

Sinyal: Bir veya daha fazla degiskenlerin gercek veya karmagsik fonksiyonudur. Fonksiyon tek
bir degiskene baglh oldugunda, sinyal bir boyutludur. Bir konusma sinyali, glinlik maksimum
sicaklk, bir yerdeki yillik yagis, tek boyutlu bir sinyal 6érnegidir. Fonksiyon iki veya daha fazla
degiskene bagh oldugunda, sinyalin ¢ok boyutlu oldugu soylenir. Bir gorinti, iki boyutlu
sinyali, iki boyutu temsil eden dikey ve yatay koordinatlari temsil etmektedir. Fiziksel
diinyamiz Gic mekansal ve bir zamansal dort boyutludur.

Ornegin Morétesi ya da ultraviyole (kisaca UV) 1sinim, dalga boyu 100 ile 400 nm arasindaki
Isina denir. Gézlimiiz, 400 ile 700 nm dalga boylari arasina duyarhdir ve bunun disindaki
1sinim1 algilayamaz. Gecenin bir vakti kalkip, ¢céle veya ¢ol iklimli bir yere gidin ve ultraviyole
algilayiciyr agin. Algilama ekranda canh bir mavi-yesil renkle parlayan akrepleri goreceksiniz.
UV 1sini altinda viicutlarinda algilayici olarak gorev yapan kimyasallarin bir kismi bozunur ve
s6zl edilen renklerin etrafa sacilmasina neden olurlar.

Kizilotesi 1sinim ise cisimlerin sicakhgini uzaktan belirlemeye yarar. Termal gorintileme
genelde askeri ve sanayi amaclarla kizilotesi kameralar olarak tiketici pazarina da girmis
bulunmaktadir. Genis ve belirgin sicakliktaki soguk ortamlarda (deniz, orman, ¢ol, karli dag,
bozkir) havadan arama kurtarma calismalarinda insan goziinden kolay kagcan sicak insan
vlicudunun, ve konaklama ates yerinin termografi ile daha kolay farkina varilir. Kizilotesi
Isinimin dalga boyu 750 nanometre ile 1 mikrometre arasindadir. Normal sicakligindaki insan
vicudu 10 mikrometre civarinda i1sima yapar.



1 g Sinyaller

Sinyal; genellikle zaman icinde deterministik (belli bir kurala gore) olarak ya da rasgele (belli
bir kurala ya da analitik denkleme gére tanimlanamayan) degerler dizisidir. Ornek vermek
gerekirse bir sicaklik sensoriiniin oda iginde belirli zaman aralaliklarinda 6l¢tigi sicakhk
degerleri bir sinyaldir. Ornekte verilen sinyali analiz etmek istersek bu sicaklik degerlerini
oda icinde Olculen en yiksek sicaklik degeri ile normalize edersek (en yiksek sicaklik
degerine bolersek) sifirin tGzerindeki sicaklik degerleri icin 0 ila 1 arasinda degisen bir sinyal
elde etmis oluruz. Bu sinyal icin bagimsiz degisken zamani, sinyal ise bu zamanlarda oda
icinde o6lgllen en yliksek sicaklik degerine normalize edilmis oran degerlerini verir. Eger
sicaklik dlgiimlerini stirekli olarak aliyorsak sinyalimiz zamanin siirekli bir fonksiyonu, glinde
bir kere aliyor isek sinyalimiz zamanin kesikli bir fonksiyonu (her gln igin bir deger ve diger
Olgiim zamani gelene kadar herhangi bir deger yok) olarak tanimlanacaktir.

Bir sinyali x(t) notasyonu ile ifade edilirse x bir sinyali, t bagimsiz degisken olan zamani,
yumusak parantezler ise zaman sinyalinin sirekli oldugunu gosterecektir. Peki, bagimsiz
zaman degiskeni t slirekli olmakla birlikte, sinyalin aldig1 deger x(t) streklidir.

Bagimsiz degiskeni t yerine n ile gbstermek slirekli zaman sinyalini kesikli hale getirir. Sinyali
kesikli zaman sinyali yapan notasyon x[n], n=---,-2,-1,0,1,2,...,n€Z gosterimidir. Sinyal x ile
gosterilmekte, n bagimsiz degiskenin kesikli zaman degiskeni oldugunu géstermekte, koseli
parantezler ise sinyalin kesikli zaman sinyali oldugunu ifade etmektedir. Bagimsiz zaman
degiskeni n kesikli olmakla birlikte, sinyalin aldig1 deger x[n] degeri de kesiklidir.

Sinyal zamanda kesikli olmasina ragmen genlik degeri siirekli (irrasyonel dahil) hatta
karmasik (complex) bir sayi1 degeri alabilir. Bu nedenle x[n] sinyallerini zamanda kesikli ancak
genlik degerinde sirekli olmak lizere kisaca kesikli zaman sinyalleri (discrete time signals)
olarak adlandirmaktayiz. Bu sinyaller literatiirde sayisal (digital) sinyaller olarak
adlandiriimaktadir. Kesikli zaman (discrete time) sinyallerden sayisal (digital) sinyallere gecis
(genlik ekseninin strekli degerlerden kesikli degerlere ¢cevrilmesi) nicemleme (quantization)
isleminin konusudur. Bir f(t) sinyali zamanin bir fonksiyonudur. Gerilim v(t) veya akim i(t)
olabilir.



Continuous

o

x(t) System y(t)
Discrete .
x[n] System y[n]

FIGURE 5-1

Terminology for signals and systems. A system 15 any process that generates an output signal in
response to an input signal Continuous signals are usually represented with parentheses, while
discrete signals use brackets. All signals use lower case letters, reserving the upper case for the
frequency domain (presented in later chapters). Unless there is a better name available, the input
signal is called: x(7) or x[n], while the output is called: ¥(i) or y[n].

Sinyal drnekleri:

Elektriksel sinyaller; devredeki voltajlar ve akimlar

Akustik sinyaller, Zamanla akustik basing (ses), Mekanik sinyaller

Video sinyalleri;Zaman icinde bir pikselin (kamera, video) yogunlugu

Sicaklik, hiz gibi genliklerin zamanla degisimi
Koku

Kuantum pargacik yayinimi, Radyoaktif maddeler veya izotoplar

Elektromanyetik yayinim
Kimyasal yayinim —hormon
Cekim Kuvvetleri

Enerji kaynaklari; 151k

Sistemler istenilen cikis sinyallerini Gretmek icin giris sinyallerini isler. Bir sistem bir sinyali

girdi olarak alir ve baska bir sinyale donUstirir.



Signals:
A signal 1s defined as a function of one or more variables which
conveys information.

A'signal is a physical quantity that varies with time in general, or any
other independent variable.
It can be dependent on one or more independent variables.

Ex. x,(t)=20t One-dimensional signal
X,(t) =202

o(x,y) = x+3xy+2y? Two-dimensional signal

x(t) = i A (t)sin[2rt (D)t + 6,(0)]: Multi-dimensional
“A,(t) = time varying i amplitude
f(t) = time varying i'" frequency
B.(t) = time varying i phase

*Dimensions- Based on the number of independent variables.

Ornek:

clear all
close all

mag = 2; % magnitude (arbitrary units)

f = 1000; % frequency in Hz

Ps=50; % number of sampling on a periot
samp = f*Ps; % sampling rate in Hz

M=2; % Displaying number of period
del=1/samp;

t = 0:del:M*Ps*del; % time

N = length(t)

X = mag*cos (2*pi*f*t); % the signal equation
figure

plot(t,x,"'.=-");

xlabel ('Time (sec)');

ylabel ('Amplitute');
title('mag*cos (2*pi*f*t) ")



mag*cos (2*pi*f*t)
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Waveform Generation: Time Vectors and Sinusoids

Consider generating data with a 1000 Hz sample frequency, for example. An appropriate
time vector is

t=(0:0.001:1)%
where (:) creates a 1001-element row vector that represents time running from 0 to 1
seconds in steps of 1 ms. The transpose operator (') changes the row vector into a column;

the semicolon (;) tells MATLAB to compute, but not display, the result.

Given t, you can create a sample signal y consisting of two sinusoids, one at 50 Hz and one
at 120 Hz with twice the amplitude.

y = sin(2*pi*50*t) + 2*sin(2*pi*120*t);

The new variable y, formed from vector t, is also 1001 elements long. You can add normally
distributed white noise to the signal and plot the first 50 points:



yn =y + 0.5*randn(size(t));

plot(t(1:50),yn(1:50))

Cift (Even) ve Tek (Odd) Sinyaller

Tek (Odd) ve cift (Even) sinyaller; Cift sinyaller, dikey eksene gore simetrik olan sinyallerdir
ve matematilsel olarak f(t)=f(-t) seklinde ifade edilirler. Tek sinyaller ise f(t)=-f(-t)
bigcimindedir.

feft)
> 1

fo(t)
P - l

AN ]

Zaman Oteleme: Bir x(t) isaretini verilen sabit bir to zamani kadar 6teleme, veya geciktirme,
x(t-to) seklinde bir isaret Uretir.
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Sekil Isaretin otelenmesi

Cift sinyalin fonksiyonu, x(t) = x(-t) olarak tanimlanir. Tek sinyalin fonksiyonu, x(t) = -x(t)
olarak tanimlanir. Bir ¢ift sinyal ve tek sinyalin ¢carpimi ne olur? Bir ¢ift sinyal ve tek sinyalin

toplami ne olur?

Explanation The product of an even and odd signal is an odd signal. But product or sum of
two even signals is even signal.

1.1. Periyodik Sinyaller

Some important classifications of signals

Analog vs. Digital signals: as stated in the previous lecture, a signal with a magnitude
that may take any real value in a specific range is called an analog signal while a
signal with amplitude that takes only a finite number of values is called a digital
signal.

Continuous-time vs. discrete-time signals: continuous-time signals may be analog or
digital signals such that their magnitudes are defined for all values of t, while
discrete-time signal are analog or digital signals with magnitudes that are defined at
specific instants of time only and are undefined for other time instants.

Periodic vs. aperiodic signals: periodic signals are those that are constructed from a
specific shape that repeats regularly after a specific amount of time Ty, [i.e., a
periodic signal f(t) with period Ty satisfies f(t) = f(t+nTo) for all integer values of n],
while aperiodic signals do not repeat regularly.

Deterministic vs. probabilistic signals: deterministic signals are those that can be
computed beforehand at any instant of time while a probabilistic signal is one that is
random and cannot be determined beforehand.



= Energy vs. Power signals: as described below.

Periodic sampling of an analog signal

Nyquist teoremi: Bir analog sinyalin 6rnek alinip orjinalitesini bozulmamasi icin fs>=2*Bw
olmalidir.

Periodic Signals

Zaman iginde kendini tekrar eden sinyallerdir.

X(t)=A Sin(wt + @)
A: Genlik; w: agisal frekans;  f: frekans (Hz=1/sec); T:peryod (sec)

w=2nf,  f=1/T,  T=2m/w

e Bir isaretin peryodik olabilmesi icin, - , m tamsayi olmalidir.

e Birden fazla sinyalin toplaminin peryodic olup olmadigini belirlemek icin,

k T .
— = — = kesirli sayt
m 2



Kesirli yazilmayan sayilar irasyonel sayilardir ve peryodik olamazlar.

T1/T2 oraninda, m=payda, k=pay olarak alinir.

X [n] =2 cos (2n) is periodic or not?

Explanation: The given signal x [n] is non periodic as it doesn’t satisfy the equation
w=2ntm/N; where, N is fundamental period and m is an integer.

Fundamental frequency x[n] is given by w= 2*pi /N. Fundamental frequency is the smallest
value of N which satisfies the equation. Where N is a positive integer.

Peiyodik Fonksiyonlar :

f:A—B bir fonksiyon olsun. Vx €A igin f(x+T) =f(x) esitligini saglayan bir T gerg¢ek sayisi
varsa, f fonksiyonuna periyodik fonksiyon, T gercek sayisina da f’ nin bir periyodu denir. T
gercek sayisinin en kiictigline ise esas periyodu denir. Buradan hareketle;

k € Z olmak lzere Vae IR igin;

cos(a + k.2m) = cosa. ve sin(a+ k.2m) =sinat oldugundan sinis ve kosinis fonksiyonlarinin
periyodu k.2m ve esas periyodu 21 dir.

Ayni sekilde;

k € Z olmak lzere a#n/2 +krmtve a € IR icin tan(a + k.7t) = tana

k € Z olmak lzere a#kmve a € IRigin cot(a + k.7) = cotar  oldugundan tanjant ve kotanjant
fonksiyonlarinin periyodu k.7 ve esas periyodu w dir.

J(x)=sinm(ax+b) 4 f(x)=cos™(ax+Db)

T-2% e

m tek ise [ m ¢ift ise [

An analog signal x(t) is periodic if
m it is defined for all possible values of &, —oo < t < oo, and
m thereis a positive real value Ty, the period of x(t), such that

x(t + kT = x(t)

for any integer k.
The period of x(t) is the smallest possible value of Ty = 0 that makes the periodicity possible. Thus, although
WTy for an integer N = 1 is also a period of x(t) it should not be considered the period.




x(1) = Acos2n for +6) ve x(t) = Ae/ 0 jsaretleri gercel ve karmagik pe-
(1)

1
riyodik isaretlere rmek olarak verilebilir. Her iki isaretin periyodu 7,= —
0 1

dir. Sekilde  gosterilen

I =20
=1, 124 (2.15)
birim basamak fonksiyonu ise periyodik olmayan isaretlere bir 6imek olarak Sekil  Birim basamak isareti.
verilebilir.
Example

Let x(t) = &' and y(t) = &7, and consider their sum z(t) = x(t) + y(t), and their product w(t) =
x(t)pit). Determine if z(t) and w(r) are periodic, and if so, find their periods. Ispit) = (1 +x(0))(1 +
y(t)) periodic?
Solution
According to Fuler's identity,

x(t) = cos(2t) + jsin(2t)

yit) = cos(mt) + jsin{mwt)

indicating x(t) is periodic of period Ty = 7 (the frequency of x(t) is &p = 2 = 2/Tp) and p(t) is
periodic of period T1 = 2 (the frequency of y(t) is 21 =7 = 2m/T1).

For z(t) to be periodic requires that Ty /Ty be a rational number, which is not the case as T, /Ty =
2/m. So z(t) is not periodic.

The product is w(t) = x(t)yir) = el 2+ — cas(Qar) + jsin(2a2r) where Q32 =247 =27/T7 so
that T; = 27 /(2 4+ ), so w(t) is periodic of period T3.

The terms 1 +x(t) and 1 + p(t) are periodic of period Ty = 7 and T} = 2, and from the case of the
product above, one would hope this product be periodic. But since p(t) = 1 + x(t) + p(t) + x(t)pit)
and x(t) + y(t) is not periodic, then p(t) is not periodic.

Ornek:

xit) = 2 cos(2mt)

for 0 <t < 10 sec. If we sample it every T;; = 0.1 sec, the analog signal becomes the following
sequence;

x1[n] = x(t) |t=0.1n= 2 cos(2mn/10) 0 =n =< 100

providing a very good approximation to the original signal. If, on the other hand, we let T;3 = 1 sec,
then the discrete-time signal becomes

x2[n] =x(t) liep=2cos(2an) =2 0=n=<10
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Ayrik Sintzoidaller

» Analog sinizoidaller » Fakat ayrik sinlizoidallerin
zarflari peryodik olmakla

beraber isaretler herzaman
degildir.

herzaman periyodiktir.

x(1)=Acos(Q,t+6) x(n)=Acos(ayn+¢)

] isareti ancak
T, =27/Q, sn — periyot

Q, radian/sn — frekans x(n+N)= Acos((oo(n +N)+ ¢) =x(n)
A — genlik
6 radian — faz esitligini saglayan NV, pozitif
tamsayi ise periyodiktir.
v=2"
@,

Bu sinyalin bir peryodunda Ps=20 érnek alinmak istenmektedir. Ornekleme peryodu,
Ts=T/Ps, ise, 6rnekleme frekansi, fs=1/Ts den fs degerini bulunur.



Ayrik Sintzoidaller
Ornekler
1. N’nin 6rnekleme periyodu ile iliskisi

x(1) = Acos(Q,1) x(Tyn)=Acos(Q,T,n) = Acos(ayn)

T,

27 =0, =27=

QO = ZJTJI) :? 0 o I;)

0 Ayrik isaretin periyodik olmasi igin
[y Hz— isaretin fiekanst

o 2z I
T, sn—» isaretin peryodu N=—=2
@, T,

T, sn—» drnekleme peryodu
i ifadesi tamsayi olmalidir.

Ayrik Sinlzoidaller
Ornekler

2
2. X(ﬂ)—ZCOS{gnJrZJ isareti periyodik midir ?
Evet, peryot N=8 pozitif tam sayidir.

Saglama:

2 8
x(i?+8)—ZCOS{$+%}—2COS(%+ZN+%)—:\‘(ﬁ)



Ayrik Sintuzoidaller
Ornekler

Frekansi 1 rad/sn olan analog sinlzoitten
periyodik olmayan ayrik sintizoit tretelim.

3.

t ot x(n) = COS(O,Sn)

¥ i Ayrik isareti
T Nyquist kriterine gére . 1, 27
1 1 T, i belirleyelim. A *?7E
fo=1 "5z 2> 2o =24, :
T < 1/2f0 =7 ifadesi tamsayi
sartini saglayan olmadig igin-
~ periyodik degildir.
T,=0.5
olsun
Ayrik Sintizoidaller
Ornekler
4,

Onceki 6rnekteki ayrik isareti periyodik
yapmak icin:

x(r)=cos(t)

Sartini saglayacak bir N tamsayisi
tercih etmeliyiz veya

Iy, 27

T T

N > 2

esitsizligini saglayacak sekilde ( 6rnegin
N=8) secilirse ayrik isaret periyodik olur




Periyodik Ayrik Sinyaller

Eger x(n) isareti sonsuz uzunlukta ve k herhangi bir

tamsayi ise
x(n) = x(n = kj\f)

isareti N peryoduyla periyodiktir.

Bir peryodik ayrik sinyalin Fourier serisi acihmi:

N-1

x(r.r) :LTZX(JC)Q
N~

/

27
—nk
] N

Fourier serisi katsayilari

~

Nl —jink
X(ff):Zx(n)e N
n=0

Periyodik Ayrik Sinyaller

= J%’nk N-1 L
x(n)= VZXU()@ ! X(ic):z,x (n)e
Y k=0 n=0

* N peryoduyla periyodik bir ayrik sinyal, [-rt, ) veya esdeger [0, 2m)
araliginda N farkli harmonige sahiptir. X(k) peryot N ile periyodiktir bu
ylzden X(k) sadece, m herhangi bir tam sayi olmak lizere k=m,...,N-1+m
araliginda hesaplanmasi yeterlidir.
. X(k) Fourier seri katsayilari komplextir dolayisiyla genlik ve fazlariyla
tasvir edilmelidirler.
. Bir peryodik ayrik sinyalin Fourier serisi, o sinyalin bir peryodunun
DTFT donuslimu ve z-dontsumd ile ilgilidir.

X(k):X(ew) =X (z)

o=27k/N

7 AN
=e_,r_,"rk.3\-

&




Determining the periodicity of the sum of periodic signals

Let x(t) = xa(t) + x2(t) + ... xn(t) where xj(t) is a periodic signal with fundamental period T;
seconds, j=1,2...N.

To determine whether x(t) is periodic, form the ratios T1/T;, j=2,...N. If every one of the
ratios is a rational number, then x(t) is periodic. Otherwise, it is not periodic.

If x(t) is periodic, we determine its fundamental period as below:

1. Convert the ratios T1/Tj, j = 2,...N to a ratio of integers, with common factors
between numerator and denominator canceled out. Now the ratios will be of the
form N;/ Dj, for j=2,...N.

Find the least common multiple (LCM) of the D;j‘s. Let this number be K.
The fundamental period of x(t), T, is then given by

n

2
if e(f)=coy —T
if g(f) {T

(. 2«
+0.5 COSLZ -?i' ] . the time domain plot and the spectrum are show n as

[ =]

follows.
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a) X)) cos(44) +2 sin (51)
T2 21 1= 2m
Yy v
;B - WA - & = fllz;de}IC L\.H':rE-
4 | od T=
peaise TTI sec
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fh =20 Team =2
9 -

T N T R
LT e e,
A

Ornek:

The period of the signal z(t) = 83'111(0.8:??{: + %) 1S

Period of z(1),

_ 2T _ 2T _ 9 ee
T = » 08 2.5 sec




Soru-9: Asagidaki sinyallerin periyodik olup olmadigini belirleyin. Sinyal periyodik ise, temel
peryodunu belirleyin.
. — ain(X (21
(a) x(t) = sin(Ft) cos(5t)
) _ (1IN -
(b) z[n] = (3) sin(fn)
Peryodik olup olmadigini belirlemek igin
Sin(wit)=sin(2nfit); 2nfi=m/5 ise f1=1/10 Hz oldugundan temel peryod T1=1/f1=10 bulunur
Cos(wat)=cos(2mtft); 2nf,=2m/7 ise f,=1/7 Hz oldugundan temel peryod T»=1/f,=7 bulunur.
X(t)'nin temel peryodu=T1*T2=70 bulunur.

x [n)s 1 costinm)
peniodic T f Lya =;‘TI{T_-% o Seme \r:ﬁ'rtem % af
Ta Ths cax S2ew so 3 Li=a weh
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Soru:

m
(a) x(t)= cos[r + 7 )

m m
(a) x(r)=cos{r + Z]=cos(w“:+ :1—) —w, =1

x(t) is periodic with fundamental period 7, = 27 /w, = 2.

21
(b) x(r)=sin T:

21 2

(b) x(¢)=sin TI-—-»&;U-_.; T

x(1) is periodic with fundamental period 7, = 27 /w, = 3.

™ m
(¢c) x(¢)=cos 3! + sin 2! =x,(1) +x,(1)

where x(t) = cos(7/3)t = cos w,;t is periodic with T,=2m/w, =6 and x,(t)=
sin(7r/4)t = sin w,t is periodic with T,=27/w,=8. Since T,/T,= 2= 1 is a rational
number, x(r) is periodic with fundamental period T, =47, = 3T, = 24.

(d) x(t)=cost+siny2t=x,t)+x,(¢)

where x,(1)=cost=cosw,! is periodic with T, =2m/w, =27 and x,(t)=siny2t=
sin w,! is periodic with T, = 27 /w, = V2. Since T,/T,= V2 is an irrational number,

x(r) is nonperiodic.



1.2. Energy and Power Signals

There are in principle many different energy fields available from which to harvest energy:
e Radiation (light, solar, cosmic rays, electromagnetic radiation)

® Thermal

e Mechanical (potential, kinetic, elastic, fluid)

* Gravitational

e Chemical (battery, fuel cell, fossil fuels)

* Nuclear

e Magnetic (Magnetisation, currents etc)

e Electric

Gii¢ ve Enerji nedir
Gug, is yapma potansiyelidir. Gig, enerji Gretme oranidir. Bir bagka ifadeyle, birim zamanda
yapilan istir. Birimleri kgm/s, W veya HP’dir. Glig, Watt (W) cinsinden olgilur.

- 75kgm/s =1 HPdir,

- 100 kgm/s=1 KW'tir.

Eneriji, “is yapabilme yetenegidir”. is yapildiginda, enerji bir formdan digerine dénisiir.
Enerji birimi joule (J)’dir. Eneriji, farkl formlarda ve amaglarla kullanilir. Eneriji, gligtir;
enerji, paradir, enerji istir. Birimi kgm’dir.

Elektrikte, Watt (W) gli¢ 6lcim birimidir. Amper x Volt = Watt.
Elektrikte enerji 6lciim birimi Watt-hour (Wh) dir. Saatlik tretilen ya da tiketilen elektrik
enerjisi miktaridir. 1 Kilowatt-hour (kWh) = 1000 Wh

- 1 kWh= 860 Kcal’dir veya 3415 Btu’dur.

1 Kilowatt-Hour = 1000 watts x 3600 seconds = 3.6 x 10° watt-second = 3.6 x 10° Joules

How much heat is produced by a human body?

Explanation: A man doing no or very little physical work needs about 2,000 kcal (or less) of
energy in his daily food. The body converts this energy almost entirely into heat.
1day=24x60x60s=86,400s1cal=4.2)

Hence, 2000 kcal/day = 2000 x 4.2 kj/day = (8.4 Mj)/86600s= 100 j/s = 100 W

We see that a human body doing no work is equivalent to a heat source of about 100 W —
the equivalent of a good bulb.



Gli¢: Anlik ve Normalize

Bir devrede Anlik Gug: p(t) = v(t)i(t)
2
Ohm kanunundan, p(t) = vat) = i2(t)R

Anlik Normalize Giig R=1 ohm alinarak bulunur. p(t) = v2(t) = i2(t)
f (t) bir gerilim veya bir akim fonksiyonu olur ise p(t) = f2(t) olarak yazilr.

The total energy contained in and average power provided by a signal f(t) (which is a
function of time) are defined as

E. = [If ©)F dt

and
T/2

P :TIiLrJOTl [ If ©F d

-T /2

7

respectively.

For periodic signals, the power P can be computed using a simpler form based on the

periodicity of the signal as
T+t,

1 2
I:)Periodicf = ? J.l f(t)l dt
t
0
where T here is the period of the signal and ¢, is an arbitrary time instant that is chosen to
simply the computation of the integration (to reduce the functions you have to integrate
over one period).



Classification of Signals into Power and Energy Signals

Most signals can be classified into Energy signals or Power signals. A signal is classified into
an energy or a power signal according to the following criteria

a) Energy Signals: an energy signal is a signal with finite energy and zero
average power (0<E<w, P=0),

b) Power Signals: a power signal is a signal with infinite energy but finite
average power (0<P<oo, E—> o).

Comments:

1. The square root of the average power VP of a power signal is what is usually
defined as the RMS value of that signal.

2. Your book says that if a signal approaches zero as t approaches o then the signal is
an energy signal. This is in most cases true but not always as you can verify in part (d)
in the following example.

3. All periodic signals are power signals (but not all non—periodic signals are energy
signals).

4. Any signal fthat has limited amplitude (| f | <) and is time limited
(f =0 for |t/ >ty forsome to>0)isan energy signal asin part (g) in the
following example.

Exercise 2-1: determine if the following signals are Energy signals, Power signals, or neither,
and evaluate E and P for each signal

a) a(t) =3sin(2xt), o<t <o

This is a periodic signal, so it must be a power signal. Let us prove it.

E, = [la@) P dt = [|3sin(2zt) P dt

= 9_]'; % [1—cos(47t)]dt

o0 1 o0
=9 jw Sdt=9 jw cos(4xt )dt
= 00 J
Notice that the evaluation of the last line in the above equation is infinite because of the

first term. The second term has a value between —2 to 2 so it has no effect in the overall
value of the energy.



Since a(t) is periodic with period T =27/27=1 second, we get

1 1
pa:%J'|a(t)|2dt:J.|33in(27rt)|2 dt
0 0
t1
=9| =(1-cos(4xt)|dt
!2[ (4nt)]

0 1
1
=9 ! Sdt=9 ! cos(4xt )dt

1
= g—{isin(hﬂ)}
2 |4r 0

So, the energy of that signal is infinite and its average power is finite (9/2). This means that
it is a power signal as expected. Notice that the average power of this signal is as expected
(square of the amplitude divided by 2)

b) b(t):%izltl, —o0<t <o
Let us first find the total energy of the signal.
E, = [Ib@) [ dt = [ |se [ dt
o .
= 25J'e‘“dt +25J'e““dt
—0 0

BT 2]
_25,2_50

+ J
4 4 4



The average power of the signal is

1T 1T/2
P, = lim = j Ib(t) [ dt = Jim — j \5e 2'”\ dt
T/2
T/2

0
_25hm——j 4tdt+25||m1 Ie4ﬂt

Bl 2o ]+ lim e ]
Sim e ] limg (e 1
=0+0=0

So, the signal b(t) is definitely an energy signal.

So, the energy of that signal is infinite and its average power is finite (9/2). This means that
it is a power signal as expected. Notice that the average power of this signal is as expected
(the square of the amplitude divided by 2)

+3t <
dnz{% ML

0 0, |t|>5’
L
d(t)=1+t’
d) 0, ts{

Let us first find the total energy of the signal.

:T|d(t)|2 dt=T dt

~nft]

1
t

So, this signal is NOT an energy signal. However, it is also NOT a power
signal since its average power as shown below is zero.



The average power of the signal is

oq TR , 1T
Py = Jim — j 1d ()] dt:TllLrJO_F!t—dt

-T/2

:Jm(Tim[t]I’zj:Tlm(Tl|n[Tﬂ—Tlln[1]j

So, not all signals that approach zero as time approaches positive and negative infinite is an
energy signal. They may not be power signals either.

e) e(t)=-7t% —o0<t <o

f f (t)=2cos’(27t), —co<t<oo

12cos®(2at), -8<t <31
g(t):{ (@)

0, elsewhere
g)



1.7 Enerji ve Giic¢ Sinyalleri

Sonsuz deger alan simyallerin enerjilen de sonsuz olacafindan bu sinyallern giiciinden
bahsedilir ve bu sinyallere giic sinyali denir. Eger sonsuz deger almiyor ve enerjisi bir reel
say1ya esit oluyorsa bu tiir sinyallere de enerji sinyali denir.

E= ) k(P
N=—0
P=li ! Y z
= Jm 7 D, KOl

Nn=-—0n

¢ () < E < oo, Enerji sinyali, boylece P = 0.
¢ (0 < P < oo, Giig sinyali, béylece E = 0.
¢ Bu ki kosula uymayan sinyaller ne enerj1 sinyalidir ne de giic.

The signal energy in the signal x(¢) is
E:j\x(r)\zdr. (1)

The signal power in the signal x(¢) is

T
1 3
P=1lim — || x(7)|"dr. 2
Lim 57 _J] o) (2)
If 0<E <. then the signal x(¢) is called an energy signal. However, there are

signals where this condition 1s not satisfied. For such signals we consider the
power. If 0< P <=, then the signal 1s called a power signal. Note that the power

for an energy signal is zero (P=0) and that the energy for a power signal is

infinite (E = ). Some signals are neither energy nor power signals.



Example : Compute the energy of the signal z[n] given by

z[n] = { (%}n ifn =0
0

otherwise

() T,

[
| =
¥

[|
r:uME,
@TI—'-
2

[|

=t

Ornek

_ _3 x] <3
A{l‘}—[ﬂ

seklinde tanumlannus olan isaretin enerjisini bulun

Cozim

+00 3
%, = f 1x(£)|%dr = f 9dr = 54.
— -3

o0

olarak bulunur. Dolayisi ile bu isaret enerji isaretidir.



Ornek
A cos(2m fot + ) isaretinin enerjisi;

/2
%, = Tlim f A% cos* (2 fot +0) dt = co.

=0 J-1/2
olarak bulunur. Dolayisi ile bu isaret bir enerji isareti degildir. Ancak, isaretin giicii

T/2

P, = lim — A? C()SZ(ZT[fo)‘ + ) dt
T—oo T J_1p2
1 (T2 42
= lim — — [1 4 cos(dn fot +20)] dt

T—=xT -T2 2

2 2 T2
AT A-
" [ + g snensor + 2'”)]_”:]

A-
=— <
2
2 2
oldugundan x(f) bir gii¢ isaretidir ve giicii ATdu‘.

Ornek
T, periyoduna sahip herhangi bir periyodik isaretin enerjisi;

T2
& = 1imf lx(e)|*dt
T—oa f 1
+%l . . . .
— Hm f 7 ok |: Dola¥|§| |Ie.perir}fog’fk isaretler
oo J L enerji isareti degildir.
3
= Iim_nfT lx () dt
n—no _&1
= Q.
) 1 T 5
Po=jim = f--:-,-;"””' o Periyodik isaretin gilc icerigi
. m yandaki gibi verilir. Bu sonucun
=gy Jm T anlami herhangi bir periyodik
. R i) !§§ret|n_ glc iceriginin, t:.!ll’ penyqt
= Jim —- y () *dt |g|nd?k| ortalama glce esit
N oldugudur.
| e S
= T_g.j:%l | (ed]"elr.




Example

Compute the signal energy and signal power for the discrete-time signal

We apply relationship (12.5)

E =

&1y
—;[16} '

o

The expression on the right hand side is a geometric series: hence, we have

o0
n=0

@0
n=—c0

1 16

_Ls
16

Since 0< E <= . signal x(n) is an energy signal. consequently, P = 0.

Example

Let us consider a complex signal

x(t)= de’ .

. : o : 27
Signal x(¢) is periodic with period T, =
@,

- hence, it cannot be an energy signal.
To compute the signal power we use (12.3)
T_o

P= ‘Ae”"’r

dt=— [ 4%dt =
t oj;oi A2

2

L
I,

I-4|H'-—_.Id|oh‘]



Example

Let us consider a signal

x(t)=eult).
The energy of this signal 1s

E = T‘e_fu(r)‘zdr = ‘j e Hdr=— % e

0

0

The signal x(¢) is an energy signal. Since E is finite the signal power P =0.

Determine the total energy and average power of the following signals.

2, —3<t<3
(a) x(t) =< 5—t, 3<t<5h
0, otherwise

(b) x(t) = cos(t)sin(?)

(¢) xz[n] = a"ul—n], |a] >1



7 |(t)|2dt

t=—oc
3
/ |z (t le‘—l—/| t)|2dt
t=—3
3 5
= [(Q)Qdﬂr/(’—t)gdt
t=—3 t=3
3 5
= /4dt+/2)+t2—10fd
t=—3 t=3
3 1 5
— (4¢ 5t 4+ 13 — 5¢2
( )t=—3+(J+3 J)t=3
1

= (4(3) —4(=3)) + (25(b — 3) + §(53 —3%) = 5(5% — 3?))

08
=20+ (50 + 5 — 80)
8
— 924
T3
80
3



Soru:

a(t)=3sin(2xt), —o<t <o

E, = [la(t)P dt = [|3sin(2zt) | dt
:9T E[1—cos(47zt)]dt
2

o0 1 o0
=9 joo Sdt=9 joo cos(4xt )dt
= 00 J

1

j|a(t)| dt_j|3sm(2;zt)| dt

=

o

9

[1—cos(4xt)]dt

9

Ot O O
I\)IH N |-

1
dt — QI cos(4xt)dt
0

9 9 .
= E—[Esm(wﬂ)}

2w
2

1

0



b(t) =52, —o<t <o

E, = le(t)lz dt = T\se-zlt'f dt
= 25ie4‘dt +25Te““dt
- 0

Bfer] o Ble ]

25 25 50 ]

4 4 4

P, _||m—Tj/2|b(t)| dt—llm— j \5e-2'”\ dt
T2 T2
T/2

—25I|m— J' e‘”dt+25llm— J' e “dt

T—>oo T—>oo
-T/2

~Djim e +Zhimi[e]"



Soru:

t+1, —-1<t<0
x(t)=14 1 0<t<1
0 elsewhere

a) Sinyalin enerjisini bulunuz.

0

0
J (t+1) dt+[[1]2dt
—1 —1

1

J du—l—]

0

3

u+1

0

Wl ] —



Soru:
x(t) sinyalinin enerjisi,

E= ].|.r{:}|:dr.

formll ile hesaplanir.
x(t) sinyalinin glici,

1 2
P= IlmE:[|.1‘{:}| dr.

==

formla ile hesaplanir.

x(t)=e™

Sinyalin enerjisi hesaplanirken,

E= ]i‘e I!:[I)Fdf:_ji;e dt
- 0

bagintisi kullanilmaktadir. O halde sinyalin enerjisini hesaplayiniz.

The energy of this signal 1s

o0

E= ]:‘e_"u(r)‘zdfzj'e—lrdr:_%e_g,‘

0

0

The signal x(7) is an energy signal. Since E is finite the signal power P =0.



Soru: Asagidaki sinyallerin toplam enerjisini ve ortalama gliclini hesaplayin.
(a) z[n] =10 (u[n — 1] — u[n — 10])
{1)] ;]_‘.{f) = ergf

(a) Energy = [ |z(t)|%dt
10 o
=[10%dt + 0
1
=900
Since energy 1s finite, power 1s zero.

(b) The signal is a complex exponential with fundamental period Ty = 4. Moreover
|z(t)| = 2. Hence, energy is infinite.

Power 1s computed as follows.

N S
Power = ;h_l,&ﬁ_{ |2|*dt

1

:!]1_{130?_{. 4dt
. 8T

=lim —

T

Soru: Sekil fig b de verilen sinyalin toplam enerjisi nedir?

x(t) Figh
o
E= [ x%(t).dt.
o -1 0 1 t=
a) 8A?
b) 4A
c) 2A
d) 47?2

Answer: a


https://www.sanfoundry.com/wp-content/uploads/2018/07/signals-systems-questions-answers-classification-signals-q13a.png

1.3. Gurilti

Sinyal zayiflamasinin en yaygin tipi, vericide sinyal ylkseltme islemi sirasinda goérilen ve
sinyalle birlikte ylkseltme islemine tabi tutularak ylkseltilen glrilti ¢esidi olup, ¢cogunlukla
termal giiriiltii olarak bilinir.

Telsiz haberlesmesinde ise, termal giirtiltiiye ilave olarak insan eliyle meydana gelen girilta
ve kanalda varolan atmosferik glirtilti de alici antene ulasir. Telli veya telsiz haberlesmede,
kanaldaki diger kullanicilardan kaynaklanan girultilerin etkisi, sinyal zayiflamasina etki eden
diger bir guriltt cesididir. Yiksek frekanslarda yapilan telsiz haberlesmesinde, sinyal
seviyesinin dismesine sebep olan tipik bir etki de ¢ok yollu yayilim olup, zaman bagimli
olarak sinyal genliginin degisimidir. Gonderilen sinyaldeki bitin bu rasgele degisim ve
bozulmalar istatistik terimlerle ifade edilebilir.

Giriiltii: Gonderilen orijinal sinyali bozan ve sisteme istem disi dahil olan herhangi bir enerji
(isaret ya da sinyal). Glrultinidn varligi analog veya sayisal sistemlerinin performansini
distrir. Glrultinin iletisim sisteminin performansini ne kadar etkiledigi sinyal gliciinin
glrilty gliciine orani (analog iletisim) ya da hata olasiligi (sayisal iletisim) ile dlgulir.

Girisim-Parazit (Interference): istenmeyen isaretlerin sistemimize girerek sinyalimiz iizerinde
yaptigi bozucu etkidir. C6ziim istenmeyen isaret kaynaklarinin sistemden uzaklastiriimasidir.

Harmonik Bozulma: Sinyaller harmonik frekanslarin toplamindan olusur. Tek frekansh bir
sinis dalgasi; dogrusal olmayan bir cihazda yiikseltildiginde, bu tek frekansl siniis dalgasinin
istenmeyen katlarinin olusmasina denir. Harmonik bozulmanin ¢esitli dereceleri vardir. ikinci
derece harmonik bozulma v.b.

Modiilasyonlar Arasi Bozulma: iki veya daha cok frekans; dodrusal olmayan bir cihazda
ylkseltildiginde, istenmeyen vektérel c¢arpimlarin (toplam veya fark frekanslarinin)
olusmasidir. Harmonik bozulmada oldugu gibi, bu bozulmanin da dereceleri vardir. Genel
olarak 2. derece modiilasyonlar arasi bozulma yiizdesi kullanilir.

Capraz Konusma (Crosstalk): Ayni kilif icerisinde yanyana bulunan kablolardaki sinyallerin
birbirlerini etkilemeleridir. C6ziim, biikiimli kablo kullanimi)

Isil Giiriilti: Devreyi olusturan; direng, transistor ,vb. elemanlarda bulunan serbest
elektronlar ortam sicakligi nedeniyle giirtilti olusturabilirler.Glrultl tarafindan olusturulan
glic Johnson formiill ile ifade edilir.

Pn = 4kTB

Bu formdilde;

Pn; glrdlta tarafindan olusturulan gicg,



k; Boltzman sabiti 1.38*10-23 J/K

T; sicaklk (Kelvin)

B; bant genisligi (Hertz)

Direng tarafindan olusturulan isil glirGltiintn efektif voltaj degeri;
en= Karekok(4kTBR)

Schottky Giiriiltiisii: Diyot, BJT, FET veya tiip gibi etkin bir aygitin ¢ikis 6gesine tasiyicilarin
(elektronlar ve bosluk/delikler).Rasgele degisen bir gurultl tiridar. Var olan her isaretin
Uzerine binmis olarak bulunur. Bir diyot icerisindeki schottky glirtltis;

In = Karekok(2 * ge * Idc * B)

Bu formilde;

ge; Elektron yiki 1.6%10-19,

Idc ; Diyot dogru akimi (A)

B; Esdeger bant genisligi (Hertz)

1.4. Kanal Kapasitesi

Analog sinyaller sayisal sinyallere donusturuliirken Nyquist ve Shannon teoremleri kullanilir.
Nyquist teoremi glirtltiisiz iletisim ortamindan gonderilebilecek toplam sayisal veri
miktarini ve drnekleme araligini belirler. Bu teoreme gére analog sinyali sayisal isarete
donisip bozulmadan yeniden analog isarete dontsebilmesi icin 6rnekleme frekansinin
analog sinyalinin band genisliginin iki katina esit ya da biiyiik olmasi gerekir. Ornekleme
arahgi; ornekleme frekansinin tersidir. Nyquist teoremi glriltisiz iletisim kanallarini
tanimlar oysa iletisim ortamlari glrilta ile birlikte varligini stirdirtirler bu nedenle isaretin
glrultiye oranina bagh olarak kanal kapasitesini tanimlamak i¢in Shannon’in teoremi
kullanihr.

Haberlesme kanali sinyalin vericiden aliciya génderilmesine yarayan fiziki bir ortamdir.
Elektrik sinyallerinin gectigi, frekans ya da zaman ile ayristiriimis bant ya da yola kanal denir.
Telsiz haberlesmesinde kullanilan kanal genellikle atmosfer (serbest uzay) olup telefon veya
diger telli haberlesme gesitlerinde ise tel, koaksiyel kablo veya optik kablo gibi gesitli fiziki
ortamlardir. Kullanilan kanal, telli ortam da olsa gdnderilen sinyal bazi rasgele zayiflama
mekanizmalarina tabi olur.
Bir haberlesme sistemi tasarlanirken sinyal bozulmalarinin biitlin etkileri gbz 6nline
alinmahdir.

e Spektrum; Bir isareti olusturan frekans araligi; fmin, fmax

e Band Genisligi; Spektrum genisligi=fmax-fmin

e Kapasite; iletilebilecek data orani bps

e GUraltd, SNR
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* The maximum rate at which data can be transmitted over a given communication path
* Relationship of

— Data rate: bits per second

— Bandwidth: constrained by the transmitter, nature of transmission medium

— Noise: depends on properties of channel

— Error rate: the rate at which errors occur

* How do we make the most efficient use possible of a given bandwidth?
— Highest data rate, with a limit on error rate for a given bandwidth

A very important consideration in data communications is how fast we can send data, in bits
per second, over a channel. Data rate depends on three factors:

1. The bandwidth available

2. The level of the signals we use

3. The quality of the channel (the level of noise)

¢ Nyquist teoremi giiriiltiisiiz kanal i¢in gegerlidir
e Shannon’s teoremi giiriiltiilii kanalin kapasitesini tanimlar.

Nyquist Teoremi

Harry Nyquist (1889-1976), isve¢’'te dogdu, 1907 yilinda Amerika’da AT&T Bell
Laboratuarinda calisti. Dr. Nyquist ve Dr. Claude Shannon modern telekominikasyondaki
tim teorik gelismelerin alt yapi teoremini gelistirmislerdir.

Nyquist teoremi giiriiltiisiiz haberlesme kanalindan bir saniyede transfer edilecek bit
miktarini tanimlar.

C=2xBxn

C=64.000bps, B=4.000Hz ise n="?

n=64.000/(2*4.000)=8 bit.

Orneklenecek aralik sayisi=2”n=256 dir.



Analogdan sayisala iletildikten sonra sayisaldan analoga donisip orijinal isareti yeniden elde
etmede kriterler;

e Ornek alma aralig

e Ornek alinan isaretin degerin ifade edildigi sayisal bit sayisi

e Ortamin kapasitesini sinirlayan etkiler; girilti, direnme, zayiflama

Ornek alma frekansi, fs >=2*BW ise (BW: band genisligi), BW=10.000Hz ise érnek alma
frekansini bulunuz. Ornek alma zaman araligini saniye olarak bulunuz.
Fs=2*10.000=20.000Hz

Ts=1/20000=50mikrosaniyedir.

Soru: Analog isaret sayisal isarete donuslp iletildikten sonra yeniden analoga gevrildiginde
ayni isaret nasil elde edilecektir?

Ornekleme aralig;

300 Hz - 3400 Hz frekans araliginda isaretlerin toplamindan olusan telefon haberlesmesinde
ornekleme frekansi analog isaretinin bant genisliginin iki kati alinirsa bant genisligi bozulmaz.
125 mikro saniye araliklarla 6rnek alip, analog isaret sayisal isarete donisturilirse orjinalite
bozulmaz.

Eger bir f(t) analog isareti, bant genisliginin 2 katina esit ya da blyuk bir frekansla esit
araliklarla 6rneklenirse sayisal isaretten orijinal analog isaret yeniden elde edilir. Analog
isareti sayisala cevirdikten sonra: Transfer edilir, bilgisayarda islenir, tekrar duyabilmek igin
analoga cevrilir. Nyquist’e gore: Analog frekansim, bant genisliginin 2 katindan biyik ya da
esit olmalidir.

fs >= 2*Bw, telefon iletisim teknolojisinde 0 — 4 kHz arasindadir.

TSZ%E fs> 2*4KHz > 8KHz
S

L 1 o 12510%sec=125usec
fs 8000

Analog isaretten 125 mikro saniyede bir 6rnek alinip transfer edilip, tekrar analoga cevirilirse
isaretin orjinalitesi bozulmaz.

e Miizikte bant genisligi (Bw) 10 ile 12 kHz arasindadir.

e Cok yiksek kalite muziklerde Bw, 20kHz olmalidir.

MaxDataRat = 2B log, V [bits/sec]

C =2*B*logz (2"n)
C= Kanaldan gonderilebilecek 1 saniyedeki bit sayisi (bps)



B = Kanal Band genisligi (Hz)
V=27n= Ornek alinacak analog isaretin béliinecegi seviye sayisi

Shannon Teoremi (Claude Shannon 1916-2001 )

MaxDataRate = B Iogz(1+%) [bits/sec]

S
C=W Iogz[1+ﬁj
S=EC
N = NW

C_ log,| 1+ £C
w N, W

As W — o« or VEV_)O’ we get:

5—> . =0.693~ 1.6 [dB]
N, log,e

Shannon limit:

B There exists a limiting value of below which there can be no error-free communication
at any information rate.

B By increasing the bandwidth alone, the capacity can not be increased to any desired
value.

Isaretin Giiriiltiiye Orani
SNR =10 Log (S/N)

S: isaret Seviyesi (Watt)
N: Guriltd Seviyesi (Watt)

Shannon Kapasite Formiilii:

Veri hizini iletim giriltisa ile iliskilendirir.

isaretin gliciiniin yiiksek olmasi hatayi azaltacaktir.

C = BLog,(1+ SNR)

Band genisligini artirmak kapasiteyi artirir, ancak SNR oranini azaltir.

SNR = % olarak verilir. Burada Ep bit enrjisi, No ise Hertz basina girilti glictdar.
0



Soru:

Zamanla genligi, frekansi ve fazi degisen sinlisoidal isaretlerin birlesimden analog isaret elde
edilmektedir. Analog isareti sayisal isarete donistirirken Nyquist teoremi kullanilir. Bu
teoreme gore ornekleme frekansi maksimum frekansin iki kati segilir. Nyquist orani,
ortismeyi (aliasing) 6nlemek icin minimum 6rnekleme sikligidir.

Asagida frekanslaru verilen Ug¢ adet sinusoidal sinyalden olusan analog sinyalin Nyquist
oranina gore ornekleme frekansini bulunuz.

F, =1000 Hz, F, =3000 Hz and F, = 6000 Hz.

Kanal kapasitesi maksimum veri akis hizidir. Veri hizi, band genisligi, gliriltl, hata oarni ile
iliskilidir. Veri hizi saniyedeki veri isleme ya da iletilen bit sayisidir.

Nyquist Bant Genisligi:
e Kanal band genisligi veri hizina baghdir.
e B band genislikli bir kanaldan 2B bit hiziyla haberlesilir.
e Cok seviyeli sinyaller varsa Band kapasitesi, C = 2BLog,M olacaktir.

Rayleigh Dagilim:

Hareketli haberlesme kanallarinda Rayleigh dagilimi diiz sonlimlemeye ugramis isaretin
ahicidaki zarfinin istatiksel olarak zamanla degisimini gosterir. GUrilti isaretinin dik
bilesenleri Gauss dagilimi seklinde ifade edilip zarfi Rayleigh dagilimini
vermektedir.Rayleigh dagiliminin olasilik yogunluk fonksiyonu asagidaki gibi ifade edilir.



Gezgin iletisimde alici ve verici arasinda direkt goris yolu (line-of-sight, LOS)

yoksa Rayleigh dagilimiyla modellenir. Rayleigh dagilimi, diiz sdniimlemeye ugramis ve
aliciya dogrudan ulasmayan isaretin alicidaki zarfinin istatistiksel olarak zamanla degisimini
tanimlamaktadir. Rayleigh dagilimi asagidaki olasilik yogunluk islevine sahiptir:

-

r ( ro)
3 cCXp| — r-}_‘?‘. 0 <r < o
PRu_vfeigFr (‘l } = 4 o \ -0 J
1 0 r< 0.

Rayleigh dagiliminin ortalama degeri,

oo I';
r. =Elr|=|rplr)dr=0c,~=12533c
7] i I \

olarak bulunur. Rayleigh dagilimimin varyansi ise

o2 =#l - =i -7

Fa
¥

= J -

—

%‘ — 0.42926°

seklinde bulunur.

Rician dagilim asagidaki gibidir:

P

Rician

CA=0ve r=0.

T
(r)y=—5e 27 1
o Nea



Gecikme

Gecikme ¢esitleri:
e isleme

e Protokol Kod Calistirmasina Zamani

e Kuyruk

o [slenmek Uzere Kuyrukta Bekleme Siiresi

e Transmisyon

e "Bjt Ortamdan Génderme Siiresi"

e Yayiima

Yayilim ve iletim gecikmesi

Propagation speed - speed at which a bit travels though the medium from source to

destination.

Transmission speed - the speed at which all the bits in a message arrive at the destination.

(difference in arrival time of first and last bit)
Propagation Delay = Distance/Propagation speed
Transmission Delay = Message size/bandwidth bps

Latency = Propagation delay + Transmission delay + Queueing time + Processing time

1.5. Ornekleme

Sampling continuous-time sinusoid and aliasing

If two sequences X,(N)=Acos(@n+a,)and X,(n)=Acos(w,N+a,)have frequencies and

phases related by,

w, =0, +2kn, a,=q

o, =—o,+2kr, a,=-q

with k an integer, then the two sinusoidal sequences have the same samples, i.e. X, (N) = X,(n). This

is illustrated in Figure below.
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Here,w,,@ +2x, —w,and —o+27
represents the same signal in the time
domain. If we limit the digital frequency @
within the interval —7 10 7 then there is one
to one correspondence between the signals
and their frequency representation. For each
frequency in the interval —7T {0 7 the
corresponding aliases are all outside the
interval —7 10 7 itself.

Now, the range of unique digital frequencies,

TSOST = —-7<QT<rx



o, —zlT<Q<xlTor, -7k <Q<rk

R P
2 2

This implies that the highest frequency of an analog signal must be less than half the sampling
frequency to avoid aliasing.

Or,

Example:

Consider the analog signal X, (t)=3c0s2000xt +5sin 6000zt +10c0s120007zt. What is the
Nyquist rate for this signal? If the sampling rate is 5000 samples/sec what is the discrete-time signal
obtained after sampling? What is the analog signal ya(t) we can reconstruct from the samples if we

use ideal interpolation?

Nyquist rate is the minimum sampling frequency to avoid aliasing. This is double the maximum
frequency of input signal.

Here, F, =1000 Hz, F, =3000 Hz and F, =6000 Hz.
Thus, Nyquist rate, F, =12000 Hz.

x(n) = x,(nT,) =3cos 20007 n+5sin 00007 n+10cos 120007 n
5000 5000
=3cosz—ﬁn+53in6—ﬂn+1000512—7[n
5 5 5
or, x(n) = SCos%n +5$in(27z—4?7[)n +1OCOS(27Z+2?7ZH)
:BCosz—ﬂn—Ssin4—ﬂn+10c052—”n
5 5 5
2r . Arx 1 2
x(n) =13cos—n-5sin—n . == 1 ==
Orl ( ) 5 5 1 5 2 5
1
For perfect reconstruction, F=f-F= g 5000 Hz=1000 Hz, and

“F=1,F :é-sooo Hz=2000 Hz

Thus, Y, (t) =13c0s 20007t —5sin 40007t .

Note that, Fl is less than 2500 Hz. So no aliasing will occur. F2 is greater than 2500 Hz by 500 Hz. So

this frequency will appear as a lower frequency of (2500 - 500)=2000 Hz. Alternately, (3000-5000)= -
2000 Hz. The third frequency will change to (6000 - 5000) = 1000 Hz.



Quantization and Encoding

Quantization is a process that converts data from infinite or high precision to finite or lower
precision. The error introduced in representating the continuous-valued signal by a finite set of
discrete value levels is called quantization error and is denoted by e(n) .

%(n) = QIx(n)]
e(n) = x(n) —x(n)

The distance A between two successive quantization levels is called quantization step size or
resolution.

The quantizer has (L+1) decision levels X, X,,**+, X _,; that divide the amplitude range for x(n) into L

intervals.
!-{':[-rkr-ri‘—kll k=1,2,...,L
l— decision level
T T T T T T T T )
I : ? * * N ! 4 amplitude

. . + L —a + +—t——1 *+—+ — =

] = —o0 Iz Ira [ T4 s g TT T Tg = 0o
quantizer output

For an input X(n) that falls in the interval |, , the quantizer assigns a value within the interval X(k)
to X(n) . This process is shown in Figure above.
A= X =%

28+1

The number of levels in a quantizer is generally of the form, L = for a B+1 bit binary code word.

A 3-bit uniform quantizer in which the quantizer output is rounded to the nearest quantization level
is shown in Figure below.

§ =(n) = Qz(n)]

R o
A =+ I
A+
z(n)
+ + ¥ + et + Ll
—-44 -34 -1A -A A 24 34
F =4
+= —TA

+ —34
——-I 1 -da

I"‘— mel.u 4"‘!

Fig. 3-4. A 3-bit uniform quantizer,




With L quantization levels, the range of the quantizer is, R=2%%.A. If the guantizer input is
bounded, |x(n)| < X -

Darbe kod modiilasyonu (PCM), PCM’de, darbeler sabit uzunlukta ve sabit genliktedir.
PCM ikili bir sistemdir; dnceden belirlenmis bir zaman bdlmesi iginde bir darbenin
bulunmasi ya da bulunmamasi, 1 ya da 0 mantik durumunu gosterir. PWM, PPM ve
PAM’da, tek bir ikili sayiyi (bit) gostermez.

Alma ucunda, sayisal / analog donustiricia (DAC), seri ikili veri akisini ¢ok dizeyli bir
PAM sinyale dénistiriir. Ornekleme ve tutma devresi ile alcak geciren filtre, PAM
sinyali tekrar baslangigtaki analog bigimine donustirir. PCM kodlamayl ve kod
cozmeyi gerceklestiren entegre devreye kodek (kodlayici / kod ¢ozlicii) denir.

Darbe modilasyonunda, analog enformasyonun ayrik zamanda iletisimi soz
konusudur. PAM, PWM ve PPM modilasyonlariyla darbenin sirasiyla genliginin,
genisliginin ve bir periyot icindeki pozisyonunun siirekli olarak tiim isaret degerleri icin
degisimine izin verilmektedir.

Zamanda ayrik duruma getirilmis (6rneklenmis) isaretin genliginin de belirli sayida
ayrik seviyelere ayrilarak kuantalanmasidir (kuantalama; belirli  6rnekleme
zamanlarinda elde edilen genlik numuneleri). Orneklenmis siirekli genlikli isareti, belirli
seviyelere kuantalamakla kalmayip bir 6rnek aninda her seviye icin bir kod
kullanilacaktir. Bu tiirden modiilasyon darbe kod modilasyonu (pulse code modulation
— PCM) olarak adlandirilir. PCM’de enformasyon tasiyan x(t), isareti dnce uygun bir
ornekleme frekansi ile 6rneklenir. Daha sonra bu 6rnek degerler, belirli kuantalama
seviyelerine kuantalanir. Buna kuantalama islemi adi verilir. Son olarak, her kuanta
seviyesi bir ikili kod kelimesi ile, yani sonlu sayida (0,1) dizisi ile gdsterilir. ikili kod
kelimeler dizisine donustiirtilen bu isarete PCM dalgasi adi verilir. PCM sistemi verici
bolimunin blok diyagrami goérilmektedir.

X(t) X.(t) Xy

Analog Omekleme Kuantalama Kodlama Savisal
. ] > >
isaret lyaret

g

f=0wW

PCM’de verici boliimiin blok diyagrami



Ornekleme Devresi
Nyquist 6rnekleme teoremi, bir PCM sistem igin kullanilabilecek minimum 6rnekleme hizini

(fs) belirler. Bir 6rneklemenin alicida dogru olarak tekrar olusturulabilmesi igin, analog giris
sinyalinin (fa) her g¢evrimi en az iki kez 6rneklenmelidir. Dolayisiyla, minimum 6rnekleme
hizi, en yiksek ses giris frekansinin iki katina esittir. fs, fa’nin iki katindan daha kiiglkse,
bozulma meydana gelir. Bu bozulmaya katlama bozulmasi denir. Minimum Nyquist
ornekleme hizi, matematiksel olarak, fs > 2fa ifade edilir. Burada; fs = Minimum Nyquist
drnekleme hizi, fa = Orneklenebilecek en yiiksek frekans

Kuantalama islemi

Darbe genlik modilasyonunda, o¢rneklenmis degerler belirli kuantalama seviyelerine
yuvarlatilmadan iletilmektedir. Ancak, bu islem isaretin giriltiye olan bagisikhg! agisindan
bir yarar saglamayacaktir. Bunun yerine, isaret genligini belirli kuanta seviyelerine
yuvarlatmak ve her kuanta seviyesi icin, uygun bir kod kelimesi kullanmak daha uygun
olmaktadir. x(t) isaretinin maksimum ve minimum genlikleri Amax ile - Amax arasinda
degisiyorsa ve bu aralikta degisen genlik degerleri Q = 2n adet esit kuanta seviyesine
bollinmek isteniyorsa kuantalama araligi veya adimi;

a= ZAmax / Zn
olarak tanimlanmaktadir. Kuantalama isleminde érnek degerlerin bulundugu dilim belirlenir.

Cesitli isaret genliklerine karsilik gelen kuanta seviyeleri ve kod kelimeleri

Kuantalama

x [t}
B A seviyelen
m, :\ i sopoe oo i B et R SR SRR "
Mme 'f__l’:' ; |> -—- -.v’—/~ -1- Sl T ’ _
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Kuanta seviyeleri



Kuantalama dilim sayisi Q arttikga, kuantalama guriltisiu de azalacaktir. Buna karsilik bir
ornegi belirlemek igin kullanilmasi gerekli bit sayisi da artacaktir.

PCM sistemindeki kuantalama hatasi, kuvvetli isaretlerde ihmal edilebilecek kadar kiiguk
olmasina ragmen, zayif isaretlerde kuantalama seviyesi ne olursa olsun énemlidir. Bu hatayi
onlemek amaci ile verici tarafta; sikistirma ve alici tarafta; genisletme islemleri
yapilmaktadir. Sikistirma islemi ile biiyik genlikler zayiflatilarak kiiglik genliklerin seviyesine
digaralur. Bu teknik PCM ve delta modiilasyon tekniklerinin temelini olusturur.

Lineer Kuantalama

Ol m3emm -
(010) m2 - - - - - -
(001) ml- == -3a/2
(000) 0 -=- Fa/2

Diizgiin kuantalama egrisi

Lineer Olmayan Kuantalama

Ses isaretlerinin istatistikleri incelendiginde, kilglk genliklere daha sik rastlanildig
gortlmektedir. Oysa, yukarida kiglk isaretlerde kuantalama glriltlsiinin rahatsiz edici
boyutlarda olacagi gosterilmis bulunulmaktadir.

Bu giridltiyl azaltmak icin basvurulacak ilk yontem, adim buylkliglinin azaltilmasi veya
dilim sayisinin artirilmasidir. Ancak, bu durumda her bir 6rnegi géstermek icin kullaniimasi
gereken bit sayisi artacagindan, bu yontem her zaman uygun ve ekonomik degildir. Diger
taraftan, cok seyrek olarak ortaya ¢ikan yiksek genlikli isaretler icin gereksiz yere bir miktar
dilim ayrilmis olacaktir. Eger en blyidk genlik kigik tutulursa, bu defa da kirpilmalar
meydana gelecektir.



Ornegin, dinamigi 36 dB olan bir ses isareti ele alinirsa, en kiiciik isaretle 36 dB isaret giiriilti
orani elde etmek igin, n = 12 bitlik kelime uzunlugunda bir PCM kullanmak gerekecektir.
Boyle bir kuantalayici da, en kiglk isaret icin 36 dB isaret glrltli orani saglanirken, en
blylk isaret icin gereksiz yere 72 dB’lik bir isaret glrilti orani elde edilecektir. Bununla
beraber, blylk isaretler icin blylk adim, kiicuk isaretler igin de kiigik adim kullanilarak,
isaret glrlltd oraninin ayni olmasi saglanabilir. Bunu gergeklestirebilmek icin, haberlesme
sistemlerinde bir sikistirma (compressing) yapiimaktadir.

In the following image is represented the A law (a-law) graphically

ENCODER OUTPUT
==

11z

a6

80

[=Et

2 & 16 52 Gl 1za
4 IMPUT SIGMNAL
LEWEL

SEGMENT MUMBER

Kodlama islemi

Orneklenmis analog isareti kuantaladiktan sonra, sayisal (dijital) isarete dénistiirmek icin
kodlanmasi gerekmektedir. Genellikle bir analog isareti sayisal (dijital) isarete donlstirmek
icin, analog / sayisal donusturiculer (ADC) kullanilir. Bu dénistirme islemi sonucunda
kodlanmis isaret elde edilmektedir. Ancak bu kodlama, diizgiin (uniform) bir kuantalama
sonucu elde edilen genliklerin kodlanmasi olup, diizgiin olmayan kuantalama sonucu
bulunan 6rneklerin kodlanmasi icin ikinci bir kodlama islemine ihtiyac olacaktir. Uygulamada
kullanilan analog / sayisal donustiirlci (ADC) tiplerini tGg gruba ayirmak mimkindr.

» Basamakli donUstiricl
» Ardisil yaklasimli dontstirici
» Paralel donustlrica



Degisik tekniklerde c¢alisan bu analog /sayisal donistiricileri, tim devreler bigciminde
piyasada bulmak mimkiindir. Bu tip tim devrelerde genellikle, rnekleme, kuantalama ve
kodlama birlikte gergeklestirilir.



1.6. Ayrik Zamanlh Sinyaller

The discrete-time signals are used as basis functions or building blocks lo describe more
complex signals. A discrete-time signal x ( n ) is a function of an independent variable that is
an integer. It is graphically represented as in Fig. 2.1. It is important to note that a discrete-
time signal is not defined at instants between two successive samples.

xin)

P—
(=]
-~

Figure :Graphical representation of a discrete-time signal.

In the sequel we will assume that a discrete-time signal is defined for every integer value n
for -co< n < a0, By tradition. we refer to x ( n ) as the "nth sample" of the signal even if the
signal x ( n ) is inherently discrete time (i.e., not obtained by sampling an analog signal). If,
indeed. x ( n ) was obtained from sampling an analog signal xq(t), then x ( n ) = x4(nT), where
T is the sampling period (i.e., the time between successive samples).

Besides the graphical representation of a discrete-time signal or sequence as illustrated in
Fig. 2.1. there are some alternative representations that are often more convenient to use.
These are:

1. Functional representation, such as

1, forn=1,3
x(n)=4{4, forn=2
0, elsewhere



2. Tabular representation, such as

n |« =2 —1 0 1
x{m} {--- 0 0 0 1

PN N
| W
Ll N
o=l RV,

3. Sequence representation
An infinite-duration signal or sequence with the time origin (n = 0) indicated
by the symbol f is represented as

x(my=1{...0.0.1.4,1,0.,0, .. ]
.f

A sequence x (n ), which is zero for n < 0. can be represented as

x(n)=1{0,1.4.1.0,0....)
+

A finite-duration sequence can be represented as

iy =13.-1.-2.5.0.4.— 1)

Some Elementary Discrete-Time Signals

In our study of discrete-time signals and systems there are a number of basic signals that
appear often and play an important role. These signals are defined below.

1. The unit sample sequence: is denoted as & n ) and is defined as

Sy = l. form=20
=00 forn 20
lﬁin}
|

Note: Unit Impulse in analog signals




2. The unit step signal is denoted as u(n) and is defined as

win)

[e l
—,—————r—y—y .
012343567

3. The unit ramp signal is denoted as u(in) and is defined as

W=l m forn >0
U100 forn< ()

u n}

]

4. The exponential signal is a sequence of the form

x(n)=a" for all n
If the parameter a is real, then x ( n ) is a real signal. As shown beloow
for various values of the parameter a. When the parameter a is complex valued. it can be
expressed as

a = relf
where r and o9are now the parameters. Hence we can express x(n ) as
x{n) = rheitn
= r"(cosfn +j5111 On)



0<a<|

Since X( n ) is now complex valued. it can be represented graphically by plotting the real
part

tr(ny=r"cosén

as a function of n. and separately plotting the imaginary part

xpinj=r"sinbn

as a function of n.



Ayrik zamanl sinyallerin siniflandirilmasi

The mathematical methods employed in the analysis of discrete-time signals and systems
depend on the characteristics of the signals. We classify
discrete-time signals according to a number of different characteristics.

Energy signals and power signals. The energy E of a signal x ( n ) is defined as
e 8

Z 1x(n)]?

A= — N

E

The energy of a signal can be finite or infinite. If E is finite (i.e., 0 < E < «), then x( n ) is called
an energy. Many signals that possess infinite energy,have a finite average power. The
average power of a discrete-time signal x ( n) is defined as

-]\‘f

Y ixtmf

n==N

F= '}1—[“:&. 2N+ 1

If we define the signal energy of x( n ) over the finite interval -N<n<N as

h_:l'

Ey = Z Lx(n)|?

H=—N
then we can express the signal energy E as

EEJI_[&EN

and the average power of the signal x( n ) as

P= iim En

Newse 2N 41

Clearly, if E is finite. P = 0. On the other hand. if E is infinite, the average power P may be
either finite or infinite. If P is finite (and nonzero), the signal is called a power signal. The
following example illustrates such a signal.

Example .

Determine the power and energy of the unit step sequence. The average power of the unit
step signal is



hl

P =l ! E “(n)

= umn —-— u-in

N—= 2 1
x 2N + —
N+l 141N ]

= lm —— = lm ——— =~
Noox 2N +1  M=-x 2+ 1/N 2
Consequently. the unit step sequence is a power signal. Its energy is infinite.
Similarly, it can be shown that the complex exponential sequence x(n ) =
Ael™" has average power AZ so it is a power signal. On the other hand, the unit ramp
sequence is neither a power signal nor an energy signal.

Periodic signals and aperiodic signals. A signal x( n ) is periodic with period N ( N > 0) if and
only if

x(in+ Ny =x(n) for all n

The smallest value of N is called the (fundamental) period. If there is no value of N that
satisfies equation above, the signal is called nonperiodic or aperiodic.
We have already observed that the sinusoidal signal of the form

x{ny = Asin2m fon

is periodic when ,fq, is a rational number, that is, if fo can be expressed as

k
fo=

where k and N are integers.

The energy of a periodic signal x ( n ) over a single period, say. over the interval 0 sn<N -1,
is finite if x ( n ) takes on finite values over the period. However, the energy of the periodic
signal for -co< n < w is infinite. On the other hand, the average power of the periodic signal
is finite and it is equal to the average power over a single period. Thus if x( n ) is a periodic
signal with fundamental period N and takes on finite values, its power is given by

Consequently, periodic signals are power signals.



Symmetric (even) and antisymmetric (odd) signals. A real-valued signal
X( n)is called symmetric (even) if

X(—n) = x(n)

On the other hand, a signal x(n) is called antisymmetric (odd) if

r{—=np=—xin)

We note that if x( n ) is odd, then x(O) = 0. Examples of signals with even and odd symmetry
are illustrated in Fig below.

We wish to illustrate that any arbitrary signal can be expressed as the sum of two signal
components. one of which is even and the other odd. The even signal component is formed
by adding x( n ) to x(-n) and dividing by 2. that is.

Xpnh = 3fxmy+ x(—nj]

xin!
»
1
| ¢
I L]
. - .
—r—o—o| 1 (!!I‘:H¢$
-3 =3=-2-10 1 2 3 4 n
xinj
[ ]
-S4 -3-2-] DTI{
| '|1T1:3~5 "
.

L 2




Similarly, we form an odd signal component xo(n) according to the relation
1
Xo(n) = 3[x(n) — x(—n)]

Now, if we add the two signal components, we obtain x (n ), that is,

Solved Problems

x{n) = x.(n) + x,{n)

1-Find the even and odd parts of the following signals:
(@) x(n) = u(n)
(k) x(n) = a"un)

The even part of a signal x(n) is given by

X,n)= %[x{n} + x(—n)]

Any arbitrary signal can be expressed as in equation above.
With x(n) = u(n), we have

|
=

x(n) = 3 [u(n) + u(—n)] =
which may be written concisely as

x(n) = 3 + 38(n)

Therefore, the even part of the unit step is a sequence that has a constant value of 1/2 for
all n except at n =0, where it has a value of 1.
The odd part of a signal x(n) is given by the difference

xa(n) = 3[x(n) — x(—n)]

With x(n) = u(n), this becomes

% n=10
xn)y =30 n=10
-'l <0
or Xo(n) = 3sgnin)

where sgn(n) is the signum function.



With x(n) = a"u(n), the even part is

%o!" n=1{
x.n) = %[a“u{n} +o "ul—n)] = ¢ 1 n=10
la  n<0
or xedn) = lu nl 4 ;—:’5[12}

The odd part, on the other hand, is

X.(n) = %[u"'u[n} =g "u{=nl] = —;u"“' sgnin)

Simple Manipulations of Discrete-Time Signals

We consider some simple modifications or manipulations involving

the independent variable and the signal amplitude (dependent variable).

Transformation of the independent variable (time). A signal x ( n ) may

be shifted in time by replacing the independent variable n by n - k. where k is an integer. If k
is a positive integer, the time shift results in a delay of the signal by k units of time. If kis a
negative integer, the time shift results in an advance of the signal by [k/ units in time.

Example A signal x ( n ) is graphically illustrated in Fig.a. Show a graphical representation
of the signals x(n - 3) and x(n + 2).

Solution: The signal x(n -3) is obtained by delaying x ( n ) by three units in time. The result
is illustrated in b. On the other hand, the signal x(n + 2) is obtained by advancing x(n) by
two units in time. The result is illustrated in Fig c. that delay corresponds. Note shifting a
signal to the right, whereas advance implies shifting the signal to the left on the time axis.

xin)
49
- - it
l 4320101 234 n
(F-]
xtn=3}
) ‘["'
—I—.—H_:Itll -———s
-t 01 234 567 M



xin +

N [

—6 S—4-3-2-10 1} 2 n

(ch

If the signal x(n) is stored on magnetic tape or on a disk or, perhaps, in the memory
of a computer, it is a relatively simple operation to modify the base by introducing a delay or
an advance. On the other hand, if the signal is not stored but is being generated by some
physical phenomenon in real time, it is not possible to advance the signal in time, since such
an operation involves signal samples that have not yet been generated. Whereas it is always
possible to insert a delay into signal samples that have already been generated, it is
physically impossible to view the future signal samples. Consequently, in real-time signal
processing applications, the operation of advancing the time base of the signal is physically
unrealizable.

Another useful modification of the time base is to replace the independent
variable n by -n. The result of this operation is a Folding or a Reflection Or Flipping or
Reversal of the signal about the time origin n = 0.

A third modification of the independent variable is Time Scaling. This transformation is
defined by f (n) = Mn or f (n) =n/ N where M and N are positive integers. In the case of f (n)
= Mn, the sequence x(Mn) is formed by taking every Mth sample of x(n) (this operation is
known as down-sampling). With f (n) = n/N the sequence y(n) =x( f (n)) is defined as follows:

_ (—”_-j n=0+N, +2N, -
win) N
0

otherwise

(this operation is known as up-sampling).
Examples of shifting, reversing, and time scaling a signal are illustrated in Fig. below.



vin)

-2 -1 12 3 4 5 6 7 8

() A discrete-time signal.

xin—1)

5 6 ] =8 =7 ~fh =§ ~4 =3 —.

=2 (') Time reversal.

-2 -1

3
2
| l
F0 2 3 4
¥ g

(b} A delay b

X 2)

4 5 6 7 & 9 101
(e} Up-sampling by a factor of 2,

-2 -1 I 3 4 3 6 T B -2 -1 2 3
(d) Down-sampling by a factor of 2.

Illustration of the operations of shifting, reversal, and scaling of the independent variable n.
Shifting, reversal, and time-scaling operations are order-dependent. Therefore, one needs
to be careful in evaluating compositions of these operations. For example, Fig. below shows
two systems, one that consists of a delay followed by a reversal and one that is a reversal
followed by a delay. As indicated. the outputs of these two systems are not the same.

xin) xln — ng) x(=n — ng)
S

————— Tnn - T.r

() A delay T, followed by a time-reversal T,

x{nm} xi—H) Xl—n + npl

- T’ - 'T"-'u h

(b) A ume-reversal T, followed by a delay Ty,

Example illustrating that the operations of delay and reversal do

not commute.



Addition, Multiplication, and Scaling

The most common types of amplitude transformations are addition, multiplication, and
scaling. Performing these operations is straightforward and involves only pointwise
operations on the signal.

Addition: The sum of two signals

vin) = xyin) + xz(n) 00 = n <00
is formed by the pointwise addition of the signal values.
Multiplication The multiplication of two signals

yin) = x(nixain) — 00 < R < 00

is formed by the pointwise product of the signal values.
Scaling Amplitude scaling of a signal x(n) by a constant c is accomplished by multiplying
every signal value by c:

yin) = cxin) — D0 <N < 020

This operation may also be considered to be the product of two signals, x(n) and f (n) = c.



1.7. Temel Sinyaller

1-D:
X
g(x)=e 2
2-D:
x2 +y2

G(x, y) =e 2

Slight abuse of notations:
We ignore the normalization
constant such that

fg(x)dx =1

Uy
D6
0.4f
D2t




Diirtii veya Delta isareti
Matematiksel anlamda, dirti isareti bir fonksiyon (veya isaret) degildir.

f B(D)5(E)dt = B(0)

£(%)
S{I)J
—
1A
%o —r)
Dirti isareti

Dirac Delta Fonksiyonu

8(—x) = &(x)
xé(x) = 0,
8(ax) = a~1%(x) (a = 0),
§(22—a?) = Ja-Y8(z—a)+8(z+a)} (a > 0),
j S(a—z) dx S(z—b) = 8(a—b),
f(x)d(x—a) = fla)b(z—a).

) =0 x#£0&y#0
.[.[a[x-}‘}dtd}a _

3(x.y) = 8(x) 8(y)

[[ st—a.y—b) fxy)dsdy = (ab)



Delta Dirac (Diirtii) isaretinin temel 6zellikleri

1. Tumt # 0 degerleriicin 6(t) = 0 ve §(0) =

2.

x(t) * 6(t) = x(t)
x(t) * 6(t — ty) = x(t — ty)

f m@(t)&(t —to)dt = O(ty)

Unit impulse function
6(t)=0 t=0

[o(t)de=1

5(t) 1/

£—0

-£/2 €2

+ Continuous and discrete time unit step functions

u(t) ufk]
A

| I 1111




« Ramp function (continuous time)

Dift <0
rit)=q £if0<t<to
llff:—)fn

sin(x)




Continuous time complex exponential
f(t)=4e"

Euler'srelations  geivt — Acos (wt) + j (Asin (wt))

F’-“"t e ‘.,—(ju't)

cos (wt) =

eIt — cos (wt) + jsin (wt)

Discrete time complex exponential
- k=nT

B(,snT

o= Bpjwva

f[n]

Exponential function est
— Generalization of the function el

S=0+ jw

Therefore _ .
eft = (OHIWNt — (0t IWt — o7 (cog Wit + § sin wi)

If s* = ¢ — jw (the conjugate of s), then

ef = 770w = eI = ¢7*(cos wt — j sin wt)

—

and 1 .
et cos wt = E(e’t +e* t)



Soru:

Verilen dikdortgen sinyalinin matemamtiksel gosterimi hangisidir?

4

-tf2 0 tf2

Explanation: The given rectangular pulse is of amplitude 2A for the time interval —t/2 to t/2

and zero otherwise.

8.Y (t)=x(2t)is

a) Compressed signal

b) Expanded signal

c) Shifted signal

d) Amplitude scaled signal by a factor of 2

Explanation: By comparing the given equation with y (t) = x (at) we get a=2. If a>1 then it is

compressed version of x (t). Answer: a

9.Y (t)=x(t/5)is

a) Compressed signal

b) Expanded signal

c) Time shifted signal

d) Amplitude scaled signal by factor 1/5

Explanation: y (t) = x (at), comparing this with the given expression we get a = 1/5. If O<a<1 then it is

expanded (stretched) version of x (t). Answer: b

1. The general form of real exponential signal is
a) X (t) = be®

b) X (t) = (b+1)e®

c) X (t)=b (at)

d) X (t) = be @+t

Explanation: X (t) = be® is the most general way of representing the exponential signals where both

b and a are real parameters. Answer: a

2. In the equation x (t) = be® if a < 0, then it is called
a) Growing exponential

b) Decaying exponential

c) Complex exponential

d) Both Growing and Decaying exponential

View Answer



1.8. Temel Sinyallerin Matematiksel Modellenmesi

The elementary functions (of x) include:
e Constant functions: 2,e,mt
e Powers of x, x%, x3
e Rootsof x,vVx
e Exponential functions: e*
e Logarithms: log(x)
e Trigonometric functions: sin(x), cos(x), tan(x)
e Inverse trigonometric functions: arcsin(x), arccos(x), arctan(x)
e Hyperbolic functions: sinh(x), cosh(x), tanh(x)
e Inverse hyperbolic functions: arcsinh(x), arccosh(x),arc tanh(x)

All functions obtained by adding, subtracting, multiplying or dividing any of the previous
functions. All functions obtained by composing previously listed functions. Some elementary
functions, such as roots, logarithms, or inverse trigonometric functions, are not entire
functions and may be multivalued.

Kiyaslama yapilirken asagidaki islemler géz énline alinir:
e Aritmetik islemler: +, -, *, /
e integral, Tirev, Limit
e DoOnlslim: Konvolisyon, Fourier, Laplace, Z



Soru:

The given pair x (t) and y (t) is related by
¥ (t)

A X()

]
b
v
¥

a) Y (t) = d/dt (x (t))

b)Y (t)=x(t)+1

c) Y (t)=[x(t).dt

d) Not related

View Answer

Answer: c

Explanation: The given pair x (t) and y (t) is related by Y (t) = [x (t) .dt. The integral of x (t) gives the Y
(t).Y(t)=0fort>1.


https://www.sanfoundry.com/wp-content/uploads/2018/07/signals-systems-interview-questions-answers-freshers-q10.png

Soru:
Asagida verilen x (t) ve y (t) sinyallerinin birbirleri ile ilskisi nedir?
(F1(t)=at+b ve F2(t)=c ifadelerini gbz 6nine aliniz)
a) Her iki sinyalin matematiksel ifadesini bulunuz.
b) ki sinyalin birbiri ile iliskisi ne olabilir. (Tirev, integral, toplama, carpma, bélme,

ctkarma...)
:-:‘Et]- y (1)
2 1
3 -2 -1 0 1 2 3 1

Y (t) =d/dt (x (t))
Explanation: The given pair x (t) and y (t) is related by y (t) = d/dt (x (t)). From -2
to 2 we have Y (t) is zero because differentiation of constant is zero.




Figure 1.15. Equations for the linear segments of Figure 1.14

Following the same procedure as in the previous examples, we get
V(1) = (2t + Dug(t) —ug(t — 1)1+ 3[up(t — 1) —uy(t—2)]
+ (=t +3D)[uylt—2)—uy(t-3)]
Multiplying the values in parentheses by the values in the brackets, we get
v(t) = (2t+ Dug(e) — (2t + Dug(r— 1)+ 3ug(t—1)
—3ug(t =2+ (—t+ Nuglt =2) = (=t + Nuglt - 3)

v(t) = (2t+ Dug(e) + [— (2t + 1) + 3uy(t - 1)
F =3+ (—t+3up(t—-2)—(—t+3uy(t-3)
and combining terms nside the brackets, we get

v(f) = (2t + Dug(t)—2(t — Duglt — I—tug(t— 2) + (1= 3uglr - 3)

_1/72 0 172

Figure 1.13. Equations for the linear segments of Figure 1.12
For line segment @,

v(1) = (i%H 1) [”a [I+ %—) - nﬂ{r)}

and for line segment @),

vy(t) = [_%I+ 1) [ua(?) — 1y (ir— gﬂ

Combining (1.15) and (1.16), we get
V(1)

V(1) +v,(1)

G,H Jj [nﬂ [r + g) —uﬂ(r)} + [—% t+ }]]:Ng( £)—ug (r - gﬂ



]:{I) (V)

—_———_—

Figure 1.21. Waveform for Example 1.9

Solution:

a. We first derive the equations for the linear segments of the given waveform. These are shown in

Figure 1.22.

Next, we express v(f) in terms of the unit step function uy(f), and we get

vif) = 2t[ug(t+ 1) —ug(t— 1]+ 2[uplt— 1) —up(t—2)]
+ (=t 4 5 uglt=2)—up(t = )] + [ug(t —4) —uy(t - 5)] (1.52)
+(—t+0)[uglt—35)—up(t-7)]

Soru:
Sekil'de gosterilen sinyalleri birim adim fonksiyonlari agisindan ifade edin.
x(1)

x()=u(+1)+2u(t)—u(t=1)—u(t —-2)—u(t—3)



2 . Sistemler

Bir sistemin Ozellikleri o sistemin davranislari agisindan bize dnemli bilgiler verir. Boylece
sistemleri daha iyi anlayabilir ve analiz edebiliriz. Bu 6zellikler,
1) Deterministik sistemler
2)  Statik ve Dinamik Sistemler
3)  Stokastik sistemler
4)  Surekli-zaman ve ayrik-zaman sistemler
5)  Analog ve dijital sistemler
6) Invertible/terslenebilir sistemler
7) Lineer ve Lineer olmayan sistemler
8) Bellekli (dinamik) ve belleksiz (anlik, instantaneous) sistemler
9) Causal (nedensel) ve causal olmayan (noncausal) sistemler
10) Zamandan bagimsiz ve bagimli sistemler
11) Kontrol Sistemleri: kontrol edilebilir — Gozlenebilir Sistemler
12) Stable and Unstable Systems

2.1. Bellekli ve Belleksiz Sistemler

Bir sistemin gikisl, girisin sadece o andaki degerine bagli ise bu sisteme belleksiz sistem
denir. Bir sistemin gikisi, girisin 6nceki ve/veya sonraki degerlerine bagli ise bu sisteme
bellekli sistem denir. Gecikme, 6teleme sinyalin girisi ile ilgili olmadigl durumlar igin sistem
belleksizdir. Clinkli zamanda gecikme ya da 6teleme sinyalin girisi degildir.

Ornek: y(t) = ax?(t) + bx(t)

Yukarda verilen Sistem ¢ikis saglamak icin girisin sadece o andaki degerine ihtiya¢ duyar, o
degerin karesini alir, gerekli islemleri yaparak bize sonucu sunar. Sistemin cikisl, girisin
sadece o andaki degerlerine bagli oldugundan sistem belleksizdir.

Ornek:

uln] = Zn: &[m]

m=—oo
Bu sistemde cikisin “n” adimdaki degerini bulabilmek icin girisin o ana kadarki bitin
degerlerine ihtiyac vardir. Bu durumda sistemin bir bellek ihtiyaci duydugu aciktir.



Ornek:

y(@) =x*(t+1)
Bu sistemin gikis sinyali y(t), giris sinyali x(t)'nin sonraki degerlerine bagli olarak degistigi
icin, bu sistem bellekli sistemdir.

Ornek: y(t+ 1) = x%(t+ 1)
Bu sistemin ¢ikis sinyali y(t), giris sinyali x(t)'nin sadece o anki degerine bagl olarak
degismektedir. Dolayisiyla sistem belleksiz bir sistemdir.

Ornek: y(t) = x(t) + cos(t + 1)

Sistemin gikisi, sistemin girisinin sadece o anki degerine bagli olarak degistigi icin, s6z konusu
sistem belleksiz sistemdir. Burada kosinus terimindeki T kadar gecikme, giris sinyali ile ilgili
olmadigi icin sistemin bellek kontroliinde dikkate alinmamaktadir. Zamanda geciken giris
sinyali degildir.

Bir sistemin gikisi, girisin sadece o andaki degerine bagli ise bu sisteme belleksiz sistem
denir. Bir sistemin gikisi, girisin 6nceki ve/veya sonraki degerlerine bagli ise bu sisteme
bellekli sistem denir. Zamanin fonksiyonu olmayan degiskenler ve sabitler giris sinyali
degildir.

a) y(t) = ax?(t) + bx(t), Belleksiz

b) uln] =Xn__.d8[n], Belleksiz

c) y(t) = x%(t+ 1), bellekli

d) y(t+ 1) =x2(t+ 1), belleksiz

e) y(t) =x(t) + cos(t + 0), belleksiz, ¢linkii gecikme, giris sinyali ile ilgili olmadigi

icin sistem belleksizdir.

Belleksiz sistemlere 6rnekler:
“t” nin herhangi bir aninda ¢ikis degeri, “ t” nin ayni andaki giris degerine bagli ise
sistem belleksizdir. Bir belleksiz sistem her zaman nedenseldir, tersi, elbette,
herzaman dogru degildir.

.
v(0) =sin(x(1)), y(1)= [ x(r)dr, y(t—2)=3x(t-2)

—L



Sistem bellegi ile ilgili olarak, sistemler anlik veya dinamik olarak siniflandirilir. Bir sistem, bir
anlik aninda ¢ikisi sadece o andaki girisin bir fonksiyonuysa, anliktir(hafiza yok).

Fark denklemi ile karakterize edilen sistem y (n) = 2x (n), hafizasiz bir sistemdir. Bir 6rnek,
yalnizca direnglerden olusan bir elektrik devresidir.

indiiktorler ve kapasitorler gibi depolama elemanlarina sahip herhangi bir sistem dinamik bir
sistemdir, ¢linkli boyle bir sistemin bir anlik ¢ikisi, girisin gegmis degerlerinin bir
fonksiyonudur.

Bu tir sistemlerin ayrik modelinde, x (n - 1) veya x (n - 2) gibi, uygulanacak bellek birimlerini
gerektiren terimler olacaktir. Cikis, yalnizca sinirl sayida gegcmis giris 6rnegine bagliysa, buna
sonlu bellek sistemi denir.

Ornegin, y (n) = x (n - 1) + x (n - 2) bir sistemin iki bellek birimine sahip olan fark denklemidir.
Kapasitif veya endiktif elementli sistemler sonsuz bellek sistemleridir, ¢linki ciktilar girisin
tiim ge¢misinin bir islevidir. Anlik sistemler, sifir bellege sahip 6zel bir dinamik sistem
durumudur.

2.2. Nedensellik (Causality)

Sistemin herhangi bir zamandaki ¢iktisi,
e Mevcut zamandaki girdi degerlerine veya
e Gecmiste girdi degerlerine veya
e Mevcut zamanla birlikte gecmisteki girdi degerlerine baglysa, bu sistem nedenseldir.

Diger bir anlatimla eger bir sistemin cikisi, su anki girisi dahil olmak lizere onceki
degerlerine bagli ise sisteme nedensel (causal) sistem denir. Tim gercek zamanl fiziksel
sistemler nedenseldir; ¢clinkli zaman sadece ileriye akar.

y(t) = x(t—1) Nedensel sistem (ve bellekli sistem)
y(t)=x(r) Nedensel sistem
y(t) = x(t +1) Nedensel olmayan sistem



causal anti-causal

z(t)=0; t<0 r(t)=0; >0
0 t 0 t

zn)=0; n<0 zn|=0; n>0
0 n 0 n

Nedensel sinyallere 6rnek olarak sunlari verebiliriz:

Sistemin herhangi bir zamandaki ¢iktisi, sadece mevcut zamanda veya gegcmiste girdi
degerlerine bagliysa, bu sistem nedenseldir. Diger bir anlatimla eger bir sistemin ¢ikisi, su
anki girisi dahil olmak tGzere onceki degerlerine bagl ise sisteme nedensel (causal) sistem
denir. Tium gergek zamanli fiziksel sistemler nedenseldir; ¢inkli zaman sadece ileriye akar.
Tum belleksiz sistemler nedenseldir. Kayitli veriler lizerinde islem yapmamiz durumunda,
nedensellik de gerekli olmayabilir.

a) y(t)=x(t-3)-x(t)/3, nedensel

b) y(n) = nx(n), nedensel

c) y(t) = e*®, nedensel

d) y(t)=x(t +1), nedensel degil

Ornek:
y(t)=x(t-3)-x(t)/3
y(t), x(t)'nin su anki ve “t-3” anindaki degerine bagl oldugu i¢in nedenseldir.

Ornek:

y(n) =nx(n)
y(n), suankin ve x(n) degerine baglidir. Nedensel.

Ornek:
y(t) = e*® | nedensel sistemdir.

Ornek:
y(t) = x(t +1) Nedensel olmayan sistemdir.



Ornek:
y(n) = x(n) + nx(n + 1), su anki ve gelecekteki degerlerine baglhdir; nedensel degil.

Ornek:
h(t) = e tu(t), su anki degerlere baglh nedenseldir.

Ornek:

x(t) = {gcos(anOt + Q) : i 8

Vi

Nedensel bir isaret 6rmedi

Ornek: y(n) — 1/4y(n-1)-3/8y(n-2) = -x(n) + 2x(n-1), sistem nedenseldir.

Ornek: y(t) = x(t-2)+x(2-t), sistem nedenseldir.

Ornek: y(t) = dx(t)/dt, Sistem nedenseldir.

Ornek: y(t) = x(t/3), sistem nedensel degildir. Clinki, t=-3 alindiginda, y(-3)=x(-1); -1
degeri -3 degerine gore gelecektir.

Ornek: y(t)=cos(x(t)), nedenseldir.

Nedensel sistemlere 6rnekler:
I3

v =3x(1-2), y0)= [ x(0)dr, y(O)=x()

—o0

Nedensel olmayan sistemlere 6rnekler:



r+1
v =x(2), y()=3x(+2), y)= [ x(r)dr

—0

2.3. Kararlhilik ( Stability)

Sinirhi girise Sinirli Cikis (BIBO) 6zelligine sahip olabilmesi icin | x(t) | <Bx<ee girisi
uygulandiginda ¢ikis, | y(t)<Bx<ee olmalidir.

Stabilite icin birkag¢ tanim var. Burada sinirli giris baglantili ¢ikis (Bounded input bonded
output - BIBO) kararhhgini dikkate alacagiz. Her sinirlanmis giris sinirli bir cikis Gretiyorsa, bir
sistem BIBO kararli olarak soylenir.

o, . n

Eger tim “n” degerleriigin  |x[n]| < M < oo kosulu saglaniyorsa x(n) sinirhdir.

Ornek:
Asagidaki esitlik ile taniml ortalama alan bir sistem kararhdir, Clinki sinirh sayidaki
degerlerin toplami sinirhdir.

N
1
ylnl = 33— 1kZNx[n]

Ornek:



The accumu lator system defined by

y[n| = Z z[k|

{u[n]}, the unit step then y[0] = 1, y[1] =
0 so y[n] grows without bound.

is unstable. If we take {x[n]}
2, y[2] =3, arey[n| =n+1, n

\/

AY;

Ornek:

hi(t) =exp|—(1—2j)tlu(t)

a) Sistem nedenseldir.
b) Sistem kararhdir, ¢linkii t - o — hy(t) = 0

2.4. Tersine Cevrilebilir

Bir sistem birkac giris icin ayni ¢ikislara sahipse, dogru girisi bulmak imkansizdir. Bu nedenle,
bir sistem farkl girdilere farkl ¢iktilar verirse tersine gevrilebilir. Birgok giris icin ayni ¢ikis
verirse ters cevrilemez. Hangisi ters ¢evrilemez bir sistemdir? y[n] =0

2.5. Dogrusallik — Lineer Sistemler

Dogrusal, Zamanda Degismez Sistemler - Linear, Time Invariant (LTI) Systems

Dogrusal (linear) bir sistem cok basit iki 6zellige sahiptir: Toplanirhk (additivity) ve
Homojenite (homogeneity).

If difference equation has with constant coefficients; therefore, it is linear and time-
invariant.

a) Toplanirlik:



Sisteme x1(t) sinyali girildiginde y1(t) sinyali ve x»(t) sinyali girildiginde y»(t) sinyali elde
ediliyorken; axi(t)+bxz(t) sinyali girildiginde ayi(t)+by:(t) sinyali elde ediyor ise sistem
dogrusalligin ilk basamagini gegmistir.

b) Homojenite:
Sisteme x1(t) sinyali girildiginde y1(t) sinyalini elde ediliyorken, axi(t) sinyali girildiginde
ayi(t) sinyalini elde ediliyor ise (a herhangi bir sabit olmak lzere) sistem artik dogrusaldir
diyebiliriz.

Bu durumda; a ve b siklari birlestirilerek, siiperpozisyon (superposition) 6zelligini saglayan
sistemler dogrusal sistemlerdir. Diger bir deyisle; axi(t) + bxa(t) sinyali girildiginde ayi(t) +
byz(t), (a ve b herhangi iki sabit olmak lizere) cikis sinyalinin elde edildigi sistemlere
dogrusal sistemler denir.

Soru:Bir sistemin lineer dzelligini yaziniz. F(x)=3x2+2 sistemi lineer mi?
Dogrusal (linear) bir sistem ¢ok basit iki 6zellige sahiptir: Toplanirlik (additivity) ve
Homojenite (homogeneity).
Sisteme x1(t) sinyali girildiginde y1(t) sinyali ve x2(t) sinyali girildiginde y2(t) sinyali elde
ediliyorken; ax1(t)+bx2(t) sinyali girildiginde ay1(t)+by2(t) sinyali elde ediyor ise sistem
dogrusaldir.
F1(ax)=3a2 x*+2
F2(bx)=3b? x*+2
F(ax+bx)=3(ax+bx)%+2
F1(ax)+ F2(bx)= 3a% x*+3b% x* + 4
F(ax+bx) ifadesi F1(ax)+ F2(bx) ifadesine esit olmadigindan lineer degildir.

Ornek: y(t) = x(t) + cos(t + 1)
Bu sisteme x(t)=ax1(t)+bx2(t) girisi uyguladigimizda, Cikis,
y(t)=x(t)+cos(t+t)=(axi(t)+bx2(t))+cos (t+1)
olarak elde edilir. Bu durumda sistemin dogrusal oldugunu sdéylenemez.



Next we consider linearity. Roughly speaking, a system is linear if its behavior is scale-
independent; a result of this is the superposition principle. More precisely, suppose that
in(t) = Flu(t)] and yo(t) = Fluz(t)]. Then linearity means that for any two constants o
and ag,

y(t) = gy (1) + aaye(t) = Flogug (f) + agus(t)].

A simple special case is seen by setting o, = O

y(t) = onan(t) = Floqua(t)],

making clear the scale-invariance. If the input is scaled by «y, then so is the output. Here
are some examples of linear and nonlinear systems:

du

y(t) = T (linear and time-invariant)
¢

y(t) = / w(fy)dt; (linear but not time-invariant)
0

y(t) = 2u’(t) (nonlinear but time-invariant)

y(t) = 6Guif) (linear and time-invariant).

Input output relationship

5t
y(t) = f.“l?(T) dr, t>0

Causality :

y(t) depends on z(5%), 1> 0 system is non-causal.
For example t = 2

y(2) depends on x(10) (future value of input)
Linearity :

Output is integration of input which is a linear function, so system is linear.

Soru: Asagidaki sistemlerin her biri icin, bunun olup olmadigini belirleyin:
(i) kararh

(ii) zaman degismez

(iii) dogrusal

(iv) tersine gevrilebilir

y(t) = z(2t + 1) + 1, for input z(t) and output y(t).



1. Stable. If |z(t)| < M ¥ ¢, then |y(t)| < M + 1V ¢.

1. Not time-invariant. Let z'(t) = z(t — tg). Then /() = #"(2t + 1) + 1 =
(2t + 1 —1y) + 1. However y(t —ty) = z(2t — 245+ 1) + 1.

1. Not linear. Let yi(t) = z1(2t + 1) + 1, and ya(t) = z2(2t + 1) + 1.
Let x(t) = ax,(t) + bxa(t).
Then y(t) = (2t + 1) + 1 = az(2t + 1) + bzo(2t + 1) + 1.
However ay,(t) + bya(t) = ax( (2t + 1) + bzo(2t +1) +a+ b

v. Invertible. Observe that x(t) = y{%) — 1.

Soru:
Asagidaki sistem: i) dogrusal, ii) zamanla degismeyen, iii) BIBO kararli, iv) tersine cevrilebilir,
v) hafiza kaybi, vi) nedensel mi? Her biri igin kisa bir gerekge lretin.

y(t) = =*(t)

Linear: no, since it doesn’t satisfy scaling. cvr(#) input produces a®z(t) output.

Time-invariant: yes, since y(f — to) = x(f — t9)?

BIBO stable: yes, since if |x()| < By < ~ then |y(1)| < B} < ~.

Invertible: no, since any negative input value is lost, and we can not recover the original sign of the input.
Memoryless: yes, since y(t) depends on no other value of () other than at time ¢.

Causal: yes, since all memoryless systems are causal.

Soru:
Asagidaki sistem: i) dogrusal, ii) zamanla degismeyen, iii) BIBO kararl, iv) tersine cevrilebilir,
v) hafiza kaybi, vi) nedensel mi? Her biri icin kisa bir gerekce Uretin.

y(t) = t2x(t)

Linear: yes, since with input a1 (¢) + agxs(t) produces output t2 (ayxq () + agza(t)) = a1ty1(t) +ast?xa(t)) =
a1y1(t) + azy2(t) using the usual definitions of y1 (¢) and y2(t).

Time-invariant: no, since the system depends on values of x:(#) at specific values of time via the #* factor. Te.,
shifting the input produces output %z (¢t — t,) but shifting the output produces (# — to)%x(t — ).

BIBO stable: no, since the output is unbounded for many bounded inputs (e.g., consider x(t) = u(t), then y(t) =
t2u(t) grows in f without bound).

Invertible: No, since the value at ¢ = 0 is lost. Le., y(0) = 0 regardless of 2(0), so we can’t get back =(0).
Memoryless: yes, since (1) depends values of () only at time .

Causal: yes, all memoryless systems are causal.

Soru:
Asagidaki sistem: i) dogrusal, ii) zamanla degismeyen, iii) BIBO kararl, iv) tersine cevrilebilir,
v) hafiza kaybi, vi) nedensel mi? Her biri icin kisa bir gerekce Uretin.

U(f’) — ﬁjw(}t;ﬁ(f) — j;_'{,’(f — f‘n)



Burada t0 we wO sabitlerdir.

Linear: yes, since S[ayxy (t) + cgxa(t)] = a1y (t) + asys(t). The reason this is true is that

S[aqay (1) + agrg(t)] = ?“0F ((,11:1'71 (t) + mg.r:g(?‘.)) — j(ﬂl.'r:l (t —to) + agxa(t — fo)) (0.4)
= (r-‘jwut:rzl (t) — jra(t — fo)) + g (r’jw”t:rg (t) — jao(t — 1‘0)) (0.5)
= a1y1(t) + agya(t) (0.6)

Time-invariant: No, since when we shift the output y(t — #y) we’ll shift the e7*°* factor in the first term, but this
won’t happen when we shift the mput.

BIBO stable: yes, since nothing 1s going to make the output infinite as long as x(t) 1s finite.

Memoryless: No, since y(t) depends on values of the input at times other than time .

Causal: yes, since y(t) depends on values of x:(¢) only up to time ¢.

Soru:
Sekilde gosterilen sistemin (a) hafizaya sahip mi, (b) nedensel mi, (c) dogrusal mi, (d)

zamanla degismeyen mi veya (e) kararl olup olmadigini belirleyin.

Multiplier

x(t)

(1) = x(1) cos w1
>

cos @1

- - - -

_1'(?) = T{T(?)} = .Y(T) Cos @, {f) : Since the value of the output y ( f ) depends on only

the present values of the input xf 7 J, the system is memoryless.

Eg =5, 1(5) = \(5) Cosam, (5) : Smce the output y (¢ ) does not depend on the future values of the input

x(1), the system 1s causal.



(© Let x(7) = ayx(7) + arrx(7). Then
y(t) = [ayx1(t) + @, x2(t)|cos @,
= ayx1(f)cos @ct + a,x, (1) cos @, .t

=ay(t)+ay v, (1)

Thus, the system 1s linear.

(d) Let (f ) be the output produced by the shified input Xy (f ) = .T{f —1 0 ) . Then
(@) =T{x(t—19)} = x(t —1g) cos o, ()

But .'l'(f — f.[}) = ."C'(f — fg:l COS @, (? — fo) 1M (f) . Hence, the system 1s not time-invariant.

Since |COS mcr| < 1. we have

(1) = x (1) cos 1| < |x (1))
Thus, 1f the mput x(7} 1s bounded, then the output y(1) 1s also bounded and the system 15 BIBO stable.

Soru.
a) dl + 6vy(t) = 4x(t)
dt

This is an ordinary differential equation with constant coefficients. therefore, it is linear and time-
invariant. It contains memory and it is causal.

b) % + 4ty(t) = 2x(1)

This is an ordinary differential equation. The coefficients of 4t and 2 do not depend on v or x. so the

system is linear. However. the coefficient 4t is not constant. so it is time-varying. The system is also
causal and has 111etmory

c) y[n]+2yv[n—1]=x[n+1]

This is a difference equation with constant coefficients; therefore. it is linear and time-invariant. It is
noncausal since the output depends on future values of x. Specifically. let x[n] =u[n]. then y[-1]=1.

d)  y(t) = sm(x(1)



check linearity:
y1 (1) =sin(x; (1))
¥ (1) = sin(x, (1))
Solution to an input of a;x;(t) +a,x,(t) is sin(a;x;(t) +a,x,(t)).
This 1s not equal to a;y;(t)+a,y,(1).
As a counter example, consider x;(t) =7 and x,(t)=n/2,a;=a, =1

the system is causal since the output does not depend on future values of time, and it 1s memoryless
the system is time-invariant

) v[n+1]+4y[n]=3x[n+1]— x[n]

Rewrite the equation as y[n]+ 4y[n— 1]=3x[n] — x[n — 1] by decreasing the index.
This is a difference equation with constant coefficients. so it is linear and time-invariant. The output does
not depend on future values of the input. so it is causal. It has memory.

h) y[n]=x[2n]

has memory since the output relies on values of the input at other the the current index n.

causal? Letx[n] =u[n-2]. sox[1] =0. Then y[1]=x[2]= 1. so not causal.

linear? Let y; [n] = x;[2n] and v, [n] =x;[2n]. The response to an input of x[n] = ax;[n]+bx,[n] is
y[n] = ax;[2n]+bx,[2n]. which is ay;[2n]+by,[2n]. so this is linear

time-invariant: Let v;[n] represent the response to an input of x[n-NJ. so y;[n] = x[2(n-N)]. This is also
equal to y[n-N]. so the system is time-invariant.

1) y[n]=nx[2n]

This is similar to part h), except for the n coefficient. Similar to above, it is noncausal, has memory and is
linear. Check time-invariance:

Let y;[n] represent the response to an input of X[n-N]. so y;[n] =nx[2(n-N)]. This is not
equal to y[n-N] = (n-N)x[2(1-N)]. so the system is time-varying.

i) dl—’t’ + sin(t)y(t) = 4x(1)
C

This is an ordinary differential equation with coefficients sin(t) and 4. Neither depends on y or X. so it is
linear. However. the explicit dependence on t means that it is time-varying. It is causal and has memory.

2
d7y dy dx
k) S+ 102 4 ay(t) == 4 ax(t)
dt2 dt dt
This is an ordinary differntial equation with constant coefficients. so it 1s linear and time-invariant. It is
also causal and has memory.



System Linear Time-invariant Canusal

y(t) = 3z(t) cos(t) yes no yes

U'Il” = "".-"".._:i"f{” no ves ves
: 1, z[n]>0

yln] = + i':ﬁ] - no ves ves
: -1, z[n] <0

t+1
y(t) = f x(A)dA ves yes o
[

y[n] = 2(z[n + 1uln] — z[n]) + 1 no no 1o

2.6. Zamandan Bagimsiz (Time Invariant)

Zamanda degismezlik ise bir sistemin girisinde to kadar gecikme oluyorsa, cikisinda da to
kadar gecikme olmasidir. Bu durumda sistem zamanda degismezdir (time invariant). Bir
sisteme x(t) sinyalini girdigimizde y(t) sinyalini elde ediyorken, x(t — to) sinyalini girdigimizde
¢ikis ayni miktarda gecikerek y(t — to) cikis sinyalini veriyorsa sistem zamanda degismez (time
invariant) bir sistemdir.

Bir sistemin zamandan bagimsiz olabilmesi icin davranisi zamanin ne olduguna bagli
olmamalidir. Yani girdi sinyalinde yaptigimiz tiim kaydirma islemleri ¢ikti sinyaline
yansimalidir. Ornegin

x(t) = y(t), x(t - to) = y(t - to)

Bir sistem ancak ve ancak, tiim x(t) ve tim to degerleri i¢in, x(t-to) icin sistem yaniti y(t-to) ise
zamanla degismeyen bir sistemdir. Burada y(t), sistemin x(t) icin Gretmis oldugu yanittir.



Sistemin davranisi ve Ozellikleri zamanla degismezse, bir sistemin zamanla degismez oldugu
soylenir. Boylece, bir zaman gecikmesi veya giris sinyaldeki zaman ilerlemesi, ¢ikis sinyalinde
ayni gecikmeye veya ilerlemeye yol acarsa, bir sistemin zamanla degismez oldugu soylenir.

—L X)) —b A — (i)

{ {

/ x(t=t) [T 7l K

f[. i I(. I

Zamanla degismeyen sistem

Dogrusal Zamanla Degismeyen sistem kiimesi bazi nedenlerden dolayi 6zellikle 6nemlidir.
Bu sistemlerin girislerine gosterdikleri yanit, basit bir sekilde giris isareti ile sistemin birim
dirtd yanitinin evrisimi (konvoliisyonu) olarak elde edilebilir.

Soru: Asagidaki sistemin ozelliklerini belirleyiniz.
y@&) =x(t—-2)+x(2—-1)

Nedensellik:

t = 0aninda, y(0) = x(—2) + x(2)

Sistemin su andaki degeri, gecmisteki ve gelecekteki degerine baghdir. Bu ylizden
sistem nedensel degildir. Clnki sistemin herhangi bir zamandaki ¢iktisi, mevcut
zamanda veya gecmiste girdi degerlerine bagliysa, sistem nedenseldir.

Bellekli ya da belleksiz:
Sistem belleklidir. Clinki t anindaki ¢ikis t’den farkli zamanlardaki giris degerlerine

baglidir.

Dogrusallik, Lineerlik:



Sistemin girisine x(t)=ax1(t)+bx2(t) sinyalini girdigimizde, ¢ikista y(t)=ayl(t)+by2(t),
a ve b herhangi iki sabit olmak lizere, y(t) sinyalini elde ettigimiz sistemlere dogrusal
sistemler denir.

y@)=x(t—-2)+x(2—-1t)
yi(t) =x,(t—2)+x,(2 1)
V2(t) = x,(t —2) + x,(2 = t)

x(t) = ax; () + Bx,(8)

y(t) = (ax; + Bx3)(t —2) + (ax; + fx3)(2 —t)

y(@) = ax, (t —2) + Bxy,(t —2) + ax;(2 —t) + Bx, (2 —¢t)
y(t) =ax;(t—2)+ax;(2—t) + Bx,(t —2) + Bx,(2 — t)
y(@) = a(e(t —2) + (2 — ) + B(xa(t — 2) + x2(2 — 1))
y(©) = ay,(©) + By2(t)

sistem lineerdir.

Sistemin zamanla degisip degismedigi:

Bir sistemin zamandan bagimsiz olabilmesi igin davranigi zamanin ne olduguna bagli
olmamalidir. Yani girdi sinyalinde yaptigimiz tim kaydirma islemleri gikti sinyaline
yansimalidir. Ornegin

X(t) = y(t), x(t - to) = y(t - to)

Bdylece, bir zaman gecikmesi veya giris sinyaldeki zaman ilerlemesi, ¢ikis sinyalinde
ayni gecikmeye veya ilerlemeye yol acarsa, bir sistemin zamanla degismez oldugu
soylenir.

Ornek: y(t) = x(t-2)+x(2-t)
The system is time invariant. t > t —a
y(t—a)= x((t —a)— 2) + x(2 — (t — a))=y(t-a)

Time Invariance: The system is time mvariant. To see this, we let y(t) be
the output corresponding to the input =(t) and let x,(t) = =(t —a)!. Then
the output y,(#} corresponding to the input signal =, (t) 1s

Yalt) Talt —2) 4+ (2 — £) (9]
f(t—a)—2)+ (2 — ([t —a)) (10}

y(t —a). (11}

of



(e) y(t) = cos(z(t)) [, mvertible, near, | memoryless [, [ time invariant )

Causality: The system 15 memoryless, hence cansal.

Invertibility: The system is NOT invertible, e.g. suppose that z1(¢) = (7/2)u(t)
and xa(t) = —(w/2Ju(t). Then y(t) = cos(z1(t)) = 0 = cos(zalt))
yo(t), Vt.

Linearity: The system 1z NOT hnear because if

1t cos(Tqe(t)), and (37)

ya(t) cos(za(t)], (38)

and =(t) = axq(t) + Hra(t), then the output y(t) corresponding to the
input {t} is

yit) cos{ary(t) + Fxa(t)) (39)

cos(axy (1)) cos{Gra(t)) — sinfocry (t)) sin( Fra(t)) (407

# ocos(rilt)) + Feos(za(t)) (41)

in general. (We used an identity from Chapter B of the texbook to get the
second equality above. )

Memorylessness: The system 1s memoryless because the output at time ¢
depends on input values at only time £.

Time Invariance: The system is time invariant. To see this, we let y(t) be
the output corresponding to the mput r(t) and let r (t) = ={t — a). Then
the output y,(t) corresponding to the input signal =,(t) 1=

Yol t) = cos(x.(t)) = cos(x(t —a)) = y(t — a). (42)

2.7. Ayrik Zamanlh Sistemler

In many applications of digital signal processing we wish to design a device or an algorithm
that performs some prescribed operation on a discrete-time signal. Such a device or
algorithm is called a discrete-time system. More specifically, a discrete-time system is a
device or algorithm that operates on a discrete-time signal, called the input or excitation.
according to some well-defined rule, to produce another discrete-time signal called the
output or response of the system. In general, we view a system as an operation or a set of
operations performed on the input signal x(n) to produce the output signal y (n ), We say
that the input signal x ( n ) is transformed by the system into a signal y ( n Jan, d express the
general relationship between x( n ) and y(n)

v(n) = Tx(n)]



where the symbol T denotes the transformation (also called an operator), or processing
performed by the system on x( n ) to produce y ( n ). as shown below .

NN dikiE

x{n) _ : .
w! Discrete-time vind
. System .
Input signal : Output signal
or excjtation Or response

There are various ways to describe the characteristics of the system and the operation it
performs on x ( n ) to produce y ( n ), we shall be concerned with the time-domain
characterization of systems. We shall begin with an input-output description of the system.
The input-output description focuses on the behavior at the terminals of the system and
ignores the detailed internal construction or realization of the system. In this description we
develop mathematical equations that not only describe the input-output behavior of the
system but specify its internal behavior and structure.

Input-Output Description of Systems

The input-output description of a discrete-time system consists of a mathematical
expression or a rule, which explicitly defines the relation between the input and output
signals (input-output relationship). The exact internal structure of the system is either
unknown or ignored. Thus the only way to interact with the system is by using its input and
output terminals (i.e., the system is assumed to be a "black box" to the user). To reflect this
philosophy. we use the graphical representation in figure above.

Example.
Determine the response of the following systems to the input signal

Inl, _3=<n<3

xin) =
( 0, otherwise

(a) v(n) = x{n)

(b) yiny=x(n—1)

(€} y{n)y=x(n+1)

(d) viny= _';[xln + 1) txnytxin- §)!

(€) v(n)=max{x(nT 1). x(n).xtn - 1)}

(N vn)= Z::-:n:'r{k) = x(m)+xin - 1)+ x(n—2) + ...



Solution First. we determine explicitly the sample values of the input signal
x(m=1...032.1.01.2.30....)
T

(a) In this case the output is exactly the same as the input signal. Such a system is known as
the identity system.
(b) This system simply delays the input by one sample. Thus its output is given by

x{n)=1{....0,3.2.1.0.1,2.3,0,...)
+

2.8. Sistemlerin Blok Diyagram Gosterimi ve
Matematiksel Modellenmesi
It is useful at this point to introduce a block diagram representation of discrete time

systems. For this purpose we need to define some basic building blocks that can be
interconnected to form complex systems.



Diagrams of basic signal operations: (3) adder,
() constant multiplier, (c) delay, and (d) time
windowing or modulation.

x(t) . zlt)=x(tl+ylt)

(a)

x(t) o x(t)
—_—

(b)
x(t) — x(t) wit)
E——
'\../I

wit)

(d)

An adder. Figure below illustrates a system (adder) that performs the addition of two signal
sequences to form another (the sum) sequence, which we denote as y(n). Note that it is not
necessary to store either one of the sequences in order to perform the addition. In other

words, the addition operation is memoryless.

.I|lﬂ.:'

Xain)

viny=x,(n)+ xa(n)

A constant multiplier. This operation is depicted by Fig. below, and simply
represents applying a scale factor on the input x ( n ). Note that this operation is also

memoryless.

xin) a

vin) = ax(nt

A signal multiplier. Figure below illustrates the multiplication of two signal sequences to

form another (the product) sequence, denoted in the figure as

y(n). Asinthe preceding two cases, we can view the multiplication operation as

memoryless.



Xplm) viny=xyinja,in)

¥

I:[ﬂl

A unit delay element. The unit delay is a special system that simply delays
the signal passing through it by one sample. Figure below illustrates such a system. If the
input signal is x ( n ), the output is x(n - 1). In fact, the sample x(n - 1) is stored in memory at
time n-1anditis recalled from memory at time n to form

v(n) =x(n—1)

Thus this basic building block requires memory. The use of the symbol ,z! to denote the unit
of delay will become apparent when we discuss the Z transform

x(nl vin)=x{n-1)

A unit advance element: In contrast to the unit delay, a unit advance
moves the input x({ n ) ahead by one sample in time to yield x(n + 1). Figure below illustrates
this operation, with the operator Z being used to denote the unit advance.

xi(m) viny=x(n+1)

We observe that any such advance is physically impossible in real time, since. In fact, it
involves looking into the future of the signal. On the other hand. if we store the signal in
the memory of the computer, we can recall any sample at any time. In such a non real-time
application, it is possible to advance the signal x(n) in time.

Example .
The discrete-time system described by the input-output relation.



¥(n) = ivin = 1)+ ix(n) + Lx(n = 1)

where x (n ) is the input and y ( n ) is the output of the system.

Solution : the output y ( n ) is obtained by multiplying Input x ( n ) by 0.5, multiplying the
previous input x( n - 1 ) by 0.5. adding the two products, and then adding the previous
output y(n - 1) multiplied by 1/4. Figure a illustrates this block diagram realization of the
system. A simple rcarrangcrncnt .

vin) = jvin — 1)+ ffxin) + x(n — 1]

leads to the block diagram realization shown in Fig. b. Note that if we treat "the system"
from the "viewpoint" of an input-output or an external description.

Black box
' 0.5
: = :-I
x(my i ~ 1
—_— + + F T r xin|
i 05 J N i
' 0.25 '
(&)
___________________________ Black box____ ...
' a1
x(n) - 1 0.5 ) '
: @ \:/ : vin}
: [} ot :
! 025 =— !

----------------------------------------------------------



FIGURE

Positive feedback system: the microphone picks
up input signal x(ty and the amplified and
delayed signal gyit — r), making the system
unstable.

Solution
The input-output equation is
y(t) =x(f) + py(t — 1)

If we use this expression to obtain y(t — ), we get that
y(t — 1) =x(t — 1) + By(t — 21)
and replacing it in the input-output equation, we get

¥(£) = x(t) + Blx(t — 1) + By(t — 21)] = x(t) + Bxa(t — 1) + Boy(t — 21)

Repeating the above scheme, we will obtain the following expression for y(t) in terms of the input
y(t) = x(t) + Px(t — 1) + Blx(t — 21) + Bx(t = 31) + -+
If we let x(t) = u(t) and g = 2, the corresponding output is
vit) =u(t) +2u(t — 1)+ 4ut —2)+8ult —3)+---

which continuously grows as time increases. The output is clearly not a bounded signal, although
the input is bounded. Thus, the system 1s unstable, and the screeching sound from the speakers
will prove it—you need to separate the speakers and the microphone to avoid it.



2. (15 pts.) Consider the following system:

Jos e [’ 1 ]
x[n] l 2> _/ F y[n]
(A]

Here, the system F is defined by the input-output relationship

F{z[n]} =2[n] —z[n —1],

and A is the unit delay
A{w[n]} =wln — 1].

Write down the linear difference equation describing this system.

Solution. Let 2[n| be the output of the summer, as shown above. Then

yln] = F{z[n]} = 2[n] — 2[n - 1].
Now.
2[n] = 2z[n] — A{y[n]} = 2z[n] — y[n —1].
Therefore, substituting the expression for 2[n] into the first equation, we can write
yin] = z[n]—2[n-1]
= (?x[n] —yn— 11) - (?r[n —1]—y[n— 21)

=z[n] =z[n—1]

= 2z[n]—y[n—1] —2z[n— 1]+ y[n —2].

Simplify to get

y[n] +y[n — 1] — y[n — 2| = 2z[n] — 2z[n — 1]




2.9. Ayrik Zamanlh Sistemlerin Siniflandirilmasi

In the analysis as well as in the design of systems, it is desirable to classify the systems
according to the general properties that they satisfy. In fact, the mathematical techniques
that we develop in this and in subsequent chapters for analyzing and designing discrete-
time systems depend heavily on the general characteristics of the systems that are being
considered. For this reason it is necessary for us to develop a number of properties or
categories that can be used to describe the general characteristics of systems.

We stress the point that for a system to possess a given property, the property must hold
for every possible input signal to the system. If a property holds for some input signals but
not for others, the system does not possess that property.

Thus a counterexample is sufficient to prove that a system does not possess a

property. However, to prove that the system has some property. we must prove that this
property holds for every possible input signal.

Static versus dynamic systems. A discrete-time system is called static or memoryless if its
output at any instant n depends at most on the input sample at the same time, but not on
past or future samples of the input. In any other case, the system is said to be dynamic or to
have memory. If the output of a system at time n is completely determined by the input
samples in the interval from n —N to n(N > 0), the system is said to have memory of
duration N. If N = 0. the system is static. If 0 < N < o, the system is said to have finire
memory. Whereas if N = o, the system is said to have infinite memory.

The systems described by the following input-output equations

y{n) = ax(n)
v(ny = nx(n) ¥ bx’(n)

are both static or memoryless. Note that there is no need to store any of the past inputs or
outputs in order to compute the present output. On the other hand, The systems described
by the following input-output relations

y(n)y = x(n) +3x(n-1)

vin) = Ex{n - k)
k=0

ix[n—-k}

k=0{

yin)

are dynamic systems or systems with memory.
The first two systems described above have finite memory, whereas the last system has
infinite memory.



Time-invariant versus time-variant systems. We can subdivide the general class of systems
into the two broad categories, time-invariant systems and time-variant systems. A system is
called time-invariant if its input-output characteristics do not change with time. To
elaborate, suppose that we have a system 'T in a relaxed state which, when excited by an
input signal x(n), produces an output signal y(n). Thus we write

y{n} = ‘.T[.I{”)l
Now suppose that the same input signal is delayed by k units of time to yield x(n - k), and
again applied to the same system. If the characteristics of the system do not change with
time, the output of the relaxed system will be y(n -k). That is, the output will be the same as
the response to x(n). except that it will be delayed by the same k units in time that the input
was delayed. This leads us to define a time-invariant or shift-invariant system as follows.
Definition. A relaxed system T is Time invariant or shift invariant if and only if

x(n) —> v(n)

implies that

x(n = k) == vin— k)

for every input signal x ( n ) and every time shift k

To determine if any given system is time invariant, we need to perform the

test specified by the preceding definition. Basically, we excite the system with an arbitrary
input sequence x ( n ), which produces an output denoted as y(n). Next we delay the input
sequence by same amount k and recompute the output. In general, we can write the output
as

vin, k) = T[x(n = k)]

Now if this output y(n, k) = y(n - k), for all possible values of &, the system is time invariant.
On the other hand, if the output y(n, k ) # y(n - k), even for one value of k, the system is time
variant.

Example .

Determine if the systems shown in Fig. below are time invariant or time variant.
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Solution
(a) This system is described by the input-output equations

vin) = Tlx(n} =xtn) — x(n ~ 1)

Now if the input is delayed by k units in time and applied to the system, it is
clear from the block diagram that the output will be

vin.khy=xn—-ky—xin—-Lk—-1)

On the other hand if we delay y(n) by k units in time. we obtain

vin—ky=x(n—-k)y—xn-%k—1)
v(n.k)=y(n-k). Therefore, the system is time invariant.

Linear versus nonlinear systems. The general class of systems can also

be subdivided into linear systems and nonlinear systems. A linear system is one that
satisfies the superposition principle. Simply stated, the principle of superposition requires
that the response of the system to a weighted sum of signals be equal to the corresponding
weighted sum of the responses (outputs) of the system to each of the individual input
signals. Hence we have the following definition of linearity.

Definition. A relaxed T system is linear if and only if

Tlayxi(n) + aaxa(m}) = ay T[x1(n)] + a2 T [x2(n) ]

for any arbitrary input sequences xi(n) and x;(n), and any arbitrary constants a; and a..
Figure below gives a pictorial illustration of the superposition principle.

-

xyin)
iy
vind
+ T
Xa(n) -
a7
X (m) a;
T
ving
e
.l:(l’l] a =




Determine if the systems described by the following input-output equations arc linear or
nonlinear.

(a) vin) = nx(n) (b) y(n} = x(n?) (c) vin) = )
(d) _"*{ﬂ) = AI{H_) -+ B {E) ‘]-(n) — IE,:l'lrl"l

Solution
(a) For two input sequences xi1 n ) and az(n), the corresponding outputs are

yiln) = nxy(n}

y2{n) = nxa(n)

A linear combination of the two input sequences results in the output
vi(n) = Tlax(n) + arxa(m} = nlayx, (n) + axva(ny]

= anxy(n) + adrnxzn)
On the other hand. a linear combination f the two outputs result in the output

arvi(n) +a>va(n) = aynx(n) + a>nx-(n)

Since they are identical, the system is linear.

Example of a Linear System
To illustrate system linearity, let's say we have the discrete system shown below in Figure

(a) whose output is defined as

_ =x(n)
y(n)= >

block diagram where y(n) = —x(n)/2; (b) system input and output with a 1-Hz sine wave

applied; (c) with a 3-Hz sinewave applied; (d) with the sum of 1-Hz and 3-Hz sinewaves
applied.
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that is, the output sequence is equal to the negative of the input sequence with the
amplitude reduced by a factor of two. If we apply an xi(n) input sequence representing a 1-
Hz sinewave sampled at a rate of 32 samples per cycle, we'll have a y1(n) output as shown in
the center of Figure (b). The frequency-domain spectral amplitude of the y1(n) output is the
plot on the right side of Figure (b), indicating that the output comprises a single tone of peak
amplitude equal to —0.5 whose frequency is 1 Hz. Next, applying an xz2(n) input sequence
representing a 3-Hz sinewave, the system provides a y»(n) output sequence, as shown in the
center of Figure (c). The spectrum of the y(n) output, Y2(m), confirming a single 3-Hz
sinewave output is shown on the right side of Figure (c). Finally—here's where the linearity
comes in—if we apply an x3(n) input sequence that's the sum of a 1-Hz sinewave and a 3-Hz
sinewave, the y3(n) output is as shown in the center of Figure (d).Notice how y3(n) is the
sample-for-sample sum of y1(n) and y2(n). Figure (d) also shows that the output spectrum
Y3(m) is the sum of Y1(m) and Y2(m). That's linearity.



Example of a Nonlinear System

It's easy to demonstrate how a nonlinear system yields an output that is not equal to the
sum of y1(n) and y2(n) when its input is x1(n) + x2(n). A simple example of a nonlinear
discrete system is that in shown below in Figure (a) where the output is the square of the
input described by

yin) = [x(0]F .

Nonlinear system input-to-output relationships: (a) system block diagram where y(n) =
[x(n)]2; (b) system input and output with a 1-Hz sinewave applied; (c) with a 3-Hz
sinewave applied; (d) with the sum of 1-Hz and 3-Hz sinewaves applied.
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We'll use a well known trigonometric identity and a little algebra to predict the output of
this nonlinear system when the input comprises simple sinewaves. Let's describe a
sinusoidal sequence, whose frequency fo = 1 Hz, by

x(n) = sin(2xf nt ) =sin(2x - 1 - nt ).

describes the x1(n) sequence on the left side of Figure (b). Given this x1 (n) input sequence,

the yi(n) output of the nonlinear system is the square of a 1-Hz sinewave, or
y,(n) = [1‘1{::}]3 =sin(2r - 1-nt)-sin(2r-1-nt) .



We can simplify our expression for yi(n) in by using the following trigonometric identity:
cos(ax— ) cos(o+ f§)

2 2 '
we can express yi(n) as

s (1) = cos(2n-1-nt, - 2r-1-nt,) cos(2n-1-nt +2n-1-ni,)
h 5 5

sin{a) - sin(f) =

_cos(0) cos(4m-1-nt) 1 cos(2n-2-nt,)
2 2 2 2
which is shown as the all positive sequence in the center of Figure (b). Because Equation

r

above results in a frequency sum ( a + B) and frequency difference ( a — ) effect when
multiplying two sinusoids, the y1(n) output sequence will be a cosine wave of 2 Hz and a
peak amplitude of —0.5, added to a constant value of 1/2. The constant value of 1/2 in Eq.
below is interpreted as a zero Hz frequency component, as shown in the Yi(m) spectrum in
Figure (b). We could go through the same algebraic exercise to determine that, when a 3-Hz
sinewave xz2(n) sequence is applied to this nonlinear system, the output y2(n) would contain
a zero Hz component and a 6 Hz component, as shown in Figure 1 (c).System nonlinearity is
evident if we apply an xs3(n) sequence comprising the sum of a 1-Hz and a 3-Hz sinewave as
shown in Figure (d). We can predict the frequency content of the y3(n) output sequence by
using the algebraic relationship
(a+b)* = a*+2ab+b? ,
where a and b represent the 1-Hz and 3-Hz sinewaves, respectively. From Equation:
cos(a - f3) _ cos{a + B)

2 2

sin(er)-sin(f) =

the g2 term in Equation:
(a+b)* = a*+2ab+b*,

generates the zero-Hz and 2-Hz output sinusoids in Figure (b). Likewise, the b? term
produces in y3(n) another zero-Hz and the 6-Hz sinusoid in Figure (c). However, the 2ab term
yields additional 2-Hz and 4-Hz sinusoids in y3(n). We can show this algebraically by using
Equation:
cos(o — ) _ cos(a + B)

2 2
and expressing the 2ab term in Equation:

(a+b)* = a*+2ab+b*,
as
2ab=2-sin(2r-1-nt.)-sin(2m-3-nt,)

sin(o)-sin(f) =

_2cos(2m-1-nt, —2m-3-nt,) 2cos(2m-1-nt, +2m-3-ni;)
- 2 2

=cos(2m+2-nt,)=cos(2n-4-nt.) '



Equation above tells us that two additional sinusoidal components will be present in y3(n)
because of the system's nonlinearity, a 2-Hz cosine wave whose amplitude is +1 and a 4-Hz
cosine wave having an amplitude of —1. These spectral components are illustrated in Y3(m)
on the right side of Figure (d).

Notice that, when the sum of the two sinewaves is applied to the nonlinear system, the
output contained sinusoids, Equation above, that were not present in either of the outputs
when the individual sinewaves alone were applied. Those extra sinusoids were generated by
an interaction of the two input sinusoids due to the squaring operation. That's nonlinearity.
Although nonlinear systems are usually difficult to analyze, they are occasionally used in
practice, for example, describe their application in nonlinear digital filters.

Causal versus noncausal systems. We begin with the definition of causal

discrete-time systems.

.Definition. A system is said to be causal if the output of the system at any

time n [i.e., y (n ) ] depends only on present and past inputs [i.e.,x(n ), x(n-1),...x (n-2),
...], but does not depend on future inputs [i.e., x(n+1),x(n+2),...]. In mathematical
terms, the output of a causal system satisfies an equation of the form

vin) = Flx(n}, xin — 1), x(n = 2),...]

where F[.] is some arbitrary function.

If a system does not satisfy this definition, it is called noncausal. Such a system has an
output that depends not only on present and past inputs but also on future inputs.

It is apparent that in real-time signal processing applications we cannot observe future
values of the signal, and hence a noncausal system is physically unrealizable (i-e., it cannot
be implemented). On the other hand, if the signal is recorded so that the processing is done
off-line (nonreal time), it is possible to implement a noncausal system, since all values of the
signal are available at the time of processing.

This is often the case in the processing of geophysical signals and images.

Example.

Determine if the systems described by the following input-output equations are causal or
noncausal.

(a) yin)=x(n) _xin -1) (b) vin) = E;':_u_.r{k) (¢) ¥in)=ax(n)
@ yin)=x(mF3x(n¥4) () vin)=x(n?

yin) = x(—n)

(f)

Stable versus unstable systems. Stability is an important property that must be considered
in any practical application of a system. Unstable systems usually exhibit erratic and
extreme behavior and cause overflow in any practical implementation.



Definition: A system is said to be stable in the bounded input-bounded output sense if, for
any input that is bounded,

lx(n)| = A = o0,

the output will be bounded,
yin)l =B <0

For a linear shift-invariant system, stability is guaranteed if the unit sample response is
absolutely summable:

oG

Z lhin)| < oo (1.8)

n=—00

EXAMPLE An LS| system with unit sample response h(n) = a"u(n) will be stable whenever
lanl < 1, because

e o 1
2 bl =D lal =y lal <1

A==

The system described by the equation y(n) = nx(n), on the other hand, is not stable because
the response to a unit step, x(n) = u(n), is y(n) = nu(n), which is unbounded.

Interconnection of Discrete-Time Systems

Discrete-time systems can be interconnected to form larger systems. There are two basic
ways in which systems can be interconnected: in cascade (series) or in parallel. These
interconnections are illustrated in Fig. below. Note that the two interconnected systems are
different.

In the cascade interconnection the output of the first system is

e R A e T A e R e Em A L e T e o W e R e m o oem m om w W oE




1

x(n)

ib)

and the output of the second system is

y(n) = Ty (n)]
= TATi[x(m])

We observe that systems T; and T2 can be combined or consolidated into a single overall
system

7. =0T

~ -

Consequently, we can express the output of the combined system as

y(n) = T {x{n)]

1 - 1 | -

In general, the order in which the operations T1 and T 2are performed is important. That is,
TYh #1071

for arbitrary systems. However. if the systems T1 and T2 are linear and time invariant, then
(a) Tg is time invariant and (b) ToT1=T1T2that is, the order in which the systems process the
signal is not important. ToT1 and T1T2yield identical output sequences,
In the parallel interconnection, the output of the system ;T1; is y1( n ) and the output of the
system T2 is y2(n). Hence the output of the parallel interconnection is



vi(n) = yi(n) + ya(n)
= Ti[x(m)] + T2[x(n)]
= (11 + T)[x(m)]
= Tp[x(n)]

T,=T1 + 7T

In general, we can use parallel and cascade interconnection of systems to construct larger,
more complex systems. Conversely, we can take a larger system and break it down into
smaller subsystems for purposes of analysis and implementation. We shall use these notions
later, in the design and implementation of digital filters.



3 . Fourier Transform

Fourier donisiimd, sadece sinls ve kosinlis temel islevleri kullanilarak sentezlenebilen
sinyalleri analiz etmek i¢gin yeterlidir.

Dinyadaki birgok sey, bir dalga formu araciligiyla tanimlanabilir - zaman, mekan veya baska
bir degiskenin fonksiyonu. Ornegin, ses dalgalari, elektromanyetik alanlar, radyodan
dinlediginiz mizik, hisse senetlerini zamana gore fiyati, nefesinizin sikhgi vb.

Fourier Donlstim, bize bu dalga formlarini dogrudan goriintilemenin benzersiz ve giigli bir
yolunu sundugu icin dnemli bir rol oynamaktadir. Fourier Transform, gériinti analizi,
goruntd filtreleme, gorintl rekonstriiksiyonu ve goriinti sikistirmasi gibi cok cesitli
uygulamalarda kullanilir.

Bir Fransiz matematikgi ve fizik¢i Jean Baptiste Joseph Fourier, Fourier analizini gelistirdi.
Periyodik sinyalin uygun secilmis sintizoidal dalgalarin toplami olarak temsil edilebilecegi
konusunda tartismali bir iddiaya sahipti. Bu yazinin bir gdzden gegiricisi olan matematikgi
Lagrange, stireksiz egimler gibi koseleri olan sinyalleri temsil etmek icin bir yaklasimin
kullanilamayacagi konusunda israr etti. Lagrange’in gorisi dogruydu ama tam olarak degil,
¢linkd sifir enerjiye sahip iki sintizoidal isaret arasindaki fark cok yakindi. Makale sonunda
Lagrange oldlikten sonra yayinlandi. Fourier’in genelleme iddiasinin biraz kuvvetli oldugu
ortaya ciksa da, sonuclari giiniimiize kadar devam eden 6nemli bir arastirma selini harekete
gecirdi.

Fourier dontsimd fizik ve mihendislik alanindaki bircok uygulama ile matematiksel bir
donlsimdur. Fourier serileri denilen trigonometrik serileri kullanarak kismi diferansiyel
denklemleri iceren birgok dnemli problemi ¢6zebiliriz.

Evrende gozlediginiz tiim dalga formlari farkli frekans ve genliklere sahip sinis
fonksiyonlarinin toplamindan ibarettir!



The Fourier transform

we'll be interested in signals defined for all ¢

the Fourier transform of a signal f is the function
F(w) :/ f(t)e=I«tdt

e F'is a function of a real variable w; the function value F(w) is (in
general) a complex number

F(w) = / f(t) coswt dt — j/ f(t)sinwt dt

e |F(w)| is called the amplitude spectrum of f; /F(w) is the phase
spectrum of f

e notation: F' = F(f) means F is the Fourier transform of f; as for
Laplace transforms we usually use uppercase letters for the transforms
(e.g., 2(t) and X (w), h(t) and H(w), etc.)

Fourier transform and Laplace transform

Laplace transform of f

F(s) = /Ox f(tye st dt

Fourier transform of f

G(w) = / f(t)e I« dt

very similar definitions, with two differences:

e Laplace transform integral is over 0 < t < o¢; Fourier transform integral
is over —o0 < t < o

e Laplace transform: s can be any complex number in the region of
convergence (ROC); Fourier transform: jw lies on the imaginary axis



,
0]
[p]
-+
1]
-

0Q
=
1]
=

h
e
w
®

—

=

I

T ¥ R !
TN —1 s - 2 S ¢ 'T
F(w) = / eIWt dt = — (f:-'-_J“’T — c-?J“”T) — L“i"”

T ju.a‘ w
1 2T ___________________ ﬂ: __________________
g ? .IIII II'.:
= E: II|II Illli
~_ /N 1§ /\ 3
0 \/\\ 1 iu /-
| .
T T —n/T w/T
t w

Fourier transform of periodic signals

similarly, by allowing impulses in F(f), we can define the Fourier transform
of a periodic signal

sinusoidal signals: Fourier transform of f(f) = coswyt

Fw) = 5/ ({-?3""0* + (ﬁ-"_J""Dt) eI« dt
1< 1o
— ,—J(w—wp)t _ ,—J(w+twp)t
= 2/_00(.. d?‘-+2j;x(.. dt

= mi(w — wp) + T (w + wp)

F(w)

—Wo Wo



Fourier transform of f(#) = sinwyt

T [~ . : ,
Flw) = 5 (eFwot — gmIw0t) eIwt (it
27 ]
1 [ 1 [
= - e dwmwoltqy o —— oI (wotw)t gy
27 J_oo 27 J_o

= —jmé(w — wp) + jmé(w + wo)

F(w)

g

‘ Wo w
—wp \

Examples

>
sign function: f(t) = { _} iz 8

write f as f(t) = —1 + 2g(t), where g is a unit step at t = 0, and apply
linearity

~ N 2 2
Flw) = —2mo(w) +2mo(w) + 72 = ==

sinusoidal signal: f(t) = cos(wgt + ¢)

write f as
£(t) = cos(wolt + ¢/w))
and apply time shift property:

F(w) = 1?0 (§(w — wp) + d(w + wp))



0 [t >10

pulsed cosine: f() = { cost —10 <t <10
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write f as a product f(t) = g(t) cost where g is a rectangular pulse of
width 20 (see page 12-7)

R y . 2sin 10w
F(cost) =md(w—1)+mo(w+1), F(g(t)) = —
The inverse Fourier transform
if F'(w) is the Fourier transform of f(¢), i.e.,
F(w) = / f(t)e I« dt
then | oo
_ = Yy edwt g
f(t) = o f_OOF(w)c, dw
let's check
1 > ‘ Jwt g, o 1 > > . —JwT fwt g
% o F(_w‘)(:"} dw = g . (fr:_m f(T)l’: J ) e?“tdw

_ L f(7) (/ t:-'-'_j'*'('r_”(fw) dr
"Jr=—cc w=—00

2
= fx f(T)o(r — t)dr
— 1)



Fourier Transform:

F(jo)= f; f(r)ef‘”fdzl

[ et =L

1. Find the Fourier series for (periodic extension of)
() = { 1, te]0,2);
It = -1, 2

Determine the sum of this series.

2. Find the Fourier series for (periodic extension of)

f[t):{t_lj tE[gi

3—t, te2
Determine the sum of this series.

3. Find the sine Fourier series for (periodic extension of)

[ t-1, t €[0,2);
fm_{s—z, te(2,4).

Determine the sum of this series.

4. Find the cosine Fourier series for (periodic extension of )
1, te][0,1);
ro={,
. te[l,4).
Determine the sum of this series.

5. Find the Fourier series for (periodic extension of)

flt)=1—-t3 te[-1,1).

Determine the sum of this series.



Soru:

The Fourier series for the function f(z) = sin’z is

flz) =sin’z = I_Eﬁﬂ

=0.5—-0.5 cos2z
flx) = Ay + Zﬂ-n cos 7wy T+ bysin nwy

n=1

+ - .
f(T} = sin“r is an even function so b, =0

Ap =05

—05, n=1
ady =

[U , otherwise
wp =20 — 2T _ 9

1 T



Soru-15:

Fourier Transform:

F(jo)= f; (e dt

Y0
1 I g
Sekilde verilmis olan f(t)’nin fourier déntisiimiini bulunuz.
1
1 |
[leoar =L e
-1 _](D .
1
- ” —joor 1 _ ot 1 —jot
F(jo)=[ f@Oe "di=[ e"dr =——e”
—o0 -1 _ Jo)
-1
_ 2smo

=L (e -e)
Q) Q)



Soru-16:

Fourier Transtform:

F(jo)= [’; f(z)ef““fdrl

r A0)
> I
Sekilde verilmis olan f(t)’nin fourier déniisiimiinii bulunuz.
T =jot 1 — jeol
I e / df -_ —.E’ /

F(jo)=[_ f@Oe™dt =["ee™dr
1

= [ gy =——
0 o+ jm



Soru-3:

—1 —1<t<?0

x(t)=¢5 1 0<t<1

0 elsewhere

Y

a) X(t) fonksiyonunu ciziniz

¥

b) Fourier dontsiimini bulunuz

0
X(w) = I —1“-:11;+ e 1wt dt
-1 0
1
J JLLtdt_l_J —watdt
0

= -2 J sin (wt) dt
0
1

= Zjlcos{wt)
w

0

= 2}& (cos(w)—1)
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3.1. Matlab ile Sinyal Analizi

Y = fft(X) computes the discrete Fourier transform (DFT) of X using a fast Fourier transform

(FFT) algorithm.

Y = fft(X,n) returns the n-point DFT. If no value is specified, Y is the same size as X.

Ornek:
Gurdaltala Sinyal

Use Fourier transforms to find the frequency components of a signal buried in noise. Specify
the parameters of a signal with a sampling frequency of 1000Hz and a signal duration of 150

ms.
clear all

close all

Fs = 1000; % Sampling frequency
T=1/Fs; % Sampling period

L =150; % Length of signal

t = (0:L-1)*T; % Time vector

S1=0.7*sin(2*pi*50*t);
S2 = sin(2*pi*120*t);
figure, plot(t,S1)

figure, plot(t,S2)

$=S1+S2;
figure, plot(t,S)
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Y = fft(S);
figure, plot(fftshift(abs(Y)))
G = S + 0.25*randn(size(t));
figure, plot(t,G)
FG=fft(G)
figure, plot(fftshift(abs(FG)))
2

1.5
1

0.5
ok

osk

al

1sk

2l

-2.5

P2 = abs(FG/L);

P1="P2(1:L/2+1);

P1(2:end-1) = 2*P1(2:end-1);

f = Fs*(0:(L/2))/L;

figure, plot(f,P1)

title('Single-Sided Amplitude Spectrum of G(t)')
xlabel('f (Hz)')

ylabel('|P1(f)|")
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3.2. Fourier analysis and Matlab

Baslangic olarak, bazi basit 1D sinyalleri olusturalim ve Fourier dénlsimlerini inceleyelim.
Bu ilk Ornekte, basit bir periyodik sinyalin frekans igerigini kontrol edecegiz. Verilen
blyuklik, frekans, 6rnekleme orani ve sireye sahip bir kosinls sinyali olusturun:

clear all
close all

mag = 2; % magnitude (arbitrary units)
f =5; % frequency in Hz
Ps=50; % number of sampling on a periot
samp = f£*Ps; % sampling rate in Hz
t = 0:1/samp:1-1/samp; % time (ls of data)
N = length(t)
X = mag*cos (2*pi*f*t); % the signal equation
figure
plot(t,x,"'.=-");
2 T T T T T
1.5~ b
1 .
0.5 ]
or .
0.5~ ]
KRS -
A5k .

Ornekleme hizi (saniyedeki 6rnek sayisi) ile sinyalin frekansi arasindaki iligkinin iyi
anlasilmasi gerekir. Siiresi 1 saniye olan bir sinyal Uretildiginden, saniyedeki déngi sayisi
kolayca hesaplanabilir:

Frekans=5Hz ise bir sinyalin peryodu=T=1/5=0.2 sec.

1 saniyede Uretilecek sinyal sayisi=1 saniye * frekans=5 adettir.

Bir peryotluk sinyaldeki 6rnek sayisi=toplam 6rnek sayisi/sinyal sayisi=100/5=20 adettir.



Ornek:
1 saniyede Uretilecek sinyal sayisi=2 adet ise T=1/2=0.5sec, f=1/T=2Hz,
Toplam 6rnek sayisi=Bir peryotluk sinyaldeki 6rnek sayisi * sinyal sayisi=40*2=80 adettir.

clear all
close all

mag = 2; % magnitude (arbitrary units)

£ =5 % frequency in Hz

Ps=50; % number of sampling on a periot
samp = f*Ps; % sampling rate in Hz

t = 0:1/samp:1-1/samp; % time (ls of data)
N = length (t)

X = mag*cos (2*pi*f*t); % the signal equation
figure

plot(t,x,"'.-");

xlabel ('Time (sec)');
ylabel ("Amplitute');
title('mag*cos (2*pi*f*t) ")

mag*cos(2*pi*f*t)
2 L L L L L

Amplitute
o
]
1

_2' r r r r
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

Time (sec)
Son zaman noktasinin kaldirilma nedeni, FFT yaparken, matlab, sinyali periyodik varsayar ve
kendisini siiresiz olarak tekrarlar. Matlab'in sinyalin saf sonsuz bir kosints fonksiyonu
oldugunu gérmesi gerekir.



Bu sinyalin Fourier donisimuinu alalim,
clear all
close all

mag = 2; %

freq = 2; %

samp = 80; %

t = 0:1/samp:1-1/samp;
N = length (t)

X = mag*cos (2*pi*freg*t);
figure, plot(t,x,'

y = fft(x);

f = linspace(0,N-1,N);
figure, plot(f,abs(
figure, plot(f

xlabel ('"Freg (Hz)'");

80

magnitude
frequency in Hz

(arbitrary units)

sampling rate in Hz

=)

y), '

o
°
o
°

Q

°

o
°

time (1ls of data)

the signal equation

do Fast Fourier Transform

vector of frequencies for plotting

")

% plotting the magnitude of the FFT

(1:N/2),abs(y(1:N/2))); % plotting half of the fft results

o

°

labelling x-axis
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Bu ¢izime gii¢ spektrumu denir.

60

ilk yiikselti kosiniis fonksiyonunun frekansi ile cakisiri. ikinci zirve simetrigidir. Bu nedenle,

fourier dontisiimiiniin sadece ilk yarisini gosterilir:
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Matlab'da (ifft) ters FFT islevi:

Biri bliyuklik ve digeri faz olan iki sinyalin ters fourier dontsimui

Note: Compute the value of ™. The notation 1i is Matlab's code for the famous imaginary
number sqrt(-1).

Y = exp(1i*pi)

Y =-1.0000 + 0.0000i

clear all
close all

’

spike in the magnitude at freg=3

mag = zeros (1,100
mag(3)=1;

mag (5)=.3;
ph=zeros (1,100);

)
% spike in the magnitude at freg=5
% zero phase throughout

y = mag.*exp (li*ph); % the complex signal (fft of some real signal)
figure, plot (abs(y))

x = 1fft(y); % the inverse fft (x is in general complex too)

x1l = real(x); % here we imagine that we can "measure" the real part of x
z = ifft (maqg); % here we just use the magnitude to do the ifft

z1l = real(z);

figure, plot(xl,'.-r') % plot the real part of the signal

)

figure,plot(zl,'.-b") % plot the ifft of the magnitude
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Inverse FFT

clear all

close all
mag = 2;
freq = 5;
samp = 200;

magnitude (arbitrary units)

e o° oo

frequency in Hz
sampling rate in Hz

t = 0:1/samp:1-1/samp; % time (ls of data)

N = length(t); % store the number of time points

x = mag*cos (2*pi*freg*t + 10); % the signal equation (+phase)

figure, plot(t,x,'.-");

y = fft(x); % do Fast Fourier Transform

f = linspace(0,N-1,N); % vector of frequencies for plotting

figure, plot(f(1:N/2),abs(y(1:N/2))); % plotting half of the fft results
xlabel ('"Freg (Hz)'"); % labelling x-axis

z = ifft(y);

plOt(tI Zy 'I——');
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2D Fourier transform:
Matlab'daki FFT'nin 2 boyutlu versiyonuna FFT2 denir. Simdi bir resme 2D Fourier

donlsimiini uygulayacagiz.
clear all
close all
im=imread ('Apricot.png');
figure, imshow (im)
iml=im(:,:,1);
figure, imshow (iml)

y=fft2 (iml) ;

clim=quantile(abs(y(:)),[.01 .991);

figure

imagesc (fftshift (abs(y)),clim);colormap gray
title('magnitude');

clim=quantile (angle(y(:)),[.01 .99]);

figure

imagesc (fftshift (angle(y)),clim);colormap gray
title('phase')



Sampling and aliasing

Verilerin ayrik ya da kesiktir. Ornekleme, gercek uzayda Fourier déniisimiinii periyodik
olarak tekrarlamakla aynidir ve tekrar siresi, 6rnekleme siresinin tersidir.

SN A

continuous
(Fourier transform)

real space Fourier space
) 1/F R 1/T
S~
i ] 1 LLLL L,
: -

iki kosiniis fonksiyonunun siiperpozisyonundan olusan basit bir sinyali ele alalim. Bu sinyali
ornekleme hizinda (suirekli gibi) simile edelim.

clear all
close all

freql = 5; % freqg in Hz

freq2 = 1; % freq in Hz

samp = 1000; % sampling rate in Hz

t = 0:1/samp:1; % time (1ls of data)

t = t(l:end-1); % remove last time point

N = length(t); % store the number of time points

x = cos(2*pi*freqgl*t) + .5*cos(2*pi*freqg2*t); % the signal equation
figure

pIOt(tIXI"_');
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Bu sinyal matlab tarafindan periyodik oldugu varsayilir, bu nedenle sinirli bir stireye sahip
olsa da, FFT tarafindan tekrarlaniyormus gibi ve dolayisiyla gergek bir kosinis fonksiyonu gibi
muamele gorr. Bu sinyalden alt 6rnekler aldigimizda ne olacagini gérelim.

clear all
close all
freql = 5; % freqg in Hz
freg2z2 = 1; % freq in Hz
samp = 1000; %
t = 0:1/samp:1; % time (1ls of data)
t t(l:end-1); % remove last time point
N length(t); %
X = cos(2*pi*fregl*t) + .5*cos(2*pi*freqg2*t); % the signal equation

sampling rate in Hz

store the number of time points

figure
plot(t,x,"'.-");
= 50;

= 1/F;
N*T;
= x(l:n:end);
= fft(z);
subN = length(z); % length of sub-sampled signal

[

f = linspace(0,subN-1,subN); % vector of frequencies for plotting

sub-sampling frequency (Hz)
sub-sampling period (sec)

o o° oe

sub-sampling period (in samples)
sub-sampled signal

KONB 13 e
Il

o° oo

fft of sub-sampled signal

o

figure
plot (f(1l:subN/2),abs(y(l:subN/2))) % plot powerspectrum as before

Simdi alt 6rneklemenin sikligini degistirin ve fourier donlisimiine ne oldugunu goérin. 10Hz
altina distiglinizde, powerspectrum'da zirveyi 5Hz'de kaybettiginizi gorebilmelisiniz. Sinyali
fft'den yeniden yapilandirmak ve neredeyse siirekli stirimle karsilastirmak icin ifft islevini
kullanmaya calisin. F=10 alin.



Sifir dolgu:
Sifir dolguyu anlamak icin 2D FFT ve Apricot resmini kullanacagz. ilk dnce goriintiyi
ylkleyin ve diger pikselleri kaldirarak alt 6rnekleyin:

clear all
close all
im=imread('Apricot.png');
x=im(l:2:end,1:2:end, 1) ;
figure
imshow (x)
y=fft2(x);
clim=quantile(abs(y(:)),[.01 .99]);
figure, imagesc (fftshift (abs(y)),clim);colormap gray

Fourier donisimiinde tekrarlama siresi 6rnekleme periyodu ile ters orantilidir. Sifir
doldurma, sinyali yeniden olusturmadan 6nce FFT'nin her iki tarafina sifirlarin eklenmesi
anlamina gelir. Matlab FFT, sinyalin periyodik oldugunu varsaydigindan, sifirlama sinyali,

daha yiksek tekrarlama periyodu ile sinyali tekrarlamak gibidir, bu da gergek alanda daha

yuksek érnekleme orani anlamina gelir. Bu nedenle sifir dolgusu, bir gériintiyi frekans

alaninin bize izin verdiginden daha yiksek ¢6zundrlikte yeniden yapilandirmamizi saglar ve

enterpolasyon kavramiyla yakindan iliskilidir.

y = fftshift(y); % we need this before zero padding

z = 1fft2(y,size(im,1),size(im,2)); % zero padded ifft
clim=quantile(abs(z(:)),[.01 .99]1);

figure, imshow (abs(z),clim) ;colormap gray

Orijinal goriintlyle karsilastirildiginda, enterpolasyonun neden oldugu salinimlara dikkat
edilmelidir.



Filtering:

Burada evrisim ve Fourier donistimini kullanarak basit bir dogrusal filtre uygulayacagiz.
Gercek uzayda evrisimin Fourier uzayda carpma ile ayni oldugunu ve tam tersini hatirlayin.
Ancak evrisimin cogaltilmasindan daha zordur, bu nedenle genellikle sinyalin ve filtrenin
Fourier dontsimiini yapmak, sonra iki FFT'yi birlikte cogaltmak ve sonra ters bir FFT
yapmak iyi bir fikirdir. Gorlintliniin ve filtrenin Fourier donisimini hesaplayalim:

siz = [3 31; % 3x3 box. You can play with changing this
box = ones(siz)/9;

x=im(:,:,1);

y=fft2(x);

f=fft2 (box,size(x,1),size(x,2)); % use zeropadding
z=ifft2(y.*f); % inverse FFT of the product

figure,

clim=quantile(abs(z(:)),[.01 .99]);

imagesc (abs(z),clim);colormap gray

Gauss filtresi ortalama filtreye benzer, ancak kutudaki degerlerin sabit olmasi yerine,
kutunun ortasinda ve verilen standart sapmayla ortalanmis bir Gauss fonksiyonunu takip
etmeleri disinda. Simdi bagka bir filtre tipi tasarlayalim: bir kenar algilama filtresi. Bu tiir en
basit filtre, ayri ayri terimlerle, bitisik pikseller arasindaki fark olan bir tiirev yapmaktir.

box = [-1 171; % along x-dimension
box = [-1;1];

o\

along y-dimension

box = [-1 0 1]; % a slightly better filter along x

box = [-1;0;1]; % a slightly better filter along y
x=im(:,:,1);

y=fft2 (x);

box = [-1 0 1]; % try with different ones if you have time

f=fft2 (box,size(x,1),size(x,2)); % use zeropadding
z=ifft2(y.*f); % inverse FFT of the product
figure,

clim=quantile(abs(z(:)),[.01 .99]1);

imagesc (abs(z),clim);colormap gray



Image reconstruction - Computed Tomography

ilk olarak, bir nesneye ihtiyacimiz var. iki boyutta kalacagiz ve tibbi gériintiilemede en (inlii
goruntiyl kullanacagiz: Shepp-Logan fantomu. Bu resim o kadar poptler ki Matlab'in
goruntileme arag¢ kutusuna dahil edildi, bu ylizden onu olusturalim:

clear all
close all
im=phantom;
figure, imagesc(im), colormap gray
R = radon (im,0) ;
figure, plot(R);
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Simdi daha fazla a¢i boyunca Radon doniisiimiine bakalim ve sonuglari gizelim:



R = radon(im,linspace(0,180,40)); % 40 angles from 0 to 180 degrees
figure, imagesc(R);

Simdi ters bir Radon donisim hesaplayalim ve nesnenin neye benzedigini gorelim:

x = iradon(R,linspace(0,180,40));
figure, imagesc (x),colormap gray
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Ters Radon transfromuna geri projeksiyon da denir. Nesneyi yeniden yapilandirmaya
¢ahistiginizda bu arka izdlisim{in geride "izler" biraktigini agikga gorebilirsiniz. Kag tanesinin
yeterli oldugunu anlamak igin farkh projeksiyonlarla yukaridakileri deneyin. Ayrica,
nesnedeki kiiglik ayrintilarin diizglin bir sekilde kurtarilmasi igin daha fazla a¢i gerektirdigine
dikkat edin.

Bilgisayarli Tomografide 6l¢lim aslinda nesnenin X-isini huzmesi boyunca tam olarak integrali
degil, 1sinlar boyunca "emilim" in integralidir. Ama bunu gérmezden gelecegiz ve nesnenin



kiitlesinin integralini 6lgliyormusuz gibi davranacagiz. Sonra bir "metal" arayacagiz.Hastanin
vicudunun iginde bir implant oldugunda olur. Orijinal fantom gorintistinde bir ani
yukselterek bunu modelleyebiliriz:

Simdi radon donlisimiini (6lglim islemini simiile etmek i¢in) ve sonra radon dénlstimini
(nesnenin dlgimlerden yeniden yapilandiriimasi) ¢alistirin. Simile edilmis metal implantin
neden oldugu bazi carpici etkileri gérebilmelisiniz.

im(100,80)=100;

R = radon(im,linspace(0,180,100));

x = iradon (R, linspace(0,180,100));
figure,imagesc(x, [0 1]);colormap gray

Radon doénisimd, projeksiyon-dilim teoremi araciligiyla Fourier donistimdi ile ilgilidir. Bu
teorem, bir nesneniz varsa (6rnegin 2B'de), nesneyi bir gizgiye yansitmanin, nesnenin 2B
Fourier déntsimiinden bir dilim almakla ayni oldugunu belirtir.
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Not: metal oldugu bir 6nceki resimdeki sdairenin disindaki sacilmalardan anlasilmaktadir.



3.3. Fourier Donlisiimii ile Sinyal Analiz

Fourier donlsimi, zaman veya uzayda oOrneklenen bir sinyali, zamansal veya uzaysal
frekansta orneklenen ayni sinyale donistiiren matematiksel bir formildir. Sinyal islemede
Fourier dontisimi, bir sinyalin 6nemli 6zelliklerinden frekans bilesenlerini ortaya gikarabilir.

Fourier donisimi, n adet esit sekilde orneklenmis noktaya sahip bir x vektord icin
tanimlanir. Verilerin Fourier donlisiminl hesaplamak igin fft olarak adlandirilan hizh bir
Fourier donistima algoritmasi kullanir.

Ornek:

Bir sinyali 4 saniye boyunca 0,01 6érnekleme oraninda érnekledigimizi varsayalim.

dt =1/100; % sampling rate

et=4; % end of the interval

t = 0:dt:et; % sampling range

y = 3*sin(4*2*pi*t) + 5*sin(2*2*pi*t); % sample the signal
subplot(2,1,1); % first of two plots

plot(t,y); grid on % plot with grid

axis([0 et -8 8]); % adjust scaling

xlabel('Time (s)'); % time expressed in seconds
ylabel('Amplitude'); % amplitude as function of time

Fourier Donlisimi ile bu sinyali karakterize eden frekanslari genlikleri ile gorsellestirebiliriz.
Fourier donisimiinden sinyalin frekanslarina gore genlik spektrumu hesaplanmaktadir.

Y = fft(y); % compute Fourier transform
n = size(y,2)/2; % 2nd half are complex conjugates
amp_spec = abs(Y)/n; % absolute value and normalize

Sinyalin frekanslarina gore genlik spektrumunu gorsellestirmek icin asagidaki komutlar
uygulanir.

subplot(2,1,2); % second of two plots

freq = (0:79)/(2*n*dt); % abscissa viewing window
plot(freq,amp_spec(1:80)); grid on % plot amplitude spectrum
xlabel('Frequency (Hz)'); % 1 Herz = number of cycles/second
ylabel('Amplitude'); % amplitude as function of frequency



Sinyalin frekanslarina gore genlik spektrumunda iki tepe noktasi goriilmektedir: 2Hz ve

4Hz'te. Tepe noktalarinin konumu sinyaldeki iki frekansta meydana gelir. Tepe noktalarinin
(5 ve 3) yukseklikleri, sinyaldeki sintslerin genlikleridir.
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Ornek:

Ts = 1/50;

t=0:Ts:10-Ts;

X = sin(2*pi*15*t) + sin(2*pi*20*t);
plot(t,x)

xlabel('Time (seconds)')
ylabel('Amplitude’)
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Sinyalin Fourier doénisimini hesaplanir ve sinyalin frekans uzayindaki 6rneklemesine
karsilik gelen f vektori olusturulur.

y = fft(x);
fs = 1/Ts;
f = (0:length(y)-1)*fs/length(y);

Donustlirtlen sinyalin bayuklugi frekansin bir fonksiyonu olarak cizdirilir.

plot(f,abs(y))
xlabel('Frequency (Hz)')
ylabel('Magnitude')
title('Magnitude')
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Grafikte dort frekans tepe noktasi gosteriliyor, ancak sinyalin 15 Hz ve 20 Hz'de iki frekans
tepe noktasina sahip olmasi bekleniyor. Burada olay o6rglsiinin ikinci yarisi, ilk yarinin
aynadaki yansimasidir. Bir zaman alani sinyalinin ayrik Fourier donisimi, spektrumunun ilk
yarisinin pozitif frekanslarda ve ikinci yarisinin negatif frekanslarda oldugu periyodik bir
yapiya sahiptir. Grafikteki 30 Hz ve 35 Hz frekans bilesenleri —20 Hz ve -15 frekans
bilesenlerine karsilik gelmektedir. Bu periyodikligi daha iyi gorsellestirmek igin, dénisim
uzerinde sifir merkezli, dairesel bir kaydirma gergeklestiren fftshift islevini kullanabilirsiniz.

n = length(x);

fshift = (-n/2:n/2-1)*(fs/n);
yshift = fftshift(y);
plot(fshift,abs(yshift))
xlabel('Frequency (Hz)')
ylabel('Magnitude')
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Glriltali Sinyaller:

Uygulamalarda sinyaller siklikla rastgele giriltiiyle bozulur ve frekans bilesenleri gizlenir.
Fourier déniisimi rastgele giiriiltiiyli isleyebilir ve frekanslari ortaya cikarabilir. Ornegin,
orijinal x sinyaline Gauss glirtiltisini enjekte ederek yeni bir sinyal (xnoise) olusturulur.

rng('default’)
xnoise = x + 2.5*randn(size(t));

Frekansin bir fonksiyonu olarak sinyal giici, sinyal islemede kullanilan yaygin bir dlcimdadir.
Gug, bir sinyalin Fourier donlisimunin kare blyuklGgudir ve frekans érneklerinin sayisina
gore normallestirilir. Sifir frekansta ortalanan glirGiltiill sinyalin glic spektrumunu hesaplayin
ve ¢izin. Gurdlltiye ragmen, glicteki ani artislar nedeniyle sinyalin frekanslari hala
cikartilabilinir.

ynoise = fft(xnoise);
ynoiseshift = fftshift(ynoise);
power = abs(ynoiseshift).A2/n;
plot(fshift,power)
title('Power')
xlabel('Frequency (Hz)')
ylabel('Power')
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Sinlzoidlerin Fazlar:

Fourier déniisimiinii kullanarak orijinal sinyalin faz spektrumu da ¢ikarilabilir. Ornegin, 15
Hz ve 40 Hz frekansh iki siniizoidden olusan bir sinyal olusturun. ilk sintizoid, -r/4 fazl bir
kosinls dalgasidir ve ikincisi, bir sinlis dalgasidir. Sinyali 1 saniye boyunca 100 Hz'de
drnekleyin. Ornekleme frekansi maksimum frekansin 2 katindan biyiik olmak zorundadir,
Nyquist teoremi.

fs = 100;
t=0:1/fs:1-1/fs;
X = cos(2*pi*15*t - pi/4) - sin(2*pi*40*t);

Sinyalin Fourier donltsliimini hesaplanir. Donlsimin buylkliga frekansin bir fonksiyonu
olarak cizilir.

y = fft(x);
z = fftshift(y);

ly = length(y);
f = (-ly/2:ly/2-1)/ly*fs;

stem(f,abs(z))
xlabel("Frequency (Hz)")

ylabel("[y[")
grid
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Kigik bayuklikteki donlisim degerleri c¢ikarilarak donlisimin fazi hesaplanir. Fazin
frekansinin bir fonksiyonu olarak grafigi cizilir.

tol = 1le-6;
z(abs(z) < tol) = 0;

theta = angle(z);

stem(f,theta/pi)
xlabel("Frequency (Hz)")
ylabel("Phase / \pi")
grid
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Ornek:

Ornekleme frekansi 80 Hz ve sinyal siiresi 0,8 saniye olan bir sinyalin parametreleri, 2 Hz'lik
sintizoidal bir sinyalin ve onun yiiksek harmoniklerinin st Gste binmesini olusturun. Sinyal 2
Hz'lik bir kosinUs dalgasi, 4 Hz'lik bir kosinis dalgasi ve 6 Hz'lik bir sinlis dalgasi icerir.

Fs = 80;
T=1/Fs;

L =65;

t = (0:L-1)*T;

X = 3*cos(2*pi*2*t) + 2*cos(2*pi*4*t) + sin(2*pi*6*t);

plot(t,X)

title('Signal superposition in time domain')
xlabel('t (ms)')

ylabel('X(t)')
grid on
Signal superposition in time domain
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Sinyalin Fourier dontstiimi hesaplanir.
Y = fftshift(fft(X, 256));
N=length(Y)
for i=1:N/2
Y1(i)=Y(N/2+i-1)
end

figure, plot(abs(Y1))
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3.4. Sinyallerden Giirultuyu Filtreleme

Analog sinyal ¢ok sayida sinlsoidal sinyallerin karisimindan olusur. Fourier dénisimi ¢ok
sayidaki sintsoidal sinyali frekanslarina gore ayristirir. Genliklerini de verir. FFT ile frekans
domenindeki frekanslarina gore sinyalleri ayristirir.

LPF, Alcak geciren filtre Ust frekanslar sondurilir. HPF, yiksek geciren filte alt frekanslar
sonddarilar.  BPF, Band gegiren filtre istenilen frekans araligindaki sinyalleri gegirir,
digerlerini sondiirtir. Gurultla yuksek frekans bilesenleri igerir.
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Ornek:

clear all
close all

t = linspace(-pi,pi,100);
M=length(t)
x1 = sin(t);

figure, plot(t,x1)
grid on
x = sin(t) + 0.25*rand(size(t));

figure, plot(t,x)
grid on
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ya=fft(x);
figure, plot(fftshift(abs(ya)))
grid on

fori=1:100
yb(i)=1;
end

for i=4:96
yb(i)=0;
end

figure, plot((abs(fftshift(yb))))
grid on

yc=ya.*yb;
figure, plot((abs(fftshift(yc))))
grid on

yb=ifft(yc);

figure, plot((real(yb)))
grid on



15

0.5

-0.5

Ornek:

clear all

close all

t = linspace(-pi,pi,100);

80 90 100

rng default %initialize random number generator

x = sin(t) + 0.25*rand(size(t));
windowsSize = 5;

b = (1/windowSize)*ones(1,windowsSize);
a=1;

y = filter(b,a,x);

plot(t,x)

hold on

plot(t,y)

legend('Input Data','Filtered Data')
grid on
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Ornek:

dt =1/100; % sampling rate

et=4; % end of the interval

t = O:dt:et; % sampling range

y = 3*sin(4*2*pi*t) + 5*sin(2*2*pi*t); % sample the signal
plot(t,y);

xlabel ('Time (s)'); % time expressed in seconds
ylabel ('Amplitude'); % amplitude as function of time
grid on

Amplitude
=]
T
=
=
<

Time (s)
noise = randn(1,size(y,2)); % random noise
ey =y + noise; % samples with noise
eY = fft(ey); % Fourier transform of noisy signal
n = size(ey,2)/2; % use size for scaling
amp_spec = abs(eY)/n; % compute amplitude spectrum

Bu hesaplamalari yorumlamak icin dalga bigimi ve genlik spektrumunun bir grafigi
gorsellestirilir.

figure % plots in new window

subplot(2,1,1); % first of two plots

plot(t,ey); grid on % plot noisy signal with grid
axis([0 et -8 8]); % scale axes for viewing
xlabel('Time (s)'); % time expressed in seconds
ylabel('Amplitude'); % amplitude as function of time
subplot(2,1,2); % second of two plots

freq = (0:79)/(2*n*dt); % abscissa viewing window



plot(freq,amp_spec(1:80)); grid on % plot amplitude spectrum
xlabel('Frequency (Hz)'); % 1 Herz = number of cycles per second
ylabel('Amplitude'); % amplitude as function of frequency

ilk grafikte sinyalin sekli taninir. Genlik spektrumunun grafiginde tepe noktalari ve bunlarin
yukseklikleri, orijinal sinyalin genlik spektrumunun grafigindeki ile aynidir. Zirvelerin
etrafinda gordiiguimiz yalpalamalar, glirtltinin genliginin orijinal sinyalin genliginden daha
az oldugunu gosteriyor. Fourier donisimlerinin giktisini gorsellestirebiliriz.

T T T
% ul Llr.‘ri .f. | if” | N ( M / {ﬁ . JW l’ 'l"\kd ]
g .|'. hl\ Y Ll\ J'll'l'. \"(.
o 'I'imze ) e
el | |
:%2 - ||||| | 1
»-.\_..ﬂ__:,lL_ __.,.JII,|I|_ SN PN N SN P R R

0 2 4 6 8 10 12 14 16 18 20
Frequency (Hz)

Ters Fourier donlisim yoluyla guriltiyi filtreliyoruz. Fix komutu, bagimsiz degiskeninin
ogelerini sifira en yakin tam sayilara yuvarlar. Bu 6rnekte, eY'deki 100'den kiigtk tim 6geleri
sifira ayarlamak igin fix'i kullaniyoruz.

fY = fix(eY/100)*100; % set numbers < 100 to zero
ifY = ifft(fY); % inverse Fourier transform of fixed data
cy = real(ifY); % remove imaginary parts

Dizeltilmis 6rnekleri icerien cy vektori gizilir.

figure % new window for plot

plot(t,cy); grid on % plot corrected signal

axis([0 et -8 8]); % adjust scale for viewing
xlabel('Time (s)'); % time expressed in seconds
ylabel('Amplitude'); % amplitude as function of time
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Burada dusuk genlikli gurilth filtrelendi. Boylece yiksek frekanstaki gurdltiler kaldiriimis
oldu.



3.5. Wavelet Denoising

Sinyallerin glrultisini gidermek icin dalgaciklar verilerdeki 6zellikleri farkli olgeklere
lokalize ettiginden, glriltiyl ortadan kaldirirken 6énemli sinyal veya goriintli ozelliklerini
koruyabilir. Dalgacik guriltisini gidermenin veya dalgacik esiklemenin ardindaki temel
fikir, dalgacik dontistiminiin bircok gercek diinya sinyali ve goriintlisii icin seyrek bir temsile
yol agmasidir. Bunun anlami, dalgacik dontsiminin sinyal ve goriintia ozelliklerini birkag
bilylklikteki dalgacik katsayisinda yogunlastirmasidir. Degeri kiiglik olan dalgacik katsayilari
tipik olarak guraltudiar ve sinyal veya gorintli kalitesini etkilemeden bu katsayilar
"kigultebilir" veya kaldirabilirsiniz. Katsayilari esikledikten sonra, ters dalgacik déntsimini
kullanarak verileri yeniden yapilandirirsiniz.

Sinyalin Giriiltiisiinii Giderme (Denoise)
Dalgacik giriltisuni gidermeyi gostermek igin glriltila bir "¢arpma" sinyali olusturun. Bu
durumda hem orijinal sinyale hem de giiriltili versiyona sahip olursunuz.

rng default;
[X,XN] = wnoise('bumps',10,sqrt(6));

subplot(211)
plot(X); title('Original Signal');
AX = gca;
AX.YLim = [0 12];
subplot(212)
plot(XN); title('Noisy Signal');
AX = gca;
AX.YLim = [0 12];
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Varsayilan ayarlarla glirtltiyli kullanarak sinyalin glriltiisint 4. seviyeye kadar azaltilr.
wdenoise, azaltiimis dalgacik dontisimini kullanir. Sonucu orijinal sinyalle birlikte gizilir.

xd = wdenoise(XN,4);

figure;

plot(X,'r'

hold on;

plot(xd)

legend('Original Signal','Denoised Signal','Location’,'NorthEastOutside')
axis tight;

hold off;
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Ayrica, azaltilmamis dalgacik dontsimi kullanilarak sinyalin giirtiltisu giderilebilir. Kesintisiz
dalgacik dontsiimi kullanilarak sinyalin giriltist tekrar seviye 4'e kadar giderilir. Sonug
orijinal sinyalle birlikte gizilir.

xdMODWT = wden(XN,'modwtsgtwolog','s','mIn",4,'sym4');

figure;

plot(X,'r')

hold on;

plot(xdMODWT)

legend('Original Signal','Denoised Signal','Location’,'NorthEastOutside')
axis tight;

hold off;
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Her iki durumda da dalgacik giriltisinin giderilmesinin, sinyaldeki keskin ozellikleri
korurken glriltinin onemli bir kismini ortadan kaldirdigl gorilir. Bu, Fourier tabanli
glrlltu giderme igin bir zorluktur. Fourier tabanh glrilti giderme veya filtrelemede,
glriltuyla gidermek icin bir alcak geciren filtre uygulanir. Bununla birlikte, verilerde bir
sinyaldeki ani artigslar veya bir gorintideki kenarlar gibi yiksek frekans ozellikleri
bulundugunda, alcak gecis filtresi bunlari dizeltir.

Gurdltanin esit olmadigl sinyallerin glirtltlsiint gidermek igin dalgaciklar da kullanilabilir.
Zaman icindeki elektrik tiiketimini gdsteren sinyalin bir kismi ice aktarilir ve incelenir.

load leleccum;
indx = 2000:3450;
x = leleccum(indx);
plot(x)

grid on;

550

500 " .

._"‘lh,‘» ﬁ"«
450 "'\ B

m W, {Nlﬁ\ |
300 | v \W "]

250

|*\
150 w“ J#ﬂ 4

100

0 500 1000 1500

Yaklasik 500 6rnekten sonra sinyalin daha fazla giriltliye sahip oldugu gorilmektedir. Buna
gore, sinyalin baslangic kisminda farkh esikleme kullanmak istenir. Sinyalin giriltistnd



gidermek ve azaltmak icin en uygun aralik sayisini belirlemede cmddenoise kullanilabilir. Bu
ornekte 'db3' dalgacigini kullanin ve verileri 3. seviyeye kadar ayristirilir.

[SIGDEN,~,thrParams,~,BestNbOfInt] = cmddenoise(x,'db3',3);

Aralk sayisini ve araliklari sinirlayan 6rnek degerleri goriintilenir.

BestNbOfInt
BestNbOfInt = 2

thrParams{1}(:,1:2)

ans = 2x2
1 412
412 1451

iki aralik belirlendi. iki béliim arasindaki siniri isaretleyen érnek 412'dir. Sinyali cizer ve iki
sinyal bolimini isaretlerseniz, glriltiiniin 6rnek 412'den 6nce ve sonra farkli goriindtgina
gorursunuz.

plot(x)

hold on;

plot([412 412],[100 550],'r")
hold off;
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Gurulttsa giderilmis sinyal gizilir.

plot(SIGDEN)
title('Denoised Signal')
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Denoise an Image

Gorintilerin glriltlisini gidermek icin dalgaciklar kullanil. Goriintllerde kenarlar goriinti
parlakhginin hizla degistigi yerlerdir. Bir gorlintinin gliriltlsiini giderirken kenarlari
korumak, algisal kalite acisindan kritik 6neme sahiptir. Geleneksel alcak geciren filtreleme
glirtltiyd ortadan kaldirirken, genellikle kenarlari yumusatir ve gorinti kalitesini olumsuz
etkiler. Dalgaciklar algisal olarak onemli o6zellikleri korurken guriltiyl ortadan
kaldirabilmektedir. Guaraltuli bir gorlntl ylkleyin. Varsayilan ayarlarla wdenoise2'yi
kullanarak gorintinin giriltisini giderin.  Varsayillan olarak, wdenoise2 bior4.4
biortogonal dalgacikini kullanir. Orijinal ve glrtltlisi giderilmis goriintileri goérintilemek
icin herhangi bir ¢ikti argimani saglamayin.

load('jump.mat’)
wdenoise2(jump)

O

Denoised Image

Gurulti giderme islemiyle goriintideki kenarlarin yumusatilmadig unutulmamalidir.



3.6. Sinyallerdeki Eksik Veriyi Diizeltme

clear all
close all

dt = 1/100; % sampling rate

et = 4; % end of the interval
t = 0:dt:et; % sampling range

y = 3*sin(4*2*pi*t) + 5*sin(2*2*pi*t);

figure, plot(t,vy):;

xlabel ('Time (s)'); % time expressed in seconds
ylabel ('Amplitude'); % amplitude as function of time
grid on
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M=length (y)

Ml=round (M/2)

for i=1:50;y(i+M1)=0; end

figure, plot(t,y);

xlabel ('Time (s)'); % time expressed in seconds
ylabel ('Amplitude'); % amplitude as function of time
grid on
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vyl = fft(y); % Fourier transform of missing signal

amp_spec = abs( /Ml % compute amplitude spectrum

freqg = (0:79)/( M*dt % abscissa viewing window

figure, plot(freq,amp spec(1:80)); grid on % plot amplitude spectrum
xlabel ('Frequency (Hz)'); % 1 Herz = number of cycles per second
ylabel ('Amplitude'); % amplitude as function of frequency

4.5 T T T T T T T T

o e
M o (] o
T T T T

| I |

Amplitude

-

<]
T

|

-
T
I

=)
o
T
|

L I I I I I
[} 2 4 3 8 10 12 14 16 18 20
Frequency (Hz)

fY = fix(y1/200)*200; % set numbers < 200 to zero

ify = ifft(fY); % inverse Fourier transform of fixed data
cy = real (1fY); % remove imaginary parts

figure, plot(t,cy); grid on % plot corrected signal
axis ([0 et -8 8]); % adjust scale for viewing

xlabel ('Time (s)'); % time expressed in seconds
ylabel ('Amplitude'); % amplitude as function of time
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4‘. Laplace Transformation

Laplace donisimu diferansiyel denklemlerin ¢ozliminde ortaya ¢ikmaktadir:

e Bir diferansiyel denklemi cebirsel bir denkleme doénistirir. Boylece, daha basit
cebirsel denklemleri ¢dzerek ve sonra donistlirmeyi tersine gevirerek, diferansiyel
denkleme bir ¢dziim Uretebiliriz.

e Bir rastgele degiskenin moment (iretme fonksiyonu, yogunlugunun Laplace
dontstimi ile ilgilidir (-s ile degistirerek) ve toplamin yogunlugunu dikkate alirken
yararli olabilir ¢linki bir konvollisyonun Laplace donlisimi onlarin Laplace
dontgimlerinin Grinadar.

Fourier dénlisim, sadece sinlis ve kosinls temel islevleri kullanilarak sentezlenebilen
sinyalleri analiz etmek icin vyeterlidir. Ancak, sinyalin (Ustel bilesenleri oldugunu
buldugumuzda, 6rnegin, zaman icinde Ussel olarak degiskenlik gosteren sinlis dalgasi icin,
bu, fourier'in verdigi bize sadece yarim bilgi. Boyle durumlarda kaybolur. Bu tiir durumlarda
laplace dénisimi zorunludur.

Laplace, filtre tasariminda ve analog devrelerin analizinde yaygin olarak kullanilir.
Laplace, hangi Ussel kosullarin kullanilmasi gerektigine karar verebilir, boylece sistemimiz
birlesir ve ayni zamanda sabit kalir.

Aniden baslayan veya biten herhangi bir seyi analiz etmek isterseniz, Laplace
donldsimiinden buylk oOlglide faydalanirsiniz. Bu gegislere sistem cevabi gibi gercek
uygulamalarda c¢ok karsilasilir. Aksine, Fourier dontsimi, bir Laplace doénlsiminin
problemi bliylk 6lclide basitlestirdigi asimetrik fenomenlerle ugrasirken cok verimsizdir. Bu,
Laplace'in cok dnemli bir analitik araci donlstirmesini saglar.

Laplace tansformasyonu dogrusal sistemleri tanimlamak icin yaygin olarak kullanilmaktadir.
Turevleri iceren daginik denklemleri cebirsel denklemlere doénustlrebilir. Eger sistem bir
girise ve bir cikisa sahipse, cikisin girisin bir fonksiyonu olarak tanimlandigi durumlarda, onu
s etki alanina (laplace kullanarak) doénistirebilir ve sistemi bir transfer fonksiyonu ile
tanimlayabilirsiniz. X (s) 'in girdi oldugunu, Y (s)' nin ¢ikis oldugunu ve H (s) 'nin transfer
fonksiyonu olarak bilinen sey oldugunu varsayalim. Sistem cikisi Y (s) = H (s) * X (s) olarak
tanimlanabilir. Transfer fonksiyonu Y (s) / X (s) ile esit olacaktir. Bu 6nemli gériinmeyebilir,
ancak bir sistemin transfer fonksiyonu bulundugunda, bize séylenen sistemin ¢ok fazla bir
kismini soyleyebilir. Transfer fonksiyonunun pay ve paydasi faktorize edilirse, bir kutup-sifir
tanimi yapilabilir. Sisteminiz yiksek frekanslari sondirmek icin yapilmis bir elektrik devresi
ise, duslk gecis filtresi, sadece kutup-sifir ¢izimi filtrenin belirli frekanslara nasil tepki



verdigini size soyleyebilir. Bu, laplace dontisiiminiin sadece kii¢lik bir uygulamasidir, ancak
bircok mihendislik dalinda kullanish olabilen transfer fonksiyonlari ile lineer sistemlerin
tanimlanmasini saglar.

e Sistemlerin, sadece bir frekans veya zaman alani verileri yerine, sinusoidler ve
Usteller gibi dogal bilesenler agisindan analiz edilmesine yardimci olur.

e Yogun aktarim islevini, kutuplar ve sifirlar cinsinden tanimlanabildigi ve sezgisel
olarak sistemin kararhiligini, asilmasini veya giriltisini tahmin etmede yardimci
olan uygun bir alana (S-etki alani) gevirir.

e Fourier Donltsumu, sifreli bir donlsiimi ¢ok daha kolay bir carpima doénustirirken,
bir Laplace Donlisimi, S-etki alaninda basit bir polinom cebiri ile yogun bir
diferansiyel denklemin ¢6zlilmesine yardimci olur.

e Yinelemeli filtrelerin kararlihigini analiz etmek icin DSP'de temel olan Z-Dénisimd,
Laplace Donlsim'niin yakin akrabasidir.

+ o
F(s) = L{f(t)} = e St f(t)ydt >0

F(s)=L[f(]=] O°° f (t)e %dt

as the Laplace transform of f(t), and the inverse Laplace transform is

1 a+io
f() =L [FOI=-=] F(s)e’ds
2mi Ja-io
Theorem: The conditions for the existence of Laplace transform of f(t) are
(1) f(t) is piecewise continuous in every finite interval.
(2) f(t) is an exponential order function.

Laplace Doniisiimleri
1) Dinamik ve kontrolde standart gosterimi (kisa gosterim) saglar.
2) Matematik cebirsel islemlere donistiirdr.
3) Blok diyagram analizi icin avantajhdir.

Laplace doniisiimleri proses kontroliinde kullanilabilir:
1) Diferansiyel denklemlerin ¢6zim (dogrusal)
2) Dogrusal kontrol sistemlerinin analizi (frekans cevabi)
3) Farkli girdiler icin gecici yanitin tahmini



4.1. Laplace Transform of Basic Functions

Original function |Transformed function Original function |Transformed function
1 1 sinat a
s s*+a’
t" n! cosat S
Sn+1 SZ +a2
t I'(a+1) sinhat a
Sa+1 SZ_aZ
et 1 coshat S
s—a s’ -a’
© 1 o 1
_ sty Tt _ =
1.L [1]_j0e di=-~e| =~
ay_ ®a-st _ Ooua—udu_ 1 © a,-u _F(a+1)
2.L [t*]=] tledt=] ()e ?_Saﬂjo uedu ==
" —(s—a)t | %
3.L [eat]=j ete St = = | _ 1
0 —(s—a)|O s—a
iat 1 . S . a
4.L [e"]=——=L [cosat+isinat]= 5——+i———
s—ia s“+a s“+a
- L [cosat]:%,andL [sinat] = ———
s“+a s“+a
: e -e™. 1,1 1 a
5L [sinhat]=L [——]== - =
[ ] [ 2 ] 2(s—a s+a) s’ -a’
at —at
L [coshat]=L [&]:i( 1 )= S :
2 2's-a s+a s"-a




T'(x) =jowe‘“ux‘ldu is called Gamma function.

The properties of Gamma function
I'(a+1)=al(a).

ra=1.

I'(n+1)=n!, nis a natural number.

r(%) = .

r'a+1)= I:e’“u(a*l)’ldu = I:e’“uadu =—(eu®

« © -u,,a-1 _ ® —uga-lyg,
O—afoe u du)_aj.oe u®“du=al(a)

=1

I = jowe’“ul’ldu = J':e’”du —

When n is a natural number, then

'n+1) =nl(n)=n(n-)I'(h-=1)=n(n-)(n-2)I'(h-2)
=-.=n(n-1)(n-2)---x2x1xT(1)=n!

1“(%) = Iow e’“u%ldu = I: e’”u%du = ZI:e’“d Ju = 2_|.: e dx = 2\/]’: e dx - J'0°° eV dy

- Zx/j:j: e V) dxdy = 2\/jogjo°°e-f2 rdrdo = 2\/502 (~e")2do = 2\/%}(:51(19

[*)
0




4.2. Laplace Transform of Special Functions

1. Unit step function (Heaviside function)

1 t>0
u(t):{o t<0 Uty
L [u(t)]= I:u(t)e’“dt L —
:J‘me"“dt:1
0 S
:>u(t—a)={1 t>a ut-a)
0 t<a
—-as . |
L [ut—a)]="S >t

2. Unit impulse function (Dirac delta function)

0<t<eg

0 t>¢

1
(1) square wave function p(t) = {g

L [p]=] : p(t)e~dt =| :%[u(t) —u(t—g)le dt

efss 1_e785
)=

s se
(2) unit impulse function 5(t) = Iigg p(t) (also called singular function, Dirac delta function)

11
==(=-
€S

—&S —&s

L [3(0]=L [lim p(n)] =lim{L [p(t)]}:'!fél_si —lim>=— =1

e>0 g

Properties:

(i) [ 8(dt=u()
(ii) [ " 9(®)3(t—a)dt = g(a)

(iii) [~ g(0)3(t)dt = g(0)
L [8(t—a)]=e"*



3. Unit double function

D(¢)
D(t) = lim iz[u(t) —2u(t—€) +u(t —2¢)]
e>0 g 1
. 1 1 2e—as e—2£s ?
- O e G ) e 2
1-2e® +e2% 257 _Dgp 2% 1
= lim ; = lim -=
e—0 €°S e—0 285 <
. —2s%e ™™ +4s%e 7"
e—0 25

Question:

Let x(t) =3 [H(t) * §(t)], where H(t) is unit step function, and &(t) is Dirac delta function,
2
and * represents convolution, find (a)% (b)L [x(1)]

Solution : (a) H (1) (1) = | ; H (1)5(t - t)dt = H (t)

X)) =eH(t)
L
Py =e " [-3H (1) + 5(t)]

% = e " {-3[-3H (t) + 5(t)] - 35(t) + &' (t)}

= e [9H (1) - 65(t) + &' (1)]

)L [x®)]=L [e?“H(t)]:;l3



4.3. Properties of Laplace Transform

Property Original Function Transformed Function
Linearity af(t) + bg(t) aF(s) + bG(s)
- f(t—a)u(t-a) e ®F(s)
Shift
'THng e (1) Fs—a)
1_'s
Scali f(at ~F(=
caling (at) N (a)
s"F(s)-s"1f(0)-s"-%f"(0)—s"3f"(0)—
f(n)(t) 1
_ o ...—f-1(0)
Differentiation
d"F(s
070 g
ds
t 1
j () ZF(s)
Integration 1 >
Zf(t F(s)ds
O |, F@s)
Convolution [ f(@gt-rde F(5)G(s)
Periodic Functi FO)=f(t+T L (7 fmedt
eriodic Function ) =f(t+T) mjo (t)e
Initial Value Theorem lim f(t) =lim sF(s)
t—>0 S—>®©
lim O _ jjm £6)
t—0 g(t) S G(S)
!im f(t)= Iirrg sF(s)
Final Value Theorem . f@t) . F(s)
lim =
oo g(t) 520 G(S)




1. Linearity
L [af () + bg(0)] = j 0°°[af (t) +bg(t)le tdt=a j : f(t)edt+b j 0“’ g(t)edt = aF (s) + bG(s)

Find the Laplace transform of cos?t.

2
Solution : L [cos?t]=L [1+0032t 1(1 S ) 247

> 175

s(s?+4)

s s242°

2. Shifting
(@)L [f(t-a)u(t—a)]= j: f(t—a)u(t—a)edt= j°° f(t—a)e “dt
Lett=t-—a, then

L [f(t-a)u(t-a)]=[ " f(e " dr=e=["f(r)e "dr=e “F(s)

(b) F(s—a)=| : f(t)e ¥t = :[e""‘ f)Jedt=L [e*f(t)]

0, t<4

What is the Laplace transf f the function: f(t) = .
at is the Laplace transform of the function: f(t) {Zt"’, >4

Solution: f(t)=2t%u(t—4)
L [f()] =L {2[(t—4)° + 12(t—4)* + 48(t— 4) + 64] u(t— 4)}

| |
:2845(%+12x%+48x%+%j:4e45(£+E+ﬁ+§j

S s s s st s s s

3. Scaling

L [f(at)]= | 0°° f (at)e *dt
Let T = at, then

L [f(at)]= j: f(t)e ad % = i]: f(r)e @ dt= i F(g)

Find the Laplace transform of cos2t.

Solution : - L [cost] =

s?+1
s

oL [cosZt]:1 52 =2
(5)2_’_1 S™ +

S




4. Derivative
(a) Derivative of original function

L[F®]=] : f'(t)edt = f(t)e™

~(-9)f O°° f (t)edt

(1) If £(t) is continuous, equation reduces to

L [f'(t)] =—F(0) + sF(s) = sF(s) — f(0)

(2) If f(t) is not continuous at t=a, equation reduces to

L [f'()] = f(t)e™ : + f(t)e™ : +sF(s)=[f(a") e —f(0)] + [0—f(a") €3] + SF(s)
=sF(s)-f(0)—e*2[f(a") —f(a)]

(3) Similarly, if f(t) is not continuous at t=as, a, ...,..., a, equation reduces to

0
0

L [F(®]=SF (s) - f(@—ie*a' [f(a))-f(a)]

[Deduction] If f(t), f'(t) , (1), ..., f™-D(t) are continuous, and f ™(t) is piecewise continuous,
and all of them are exponential order functions, then

L [F™(@®)]=s"F(s) —Zn:s”-i f(-9(0)

(b) Derivative of transformed function

dF(S)_i * —st s wi —st _[”/ Sty .
T_ds-[o f(t)e olt_j0 65[f(t)e ]dt_jo( ) f (e dt=L [(-t)f(t)]
[Deductior] d:jl;(s) SL (=) F(1)]
Question:

Find the Laplace transform of te'.

Solution : L (et)=i:>L (tet)=_i[ ! j: 1 .
s—-1 ds\s-1) (s-1)



Question:

t?, 0<t<1 ,
f(t)_{Q o1 find L [f'(1)].

Solution : f (t) = t[u(t) — u(t —1)]
L [f(O)]=L [t2u()]-L [tzu(t—l)]:%—L £I(t=1) +12u(t — 1)}

= 2L {[t-1) + 2t~ 1)+ 1u(t -1}

SB
:S—Zs—e‘s(8%+23i2+%)
L [F'()]=sF(s)-f(0)-e”[f(1") - fQ)]

2 2 2 2 2 2
S —et (S S 4D)]-0-e (0-1) =S —e (S + 2
[52 (52 s )] (0-1) o (SZ + S)

5. Integration
(a) Integral of original function

L [f ; f(dr] =] Ot f (t)dve " dt

- i[e“ [ f (@

. —jwf(t)estdt}lF(s)
0 0 S

L [j;jg...j;f(t)dtdt---dt]:sinF(s)

(b) Integration of Laplace transform
L F(s)ds =L jo f(t)e*stoltols=j0 f(t)L e dsdt

dt =j0°°¥e-stdt= L [@]

S

o s
gt

:»jfjj---jjF(s)dsds---ds =L [tin f(0)]



Question:
-t

e
1.
Solution: (a)L [1- e-t]—l_i
s s+1
— -t 0
LEE —Ins—ln(s+1)|°°:|ni
° s+1],
S s+1
In— =In—=
s+1 S
s+1 s+1|”
- ———ds
s L (s+1 s)
—slns—le ¥ ”ids_[ Ins—+1+ln(s+1)}
S s s+1 S .
=[(s+DIn(s+1)-sIns]? =sIns—(s+1)In(s +1)
Question:
= sinkte ™ smx
Find (a) [ ——d OIN
Solution : (a)j sin kte dt =L [ﬂ]
: k
L [sinkt] =
[sinkt] s? +k?
[Smkt] J-:O 2kk2dS:% :0 sl ds
s° + )2 +1
k
= tan_l E = E — tan_l E
s 2
sin x smx
)] Fdx=2[ 5
=2Iimesmkte dt
k—14J0

s—0

—2I|m(——tan 1E =7

s—>0



6. Convolution theorem

L [j;f(r)g(t—r)dr]:I:IOtf(r)g(t—r)dre‘Stdt . i
= [ O“" [ :O f(r)g(t-)e dtdr = | O‘” f(o)f :Og(t —1)e Ydtdr §
Letu=t-r1,du=dt, then t

L [f ; f(r)g(t-)de] = | O°° f(of :g(u)e-““”)dudr

= O°° f(r)e‘“dtj: g(u)e ¥du = F(s)G(s)

Question:
Find the Laplace transform of J';eH sin 2t dt.

. 1 .
Solution :“-L [e'l]=——, L [sin2t]=
[e'] s—1 [ ] s?+4
oL [I;et‘T sin2tdt] =L [e' *sin2t]= L [e']-L [sin 2t]

12 2
s—1 s*°+4 (s=1(s*+4)

7. Periodic Function: f (t+T)=1(t)

* T Pal
-] 1o ] e [ re s
2T T .
a7 080~ 1T a0 | 100

Similarly,
[Tfedt=e?"[ f(uedu
2T 0

AL [FO]=1+e 1o 4o )jOT f(t)edt

1 T s
=T jo f (t)e dt




Question:

Find the Laplace transform of f(t) = Et, O<t<p, f(t+p)=f(t).
p

Solution L [f(t)] = — j " K et

_e—pS
1 —st| P Pt
e [ (te O-joe dt)]
__ k. (te™ + le’S‘) p
ps(l—e™™) S 0
-k e 1
_ e_Sp + _ =
ps(1—e™™) (p S s)

8. Initial Value Theorem:

L [F' (O] =sF(s) - F(0) = lim [ " £ (t)e~dt =lim sF(s) - f (0) = 0 = lim sF(s) -  (0)

we get initial value theorem Itmg f(t) = Iim sF(s)

Deduce general initial value theorem: lim —= Q) =lim F6)
t—0 g(t) SaooG(S)

9. Final Value Theorem:

L [f'(t)]=sF(s)-f(0)= |SIL13 I: f'(t)edt :L'L‘E} sF(s)- f(0)=
!irg f(t)- f(0) = Islng sF(s) — f(0) = final value theorem: !irg f(t)= Islrr(} sF(s)

General final value theorem: lim —=2 U Iim@
t—w g(t) s—0 G(S)



Question:
Find L Uﬁﬂﬂidu.
X

tsin X

sint

SOmuon:Letfa)=Jg-——-dx:» () ==—,1(©0)=0
X

L [tF' ()] =L [sint]=

s?+1
d, o 1
_EL [ ()]= 711
d 1 d
—E[SF(S)— f(0)]= 32 +1:>E[SF(S)]:_

sF(s)=—tan's+C
From the initial value theorem, we get
Iting f(t) =limsF(s)
0=-4+c -c==1
2 2

sF(s) = g _tans=tan?l
S

F(s) “Liantl
s s

S2

1

+1



4.4, Inverse Laplace Transform

1. Linearity
4 28+1 4¢4(s+1)
a)L * b)L 1.
(@) [Sz+4] (b) [32—16]
. 2s+1 S 1 2 1.
Solution :(a)L =L 72 += =2c0s2t + =sin 2t
@) [sz+4] [ s? + 22 232+22] 2

474(s+1) _ S 4 .
b)L [——A1=L [4 + = 4 cosh 4t + sinh 4t
(b) [32—16] [ 7 1 52_42]

2. Shifting
e ™ 2s+3
)L [ — L [
@ [sz+25+2] (®) [52+35+2]
Solution : (a) L o &7 =L a_ &7
@) [sz+23+2:| [(s+1)2+1:I
1 ]
L J——]=e"'sint
[(s+1)2+1]
andL [f(t—a)u(t—a)]=e*F(s)
e . .
L J——— J=e"%sin(t—n)u(t—n) = - “sintu(t -
[(S+1)2+1] (t—m)u(t—m) (t—m)
3
2(s+-) 3
(b) L 71[228—+3]=L I ]=2e 2 cosh -
S +3S+2 (S+§)2—(1)2 2
2 2
3. Scaling
4s
L * .
[1652—4]
Solution: L [ A;S ]=L *1[%]=Ecosh2-lt=1cosh£
1657 — 4 (45)2-2%" 4 44 2



4. Derivative
1 S+a

(@)L 7[m] (b)L 7['”m]-
solution (a)L [sinet] = - = L [tsinet] = -2 (2 )= — 2% _
S+ ds s“+m (s*+ o)
Let F(t) =tsinot= L [F' ()] =s- - —F(0)
(s°+ )
e s? 3 (s* +0*) -’ _ 1 0%
e Pt S CR I i B 2 e
=2L [Sin(l)t]—zng22
(s + o)
1

1 .
= -L [2sinmt—F'(t
(s°+0°)° 20° [2sine ®

_ 1 s [2sinot-F'(1)] = ia(sin ot — otcoswmt)
20 2m

(M) LetL [f()]=I>"2 - in(s+a)-In(s+b)
s+b

L [t ()] = —%[ln(s +a)—In(s +b)] = ﬁ —i L [e —e®]
B Y0 P
5. Integration
@L =D oL ity
s® 's+1 S+b
1 5-1 1 1

Solution: ()L [ (_—I=L _[s(s+1)_sz(s+1)]: Ioe‘tdt— jo joe-tdtdt

=" -1+ [ (e -Ddt=—(e* -1~ (" 1) ~t=2-2¢" -t

(b)L [e*b‘—e*a‘]:i—i
s+b s+a
—bt_ —at ® )
L [u]q (L_L)dszmﬂ _|p3*ta
t s 's+b s+a s+a|, s+b
bt _ L-at
L _1[Ins+a]:e e

s+b t



6. Convolution

1 S
AL [—5—— b)L [————=].
(a) [(Szmz)z] (b) [(52+w2)2]
Solution: (a)L [sinot] = — ® > =L [lsin ot] = — L 5
ST+ () ST+
L T gr] = = [ sinotsin ot —1)ds
(SZ+(DZ)2 - 0\)2 0

= —12 Itl[cos(mr— ot + ®1) —cos(wt+ ot —wT1)]dt
o 702
t

1 ,t 1|1 .
=——| [cos(2mt— mt) — cosmt]dt = — {—sm(Zm— wt) — tCc0os wt}
20’ IO 20° | 20 0

= iz{[i (sin ot —sin(—mt)] - tcos mt} = % (sin ot — wt cos wt)
20° 20 20

1
> L [coswt] =
$“+o S

2 2

OIL [ sin ot] =
()] + ®

S
(s* + ®°)?

+ 1= iJ'tsin wtcosa(t —t)dt
Q) 0

= 2 [ [sin(o 1+ ot - 09 + sin(o - ot + 09]ds
®v02

t

_1 It[sin mt+sin(2cor—cot)]dr:i[rsin mt;_lcos(z@r_mt)}
2070 2(9 2@ i

= i{tsin ot - i[COScot —cos(—mt)]} = Lsin ot
® 20 2m



I1. Partial Fraction

If F(s) =%, where deg[P(s)] < deg[Q(s)]

1. Q(s)=0 with unrepeated factors s—a;

PG)__ A L A A

Q(s) s—-a s-—a, s—a,

A = tim[2C) (s_a 1= P(a,) lim S=
S—ay Q(S) S—ay Q(S)

_p(a,) lim —— = P@)
=4 Q'(s) Q'(a)

P(s) _ P(a)/Q'(@) , P(3,)/Q'(a,) ,

Q(s)  s-a s—a, s—a,
L 71[P(S)]: Pl(al) ealt + P'(aZ) eazt ...... P'(an) eant
Q(s)” Q'(a) Q'(a,) Q'(a,)

Question:
s+1
L [——].
[s3+sz—65
Solution : — Stl __ s+t A A A
S+s°—6s s(s—2)(s+3) s s-2 s+3
Al:nms—*l:_l
0 (s—2)(s+3) 6
. s+1 3
=lim =
& s>25(s+3) 10
. s+1 -2
= lim =——
s>35(s—2) 15
1 3 -2

L [ s+1 ]=-6,10 . 15 ——1+ie""—2

$+s2-6s° s s—2 s+3 6 10

L Pa,)/Q'@,)

-3t



2. Q(s)=0 with repeated factors (s—ay)™
Ps) _ C Coa C,

m_ o, —mid .

Q(s) (s-a)" (s—a)™ s—a,

g?i@ 8,)" =Cp +Cpi(s-a,)+Cpy(s-8) ++Cy(s—a,)""

C., —Ilm[ ()(s—ak)m]

2 Q(s)

d P(s),.
- s—>ak{d Q( )( k) ]}

d® P(s) . el
-2 s—>ak{ds Q( )( k) ]}
g d™ O P(S)

C, = !La{dsml[Q()( )" ]}( Y
_l[P(S)]—eakt[Cm e +Co -2 +"'+C2t+C1]
Q(s) (m-1)! (m-2)!

Question:

_1[34 —7s% +13s® +4s —12]
s?(s—=1)(s—2)(s-3)
Solution_s,“—7s,3+1332+4s,—12 GG A LA LA

T2 (5-1(5-2)(5-3) s s s- “175-2 " s-3
' —7s°+13s° +4s-12 -12
C,=Ilim = =
0 (s=1)(s-2)(s—3) -6
_d s"—7s*+13s® +4s5-12
C,=lim— ]
=0ds”  (s-1)(s—2)(s—-3)
_AED(=2)(=3) — (-12)[(=2)(=3) + (-1)(=3) + (-1)(-2)] _ —24+12x11

2 = 2 =3
[(-D(-2)(-3)] 6

st —7s%+13s? +4s-12 -1
A =lim . ==

o1 s°(s-2)(s—3) 2

. s —7s%+13s* +4s-12 8
A, =lim > =—=-—

52 s°(s=1)(s-3) -4
A, =lim s*—7s°+13s* +4s5-12 9 1

s—3 s?(s-1)(s—-2) 18 2

4 943 2 _

_1[5 7s° +13s° +4s 12]=2t+3—let—2e2‘+1e3‘

s?(s—1(s-2)(s-3) 2 2



3. Q(s) =0 with unrepeated factor (s—a)?+ 3, where >0
P(s) _ As+B
Q(s) (s—a)* +p*
%[(S—a)z +B*]=As+B
Jim (0 s o) BT} = Al i)+ B
R+il = (Aa+p)+iAB

where R and | are the real and imaginary parts of Iim_ﬁ{@ [(s — a)® +PB*]}, respectively

Q(s)

Aa+B=R
then, , Where we can get Aand B, and

L ‘1[@]=L _1[A(S—oc)+(Aoc+ B) Ao + B

Q(s) (s- o) +B*

1= e‘“[Acoth + sin Btj

Question:

2
T

s4+4]'

s? s? s?
s*+4  (s2)?+2-5%.2+22-2.52.2  (s2+2)? —(25)
_ s? _ As+B, | As+B,
(s*+25+2)(s*=25+2) (s+1)°+1 (s-1)°+1

Solution :

SZ
(s—-1)?+1
8 —8i

. 1
?:(—Al+81)+|A1:>A1=—Z,BI:O

lim :Al(—1+i)+51:>4__—24ii=(—A1+Bl)+iA

S—

: s : 2i .
lim ————=A1+i)+B,=>——=(A +B,) +i
sovi (s +1)% +1 A8, = = v B viA
8+8i . 1
=(A +B)+i =—,B,=0
2 (A, +B,) +1A, = A, Rkt
1 1 1 1
-~ (s+D+- ~(s-D+-
z (s+D+, (-1

=L [t
+4 (s+1)°+1 (s-1)°+1

S

L ‘1[34

e . e' .
= (—cost+sint) + vy (cost+sint)



4. Q(s) =0 with repeated complex factor [(s—a.)?+ B]%, where B>0
P(s)= As+B N Cs+D
Q(s) [(s—o)’ +B°T  (s—a)” +P°
Pl [(s—ay? + BT = As+ B+ (Cs+ D)[(s— )’ +B°]
Q(s)
P(s)

Jim £ (=) +BT=Ala+ip) + B

R, +il, =(Aa+B)+iAB ={

Ao+B=R
AB=1,
Jim s o) +B Ty = A+ [C(a+ i)+ DI im L [(s- o)’ + B

R, +il, = A+[C(a+ip) + D]2ip = (A— 2CB2) +i(2apC + 2BD)
A-2CB* =R,
=
2aBC +28D = I,
1A(s—a) + (Ao + B)}+L _l[C(s—oc)+(C+D)]

L _l[ﬂ]zl— it 2, 212 2, n2
Q(s) [(s—0)” +P7] (s—a)” +P

= e“‘{[z%sin Bt+ (Ao + B) 2—[133 (sin Bt —ptcosPt)] +[C cospt + (Ca + D) %sin Bt]}

' where A and B can be obtained

, Where we get C and D, hence

Question:
_1[53 —3s® +6s —4]
(s?—25+2)2 *
s®-3s* +6s—4 As +B cs+D
= +
(s> —=25+2)  [(s-1)*+1* (s-1°+1
lim(s® —3s® +6s+4)= A(l+i)+B

S—1+i

2i=(A+B)+iA=> A=2,B=-2

Solution ;

lim i(s3 —3s? +6s+4)=A+[c(l+i)+ D] Iirln_di[(s—l)2 +1]
S—1+1 S

s—1+ (s
0=A+(c+ic+D)2i=(A-2c)+2i(c+D)
c=1,D=-1
4 8°—3s° +6s-4 4 2(s-1) 4 s-1
L 1 S :L 1 L 1]
B 2sr27 178 Yot Wt

=e'(2- %sin t + cost) = e'(tsint + cost)



I11. Series Method

*1[sin1].
S
Solution:sin1=1_£(1)3 ( )5 1(1) Foeeees
s S S
2 4 6
_1[S|n_] 1_t_+t__t_+ ......
2130 4151 6l

2n

_1+nzl:( Y omian s (2n)!(2n +1)!

V. Differentiation with Respect to a Number

1
L [————=].
[(SZ+0)2)2]
d 1 -2 -2m
Solution : = _l— ———
d(o(82+03) (52+(02) [ ( s? + 2)] [(S +c02)2:I
1 1 d . 1 . t
P S P = — (=sin ot) = ——sin ot + —cos ot
@ [(Sz+c02)2:I do [SZ+0)2] doo((o o) o’ @ ® @
L [ ! 1= (sin ot — ot cos wt)

(s> +0’)" 20°



V. Method of Differential Equation
L e].

Vs Vs s
Solution: y=e™* = 7'=—;T, y"zeél—sjtjﬁ

we get the equation 4sy” +2y'—y=0=4L [E (t?y)]+ 2L [-ty]-L [y]=0

—(t y)-2ty—y=0=4ty(6t-1y=0=Y 814 o
3 1 31
Inv+—Int+—=¢, > vVv==ct 2e 4
AT
e 1
1 11
- L [t E]: =£’and|_ [ty]:L [Ct 2p 4t]
ERNE
e Vs Ll s
while L [ty]=-Yy'= = L [ct 2e 4]=
[ty]l=-y o [ ] s
R e
ct 2e 4 2\/— 1
Apply general final value theorem lim =lim —=Cc=——
t—>o t_% s—0 \/_ \/_
Js
1 L
— e 4t
aPNETEE

V1. Apply the Theory of Complex Variables

L [F(s)] = zim [ Fs)eas



4.5. Solve Differential Equations

Question:
1 0<x<3

y'+y+y =9(x), y(0) =1, y'(0) = 0, where g(x) = {3 X>3

Solution : g(x) = u(x) + 2u(x — 3)

-3s

[sY — sy(0) = y' ()] + [sY — y(0)] +Y = % 12 es

-3s

(s> +s+1)Y Cs+l4i42
S S

s+1 1 2e®
2 + 2 + 2
s°+s+1 s(s“+s+1) s(s*+s+1)
s+1 1 s+1 )+2e4%1— s+1 )

TS rs+l s stes+l s s*+s+1
s+l L3 x
25+1 _ \/g 2 =L -1[25;1]=e_2(cosﬁx+i5inﬁx)
s“+s+1 (s+—)2+(ﬁ)2 s“+s+1 2 3 2
2
= 3 1 .3

y(x)=u(x)+2u(x-3){l—e 2 [cos—(x 3)+ﬁsm7(x A}

Question:
y"'(t) -2y (1) +5y'(t) =0, y(0) =0, y' (0) = 1, y(g) =1.
Solution : [s%Y —s?y(0) —sy'(0) — y'"' (0)] - 2[s%Y —sy(0) — y'(0)]+5[sY — y(0)] =0
y'(0)=c
. S+c-2
 5(s2 - 25+5)

_lim S+c-2

508 ~25+5 5
P+2i)+Q = lim s+c—2:—1+04_r2|:c+3+4—2ci
-2 g 1+2i 5 5

Ps+Q
(s—1)% + 2°
2

_AL
S
_C—

2-c¢C 2c+1
Pp=—=, =

5 Q 5
C_2+e‘(2_c
5 5
o Cc— 22-c 1 c+3 1
)=1=>1= =7
y(s) 5 e’ 5 J‘ 10 J‘

. y(t) =1+e'(-cos2t +sin 2t)

0s2t + CL?’sin 2t)
10

y(t) =




I1. Ordinary Differential Equations with Variable Coefficients
Question:

ty"+(1-2t)y'—2y=0, y(0)=1, y'(0)=2.
Solution : — %[SZY —sy(0) - y' (0O)]+{[sY - y(O)] + 2%[5Y -y(0)]}-2Y =0

(—s2Y'2sY + 1)+ [(sY —1) +2(sY'+Y)] - 2Y =0
(-s® +28)Y'+(-25+s+2-2)Y =0
dy  ds

———=1InY =-In(s-2)+¢,

—(s=2)Y'=Y =
( ) Y s—2

Y =L:>y(t)=ce2t
s—2

y(0)=1,..1=c, y(t) =e*

I11. Simultaneous Ordinary Differential Equations
Question:

%:2x+y+2e5t
dt

dy , x(0)=y(0)=0.
E:x+2y+3e2t

X —x(0)=2X +Y +—2— | (s—2)X —Y =—2_
Solution : 555 = 5_35
SY —y0) =X +2Y +——  |=X +(s=2)Y =——
s—2 s—2
2 3

RSSArer S 2s* 557
(s-2)*-1 (s—1)(s—2)(s—3)(s—5)
2 3
S_

Y_5_5+(s_2) 2 3s-13

(5-22-1  (5-1)(5-3)(s—5)
_54, -8, 1 34 :>x(t)=§et—3e2t+e‘°"+§e5t
s-1 s-2 s-3 s-5 4
-5/4 1 1/4
Y = + +
s-1 s-3 s-5

X

5 t 3t 1 5t
=>y{t)=——¢€ +e" +—¢
yy=-y 1



4.6. Dynamic Systems

x(t) input y(t) output
Dynamic

—>

\ A processor which

processes the input

A 4

signal to produce the

output
Static system: y(t) = ax(t) => easy (simple processing)
Dynamic system:
dy™ ()  _ dy"() dx™ x|,
+a +...+a,y(t)=hb, .+b X(t
dt" ' dt™ Y= dt™ ®

Ornek:

2
d° 3/ 6d 3/+11ﬂ+6y=4d—u+2u
dt dt dt dt
y(0)=y'(0)=y"(0)=0

du

—=0 at t=0
dt

s%Y(s)+6s%Y(s)+11sY(s) + 6Y (S) = 4sU(s) + 2U(s)

Y(s)=

4s+2 .1
s +6s°+11s+6 S

U(s):%(unit step input)

s(ss+6sz+lls+6 )=s(s+1)(s+2)(s+3)

1 3 5/3
S)= - - +
(V)= 35 s+1 s+2 s+3

4s+2 L a, 0y a,

= + +
s(s+1)(s+2)(s+3) s s+1 s+2 s+3




1 —t -2t S -3t
t)=—+e -3¢ " +—-e
y(t) 3 3
1
t >0 y(t)—>§

[P a-star 1 —stw_l
1.L [1]_j0e di=-"e| =
a1 _ [Pran-st _ ool-'Ia—udu_ 1 *® aa-u _F(a+1)
2.L [t*]= tredt=] () ?_Saﬂjou etdu=""7~
" —(s—a)t |®
3.L [ea‘]zj eleSdt = -° | _ 1
0 —(s—a)|0 s—a
iat 1 - S . a
4.L [e"]=—+—=1L [cosat+isinat]= ——— +i———
s—ia s*+a s +a
oL [cosat]:%,andL [sinat]= ———
s*+a s*+a
. e -, 1,1 1 a
5.L [sinhat]=L =— - =
[ | [ 2 | 2(s—a s+a’ s°-a’
at —at
L [coshat]=L [S ;e =ttty s

2 s—-a S+a s“—-a



4.7. Uygulamalar

Soru:
t>0 icin Laplace dontsimni kullanarak asagida verilmis olan i(t) akim degeri bulunacaktir.
I H
L e
'{‘I'U — L J E"--?Q

a) Kirchhoff Gerilim Yasasina gore asagidaki denklem yazildigindan devrede kullanilan
eleman degerlerini yerine koyarak denklemi diizenleyiniz.

I dg) + Ri(1) =0
d:g ) +2i( =0

b) Diizenlediginiz diferansiyel denklemi Laplace donlsimini yaziniz. Toplamin Laplace
donlsimi toplami olusturan bilesenlerin Laplace donlistimlerinin toplamina esittir.

L{dﬁ(f) ; 23'(0} =L{‘ﬁ(’)] +21[0] = 0
dt dt

Lr‘i@ } _ sI(s)—i(0)
dt

L[i(#)] = I(s)
sI(s)—i(07)+21(s)= ¢

i(07) =2
olduguna gore I(s) ifadesini “s” cinsinden bulunuz.

(s+2)I(5)—-2=0



2

s+ 2

I(s) =

d) Ters Laplace donlisimiinden i(t) ifadesini bulunuz.

_ 1
L[e ¥ =
e sta

i(t)=2e"u(t) 4

Soru:

Asagidaki Laplace donlsumi verilen x(s) fonksiyonun Ters Laplace dénislimini bulunuz.

1 ]

X(S):s—b+5+u' —a < Re{s}<b. —a<b.

x (1) = e u (t) — be tu (—t)

The unilateral Laplace transform of f(t) is S S

4 f f = ‘I + I ' : 1]"L 'E"I‘L]- LILI}].F].[:E.-
FaIls i- 5 5 -

Using s-domain differentiation property of Laplace transform.

If f(t) <=~ F(s)
I dF'(s)
() <=2
_—d] 1 o 254+ 1
SD, ‘E[ff(f}]_ dls;ls,ij+ls§—|—]}_|:.‘ig+n‘i+l}g



Soru:
Kirchhoff’'un akim yasasina gore bir devrede asagidaki denklem yazilmistir.

in(t) = i1(t) + ia(t)

dy(t)
dt

y(t)

Ve  iy(t) = 2L
alt) Ro

i1(t) =0C

Denklemleriyle verildigine gére io (t) denkleminde yerine koyunuz, y(t) gerilim sinyali

t'fe'-[][ f ,'

olduguna gére dt yi bulunuz.

Eample: RLC Circuits
An Example of the Application of Laplace Transforms

i(t) L
—* || .
Il c
R V(1)
v;(t)
. -
Kirchoff's voltage law
I
v,(t) =i(t) R+Ld£;—'$:'+1§ji[r’jdr’
0

Kirchoff's voltage law transformed

Vi(s)=RI(s)+s LI(s)—Li{0_)+ %I(s]

={R+3L+%} i(s)-Li{0_)

=Z(s)1(s)—-Li(0_)
Zis)=R+s L+LC

where §

Example 1 - A series RLC circuit excited by a unit impulse function - that is to say
Vils) =1
(The unit impulse always gives the "natural response" of any circuit. Natural as compared

to "forced" response.)



This is to be compared to the transform pair

f)=A +d* exp(—ar)cng(mg_taﬂ-l ﬁ]

cls+a)+dm
Fls)=
) (s+a) +a’
2L a R
1

i) =it0R=2 [ e - Lt eosfor st (201)]




Ornek:

&
F(s) = ———
The Laplace Transform of f(t) is given by, s(5 +4) Find the final value of equation
using final value theorem as well as conventional method of finding final value.
&
Here, £f(t] = —
f) s(s +4)
8s 8 8
. floc) =limsL f(E) = lim ——— = lim =—-=2
f[ :I s5—0 fl{ :I s5—0 3[3 4 .:1] s—0 5 1 4 4
8
Again, Fls) = ———
g (5) s(s+4)
That can be written as,
k1 ko . .
Fls) = —+ [(Where, ky & ky are two arbitrary constant]
5 s+ 4
sky + 4k + ska sk + ko) + 4k
N sls +4) N s(s+4)

S8 =5k + ko) + 4k

=kt =084=8= K =2&)k=-2
2 2

Now, F(s) = - —
5 s+4

S ETIF(s) =2 =274 = (1)

©floo) = lim (2 -2 %) =2 2> =2
f() (

t—ro0
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Ornek:
2

Find the Inverse Laplace Transformation of function,

2 o Jri.‘1_ Jri.‘g

Fi(s) = +
(s) (s +2)(s+8) s+2 s5+8
_ k15 + 8k + kos + 2ko B (k1 + F2)s + 2(ka + 4k1)

(s +2)(s+8) N (s +2)(s+ 8)

Colky +Ee)s + 2(ke +4ky) =2

= (b +ho)s +2(ko +4k) =05+ 2.1

1
.:L‘-l-|—.:L‘gZD&ZZUL‘E-F-'-”L‘-I]=1:‘-.‘1L‘1=§S£.‘1L‘g=—E
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Ornek:
1

Find the Inverse Laplace transformation of
1 I3 I3 fi:
F(s) = 2y 2 4

sis+1)(s+2) s s+1 s+2

(W here, ki, ky & ky are arbitrary constants|

By solving this equation we get,

1 1
ki==,k=-1 &k=-
1 2 2 3 9
1 1 1 1 1
His)=oox - — + -
B =5>xs- 313552
1 1 5
£F(s)=flt) == —e '+ e *
F(s) can be rewritten as, (S] f[ ] 2 c 2 ‘
Ornek:
2

Find the Inverse Laplace transformation of
2 I3 I3 fi:
F(s) = 2y 2 4

sis+1)(s+2) s s+1 s+2

[(Where, k. kg & k3 are arbitrary constants|
By solving this equation we get,

ki1=1,ke=-2 &la=1

1 2 1
cF(s)=-— +
8 s+ 1 s+ 2

—flt)=1—2e "+

F(s) can be rewritten as, £F(s)



Ornek:
Express the differential equation in Laplace transformation form

12. ; 1 i '
i ; + ﬁi +8r=0given x(07) =0andx (07) = 2
dt= dt :

12. . 1
£152 46—+ 8z| = £0
dt= dt

A2z dr
£|— 6.L | — R[] =10
- thz} N [dt] 8L

= s*X(s) —s %(07) — % (07) + 6 {sX(s) — »(07)} +8X(s) =0

= "X (s) — 5.0 —2+6{sX(s) — 0} +8X(s) =0

2
= X(s)[s?+65+8] =2= X(s) = ——
(5) [ ] (5) 52+ 6548
Ornek:
Express the differential equation in Laplace transformation form
d2r dax

FroR 4E +2=1given 2(07) =0 and 2 (07) =0

£ ﬁ+a1di+ r| = £(1)
d¢? dt |
d2z dx

= £ [W] s [E] + £]z] = £(1)

= s2Lr — sz(07) — 2/ (07) + 4 {s£x—z(07)} + £2 = £(1)
1

= s°X(s) + 45X (s) + X(s) = .

[As all inttial conditions are zero]

‘ B 1
-~ X(s) = s(s? +4s+1)
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Ornek:
Where, F(s) is the Laplace form of a time domain function f(t). Find the expiration of f(t).

1
Fls) = s(s+1)

£7F(s) = £7 G) £ (Si 1)

= flt)=1—¢"
1 +1-— 1 1
Now, F(s) = _Z S
sls+1)  sls+1) s s+1

Inverse Laplace Transformation of F(s), is
652 + 105 + 2
F(s) = 2
50 4+ 35 + 25

Ornek:
Find Inverse Laplace Transformation function of
65 +10s+2 65 + 105+ 2

Fls) = P +3s2+2s  s(s?+35+2)
6s% + 105 +2 657 + 105 + 2
- 3[324—23—!—3—!—2]23[3—!—1][3—!—2]
Fﬂ_|_ ko koa 652 + 105+ 2

+ —

s s+1 s+2 s(s+1)(s+2)

Fils+1)(s+2) +kais+2)s +ha(s+1)s 6s° + 105+ 2
s(s+1)(s+2) T s(s+1)(s+2)

Ei(s® + 5+ 25 +2) + ha(s? 4+ 25) + ka(s® + 5) = 657 + 105 + 2

(k1 + ka2 + r’r;;)sg + (ke + 2k + ka)s + 2k = 65>+ 105 + 2
2k =2=2k =114+t k=083 +20+k=10
=+l =0& 20+ =T

= (2ky + k3) — (ko +h3)=7—5

= fy=2

1+ 2+ k=06=k =3



657 +10s+2 1

2

1

F(s) = =—+

7+ 252 4+ 25 8 s+1

£ F(s)] = £ (1) ey (

f(t) =1+2et 4372

Ornek:
Solve the differential equation
dor

— + 9 =12 wherex(07) =1
dt

(s 9) £(z) = 241

12+ 5 fq ko
— —+

= £(z) = s(s+9) s 549

(k1 & ko are two constant]
= (s +9) +ls =12+
= (k) +ho)s+ 9 =12+ 5

1 4
by +hko=1% ki =—==
= K 2 1 9 3

5+

s+ 2

1
) + 361 (
1

1
5+ 2

)



12 9-—-12 3 1
:;'I:'):].__: —_ - = -
9 9 9 3
il 1
—+ = £(x)
3s  3s+9)
4 1 1 1
st = £ - )+ ot
3 s 3 s+9
41y
t) ==+ -
= x(t) s t3e

4) Solve the differential equation,
12. . 1r r
fdt; M ;1_:5 +z=0given (07) =0andz (07) =1
d=f(t . L
ST = £ 5107 = 0

2
Ecil_t; = s £(x) —szx(0T) —2'(07)
= s2E(r)—s0—1=s£(x)—1

M@]

= s£Lf(t) — f(07)

Again, £
gain [ I

L£[$J=Sﬂﬂ—fm7=sﬂﬂ—ﬂ=sﬂﬂ

2. .
Therefore, £ Elt; + fcli_!t + .z} = £(0)

£ & + £ de + £[x] =0
dt? dt o

= sSL(r) — 1+ sL(z)+ £(z) =0

= £(r) [Sz—l—S—l—l] =1

1

= A= e



V3 (s+ 3 +(§)
2 3
£l E(r) =1 = 7 e " gin 5 t

5) For circuit below, calculate the initial charging current of capacitor using Laplace

Transform
R2KQ
/.i/--.--_p'_p'}l' VoW
V=100Volt —— (i), ————C=100uF

The above figure can be redrawn in Laplace form,

R
— ,."'ﬂl Il-"“I'.IIII '.II II."I.'lII II."ll‘l'lII ."'ll.ll'ul."— .
/f__--—— p
Vis—— | I(s) - ——1/Cs
"'\..__\_ o ---/)
r Yo Ve
Therefore, I(s) = ——5 = — S
R+4& RCs+1 RCs+1
100 % 100 % 107
2000 % 100 x 1065 + 1
B 1072
02541
5.1072
i(07) = limi(t) = lim sf{s) = lim ————
(07) =g il0) = B oT(e) = I 5o
1072 102
= lim = =000 A=530mA

15002+1 0.2



6) Solve the electric circuit by using Laplace transformation for final steady-state current

R 2{][} Q
V=100V :::\ I(s) ’ L 20 mH
Answer
The above circuit can be analyzed by using Kirchhoff Voltage Law and then we get
- g dilt
100 = 100 x i(t) + 20 x 1073 x “1} )
dt

| - - li(t)
o £(100) = 100.£ [i(£)] + 20 x 1078 x £ {f fll} J]
Clr

100 _ . _ .
= — =100 x I(s) +20 x 107 x sI(s) [As, 1(07) =0]
=
I(s) 100/s
—= 1l 5] = :
s 100 +20 % 1073 x 5 Final value of steady-
L . , o , 100/s
tloc) = lim = lim sI(s) = lim s- —
t—oo  s—+0 s—0 100 + 520 x 10-3
100 . oo
= lim _ im-— =1.
state current is 50 100+ 520 x 103 50100 7) A system is
X(s) = R H]$
represented by the relation s + 10Where, R(s) is the Laplace form of
unit

step function. Find the value of x(t) at t = oo.
As R(s) is the Laplace form of unit step function, it can be written as

. 1
HI:.H'_] = —
-

1 120

L X(s5) = - D B S——

s s +hs+10

For final value,

1 120
lim x(f) =limsX(s) =lims x — x

t—Fo0 s— s—0 & ') T J'\ - J.[.:]

120
= 10 = 1l UNILS
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8) Find f(t), f(t) and f'(t) for a time domain function f(t). The Laplace Transformation form of

Bs + 3
LfH)=F(s) = c—F——=
the function is given as 2s(s% + *-‘]'By applying initial value theorem, we
F(07) = lim f(#) = lim sF(s)
t— =00
s(8s + 3) . 8/s+3/s

= lim ———— = lim
S—+o0 23[32 — D]l s—aa 24 lﬂfﬁz

. 8;“—"“ + 3;’132
= lim 5 =
get, %—:v'l] 2"—1[]}.'5"
Now, £f (t) = sF(s) — f(07) = sF(s) —0

= sF(s) [From, above prove]

© f(07) = lim sF(s)

S—r2Q0
2
“(Bs+ 3
= lim w
s—oo 25(s% +5)
I =+ 3;"{‘5
= o 2+ 10/52

Now, £f (t) = s2£f(t) —sf(07) — £(07)

= 4 units

= SPLf(t) —s.0 —4=s"Lf(t) — 4

85+ 3
Now, £flt)] = ——
ft) 2s(s% +5)
" 52 (8s + 3)
LS [t] - 2¢(52 L 5] . .
s(s? +5) Applying Initial Value Theorem, we
3
o i . o . 5 [83 + 3]
. [3s% — 408 . [3—40/s _
= lm | ————| = lim — | = 1.h unit
get, s—oo | 2s(s2 +5) s—oo | 2410787



5 ! Z “Transformation

5.1. Properties of the Z- transform

For the following

N=00

z{f[n]}=§°:f[n]z—” ~F(2) Z{g,}=> 9,2 =G(2)

n=0

e Linearity:

Z{afn + bgn} = aF(z) + bG(z). and ROC is Ry M Rg
which follows from definition of z-transform.

e Time Shifting
If we have f [n]<:> F(Z) then f[n - no]c> z > F(Z)
The ROC of Y(z) is the same as F(z) except that there are possible pole additions or deletions
atz=0orz=o0.
Let y[n]: f [n - no]then

Y(z)= i f[n—ny]z™"

N=—c0

Assume k = n- ng then n=k+no, substituting in the above equation we have:

Y(z)= i flk]z*™ =z F[z]
k=—c0
e Multiplication by an Exponential Sequence

=z, YT XH

The consequence is pole and zero locations are scaled by zo. If the ROC of FX(z) is rr < |z] <
ri, then the ROC of Y(z) is
rr< |z/zo| <ri, i.e., |zo|rr< |z| < |zo|rL

V@)= Sl = Y [H _ XH

n=—o0 n=—c0 0 Z0
The consequence is pole and zero locations are scaled by zo. If the ROC of X(z) is rR<|z|<rL,
then the ROC of Y(z) is
rR< |z/z0| <rL,i.e., |zo|rR < |z]| < |zo]|rL



o Differentiation of X(z)

f[n]< F(z) nf [n]<_2_>_zd':(z)

If we have then Z  and ROC= Ry

F(z)= if[n]z‘”
_ dF_()_ ZZ nf[n]z“_i—nf[n]z‘”

) dF()

«Z—nf|[n]
dz

e Conjugation of a Complex Sequence

fln]< F(z) f*[n]<z—>F*(z*)

If we have then and ROC = Ry

Proof:
Let y[n] =f" [n], then

@)= S <[ Sl '] <F ()

e Time Reversal

If we have f [n] < F(Z)
Let y[n] =f " [-n], then

- * — - * ' - * —k " * *
Y(z)= > f*[-n]z ”:(Zf[—n][z Tnj :(Zf[k](l/z ) J —F ( z )
Nn=—0 n=—o0 k=—o0
ROC of F(z) is rr < |z| < r, then the ROC of Y(z) is

1 1
rR<‘1/z*

—>|7|>=
'r n
When the time reversal is without conjugation, it is easy to show
1 1
—>|z]>=
IR n

then T - n]<Z—>F*(1/z*)

If the

ie.,

f[_ n]<Z_) F(]/Z) and ROC is

A comprehensive summery for the z-transform properties is shown in Table 2



Table: Summery of z-transform properties

Property Sequence z-Transform Region of Convergence
Linearity axin) + byin) aX(z)+ bh¥Y(2) Contains R, N R,
Shift ’ vin — ng) [ 27X () R,
Time reversal v(—n) X(z™h 1/R,
Exponentiation a"x(n) | X(a~'2) x| R,
Convolution x(n) = vin) X(z)Y(z) Contains R, N R,
Conjugation x*(n) | X*z*) R,

- dX(z)
Derivative , nx(n) —z y R,

l dz

Naote: Given the z-transforms X (z) and ¥ (=) of x(n) and y(n), with regions of convergence R, and
R, respectively, this table lists the z-transforms of sequences that are formed from x(n) and y(n).

Example: Find the z transform of 3n + 2 x 3",
From the linearity property

Z{3n + 2 x 3"} = 3Z{n} + 2Z{3"}

and from the Table 1

Z{n}=—=_ z{3"}=_*
(z-1° .4 { } (z-3)
(r" with r = 3). Therefore

3z 21

+
2
23n+2x3=(2-1) (

z-3)

Example: Find the z-transform of each of the following sequences:
(a) x(n) = 2"u(n) + 3(%:)"u(n)
(b) x(n) = cos(n@o)u(n).
(a) Because x(n) is a sum of two sequences of the form a"u(n), using the linearity
property of the z-transform, and referring to Table 1, the z-transform pair

41,1

1 3 2
X(z)= — =
=227 4 1,4 (1—22)(1—12‘1J
2 2

(b) For this sequence we write

x(n) = cos(nwo) u(n) = %a(e/"?° + e 1"*0) y(n)
Therefore, the z-transform is
1 1 1 1
X(z)== . +— :
21—zt 21 g inmg
with a region of convergence |z| >1. Combining the two terms together, we have
1—(cosw,)z™
X(z)= S
1-2(cosw,)z ™t +2

2



5.2. The Inverse z-Transform

The z-transform is a useful tool in linear systems analysis. However, just as important as
techniques for finding the z-transform of a sequence are methods that may be used to
invert the z-transform and recover the sequence x(n) from X(z). Three possible approaches
are described below.

e Partial Fraction Expansion
For z-transforms that are rational functions of z,

iq q

Zh[k}z‘* I_Ifl — Bz
xo=2 =

Za{k}z‘* 1_[{1 —az h

k=0 k=1

a simple and straightforward approach to find the inverse z-transform is to perform a partial
fraction expansion of X(z). Assuming that p > g, and that all of the roots in the denominator

are simple, a;# a fori# k, X(z) may be expanded as follows:
P

Ag
X(Z) = Z Tkz_l Eq(3)

k=1
for some constants A« for k=1,2, ..., p. The coefficients Ax may be found by multiplying
both sides of Eq. (3) by (1 - ak z7%) and setting z = ak . The result is

A= [(1 —az HX @) _,

If p < g, the partial fraction expansion must include a polynomial in z-*of order (p-q). The

coefficients of this polynomial may be found by long division (i.e., by dividing the numerator

polynomial by the denominator). For multiple-order poles, the expansion must be modified.

For example, if X(z) has a second-order pole at z = a, the expansion will include two terms,
B B,

| —oyz! (1 —agz"1)?

where B1, and B; are given by

B, = ak[%{l - wkz"']EX{z}]

2=y

By = [{1 - ﬂ'kz_])lx{z}]zza;



Example: Suppose that a sequence x(n) has a z-transform

4 —
| —

4 — %z" + Jlfz_l
ER (D YT )

With a region of convergence |z| > 7 . Because p = g = 2, and the two poles are simple, the

Xiz)=

-l-'~|l.,- J—nl-ul

44
T

M

partial fraction expansion has the form
A Az
_|_

11 L_o—1
1 -3z | ~ iz

X(z)=0C+

The constant Cis found by long division:

2
-2 31 1o-2 _ Ta-1
EZ’ — a7 +l 3< a< +4
1_-2 3_—1
rER R
.-
-3z +2
Therefore, C = 2 and we may write X(z) as follows
|
}." 2—32 !

TR (=)

Next, for the coefficients A; and A, we have

4—I270 4152
i, - _ 3 4 _
A _{(l 3 }X{J]: =2 = | — Lo =3
4 =2
and
4 - 1714 1.2
[ - _ 4 4 _
AEZ{(I_I" )X{“}] h=g | — 1ot ‘l = —I
F i Iz ]
Thus, the complete partial fraction expansion becomes
3 |
Xf:}= 24 __T__‘] - 1= l—:__J

Finally, because the region of convergence is the exterior of the circle |z| > 1, x(n) is the
right-sided sequence

ximy = 28(n) + 3(%]"u{n] - H}”u{n}



e Power Series
The z-transform is a power series expansion,

X(z)= Z Xz = (=D x(=Dz+x(M+x(Dz x4

H=—00
where the sequence values x(n) are the coefficients of z™" in the expansion. Therefore, if we
can find the power series expansion for X(z), the sequence values x(n) may be found by
simply picking off the coefficients of z ™.

Example: Consider the z-transform
X(z)=log(l +az™") Iz] = |al

Solution:
The power series expansion of this function is

(=)

|
log(l +az""y =" ;{—1}”*‘;;“:-"

m= |

Therefore, the sequence x(n) having this z-transform is
|
_{_1]:1+!a.lr n =0

xin) = n
0 n=10

e Contour Integration
Another approach that may be used to find the inverse z-transform of X(z) is to use contour
integration. This procedure relies on Cauchy's integral theorem, which states that if Cis a
closed contour that encircles the origin in a counterclockwise direction,

2 Je 0 k#1
With

o0
X(z)= Z x(n)z™"

n=—00

Cauchy's integral theorem may be used to show that the coefficients x(n) may be found
from X(z) as follows:

|
x(n) = _56 X()z"dz
2nj Jeo

where Cis a closed contour within the region of convergence of X(z) that encircles the origin
in a counterclockwise direction. Contour integrals of this form may often by evaluated with
the help of Cauchy's residue theorem,



— 1 R | S . 2y =1 . .
x(n) = Ty fn X(z):z""dz = Z [res:dues of X(z)z" at the poles inside E']

If X(z) is a rational function of z with a first-order pole at z = «a,
Res[}f(z‘)z” Latz = ::r_g] = [{I - a',tz_l}X(:}z”_'L:m

Contour integration is particularly useful if only a few values of x(n) are needed.

Example:
Find the inverse of each of the following z-transforms:

(@) X(z) =4+ 3(z* +277) 0 < |z| < 00

I 1
(&) X{~)=——~—-—~—]_12_, +1_12—1 lz] > 5
2 3
) X(z) = : z| = 2
(‘C = 1+32_| +22_2 )
|
(d) X(z)= |z] > 1

(I —z71)(1 -z72)
a) Because X(z) is a finite-order polynomial, x(n) is a finite-length sequence. Therefore,
x(n) is the coefficient that multiplies z1 in X(z). Thus, x(0) = 4 and x(2) = x(-2) = 3.
b) This z-transform is a sum of two first-order rational functions of z. Because the
region of convergence of X(z) is the exterior of a circle, x(n) is a right-sided sequence.
Using the z-transform pair for a right-sided exponential, we may invert X(z) easily as

follows:
Ll L
x(n) = (IE) uln) + '-](%) u(n)
c) Here we have a rational function of z with a denominator that is a quadratic in z.

Before we can find the inverse z-transform, we need to factor the denominator and
perform a partial fraction expansion:

1 l

X{: = —_—
) | 4327V 42272 (142214 :z"
B 2 ]
- 1 4 221 1 4z}

Because x(n) is right-sided, the inverse z-transform is
x(n) = 2(=2"u(n) — (=1"u(n)
d) One way to invert this z-transform is to perform a partial fraction expansion. With

] 1
X(z) = T
{ (I—z7"l—z7%)  (1—zHAl+z1)

A B, B,

= — + — __+—-~_.

1+z70 1=zt (1 =z




the constants A, B1, and B; are as follows:

A=[(1+z2 X))o = %

B o=[La-yxe| =] =
' |4z : B P A RS T

By = [(1 =27’ X (@)= = 3
Inverse transforming each term, we have

x(n) = (=" + 1+ 2(n + D)u(n)

Example:
Find the inverse z-transform of the second-order system

1 + 412"
(37

Here we have a second-order pole at z = %. The partial fraction expansion for X(z) is
A Az
_I_

I—HE’E" (|_£Z-r)2
The constant A; is

d o )
A= %[E(] - %z ]) X(:)]__”, = %[— }3 LJ::],-'“' = __%

and the constant Ay is

X(z) =

!
1z| = 3

X(z)=

A=[(1-57) X)), =1
Therefore,
1 3
X(2)=— £ + 4 5
I _%:_I (l_li: ")L
and

x(n) = —-(%)"Hu[n] + 3(n + I‘J(%)“]u{n]



Example:
Find the inverse z-transform of X(z) = sin z.
To find the inverse z-transform of X(z) = sin z, we expand X(z) in a Taylor series about z=10 as

follows:
_ dX(z)| 22 d’X(2) 2" d"X(2)
X(z) = X(z +z |+ = rer et —
@ =Xl dz |._, 2! dz* |._, n! dz |,
L3 5 =2n+1
=7 = — 4+ — — .. = -1y — :
TR Z; Y G
Because
O
Xiz)= Z x(myz™"

we may associate the coefficients in the Taylor series expansion with the sequence values
x(n). Thus, we have

|
() = (1Y — —1.-3 5. ...
v =T T

Example:
Evaluate the following integral:

I ?g_ | 427! =272 34,
2rj Je (1 — 327")(1 — 3z N

where the contour of integration C is the unit circle.

Recall that for a sequence x(n) that has a z-transform X(z), the sequence may be recovered
using contour integration as follows:

|
x(n)= - ,%X{:p:”"d:
‘-:TJI i

Therefore, the integral that is to be evaluated corresponds to the value of the sequence x(n)
at n =4 that has a z-transform

| 4+ 22~V — 24

(1= 31 - 3)

Thus, we may find x(n) using a partial fraction expansion of X(z) and then evaluate the

X(2)=

sequence at n = 4. With this approach, however, we are finding the values of x(n) for all n.
Alternatively, we could perform long division and divide the numerator of X(z) by the
denominator. The coefficient multiplying z * would then be the value of x(n) at n = 4, and
the value of the integral. However, because we are only interested in the value of the
sequence at n = 4, the easiest approach is to evaluate the integral directly using the Cauchy
integral theorem. The value of the integral is equal to the sum of the residues of the poles of
X(2)Z3 inside the unit circle. Because



3

¢ 422 -1

(= D-3)

has poles at z=1/2 and z =2/3,

X(2)z=2

[ .22+ 22— .

RCS[X[:}:JL__n = :-1_____1_._] =2
1=} T2 :

i 3 =
and

[ 2242,
Rstxe'l, g = |25 | =

L £=3 =3

Therefore, we have

I 3 112 3
_.2?}' g x[z}z dz ] TI— — l_‘h = ]]952



5.3. Ayrik Zamanlh Sistemlerin Z-Modelleri

First let us consider a discrete-time system as an interconnection of only three basic
components: the delay elements, multipliers, and adders. The input—output relationships
for these components and their symbols are shown in Figure 4.

The fourth component is the modulator, which multiplies two or more signals and hence
performs a nonlinear operation.

Delay Element X,(n) ——{ -1 —s Y;(n) =X4(n—-1)

Multiplier X5(n) —»B‘p—:- Y(n) = KX(n)

Xa(n) ~
Adder (5 > Ya(n) = Xa(n) + X4(n)
P N
Xaln) =
N
Modulator X5(n) —H'\F — Y5(n) = Xs(n)mg(n)

mg(n)
Figure The basic components used in a discrete-time system.

A simple discrete-time system is shown in Figure 5, where input signal x(n) = {x(0), x(1), x(2),
x(3)}is shown to the left of vo(n) = x(n). The signal vi(n) shown on the left is the signal x(n)
delayed by T seconds or one sample, so, vi(n) = x(n — 1). Similarly, v(2) and v(3) are the
signals obtained from x(n) when it is delayed by 2T and 3T seconds: v2(n) = x(n — 2) and v3(n)
= x(n - 3). When we say that the signal x(n) is delayed by T, 2T, or 3T seconds, we mean that
the samples of the sequence are present T, 27, or 3T seconds later, as shown by the plots of
the signals to the left of vi(n), va(n), and v3(n). But at any given time t = nT, the samples in
vi(n), va2(n), and vs(n) are the samples of the input signal that occur T, 2T, and 3T seconds
previous to t= nT . For example, at t = 3T, the value of the sample in x(n) is x(3), and the
values present in vi(n), v2(n) and vs(n) are x(2), x(1), and x(0), respectively.

A good understanding of the operation of the discrete-time system as illustrated in Figure 4
is essential in analyzing, testing, and debugging the operation of the system when available
software is used for the design, simulation, and hardware implementation of the system.

It is easily seen that the output signal in Figure 4 is



vin) =b(0)yv(0) +b(1yv(l) + b(2)v(2) + b(3)v(3)
= b(Mx(n)y+b(x(n —1Y+b(2)yx(n —2)+b(3)x(n —3)

where b(0), b(1), b(2), b(3) are the gain constants of the multipliers. It is also easy to see
from the last expression that the output signal is the weighted sum of the current value and
the previous three values of the input signal. So this gives us an input—output relationship
for the system shown in Figure 4.

X(n)
*(0)
%(3)
x(1)
T x2)
! b(0)
A Vo —— >
0 123450867 n \
x(0) \
! (3) E—] \
x(1) ‘\\
%(2) \\
I b(1) \
: - R
01 2 3 4 n \ \
x(0) E_] S
1 x(3) SN
®(1) 'KZ/I—F y(n)
L -
- V) ] >
01 2 3 456 7 n /
(0} Eﬂ .ff
» /

: x(1) /
x(2) /
s ! b(3)
A Ve >

[
LI
012 34 5 86 7 N

Figure. Operations in a typical discrete-time system.

Now we consider another example of a discrete-time system, shown in Figure 5. Note that a
fundamental rule is to express the output of the adders and generate as many equations as

the number of adders found in this circuit diagram for the discrete-time system. (This step is
similar to writing the node equations for an analog electric circuit.) Denoting the outputs of

the three adders as y1(n), y2(n), and y3(n), we get



(32, JL\E&Z’
¢ [ Nl
'. X
s
I,'I 0.4 2_13"2{2) 0.6
I|II Z—1
."I / ¥
z2y,(2)

-0.2
Figure. Schematic circuit for a discrete-time system.

vitn) =03vi(n —1)—02vi(n —2) —0.1x(n — 1)
van)y=vin)+05vin — 1) —0.4wva(n —1)
vi(n) = va(n) 4+ 0.6v2(n — 1)+ 0.8vi(n)

These three equations give us a mathematical model derived from the model shown in
Figure 5 that is schematic in nature. We can also derive (draw the circuit realization) the
model shown in Figure 5 from the same equations given above. After eliminating the
internal variables y1(n) and y2(n); that relationship constitutes the third model for the
system. The general form of such an input—output relationship is

:i\.,r 11’:{
vin) =— Z{}’“{}}‘{H — k) + Zh{k}.x'{ﬂ — k) Eq(1)
k=1 k=0
or in another equivalent form
l'a'"r ]1’::

Y akyy(n —k)y =" blk)x(n —k): a0y =1 Ea@

k=0 k=0

Eq(1) shows that the output y(n) is determined by the weighted sum of the previous N
values of the output and the weighted sum of the current and previous M + 1 values of the
input. Very often the coefficient a(0) as shown in Eq(2) is normalized to unity.



6 o Hilbert -Huang Transform

The underlying principle of the Huang’s EMD method is the concept of instantaneous
frequency defined as the derivative of the phase of an analytic signal Hata! Bagvuru kaynagi
bulunamadi.. A mono-component signal, by definition, has a unique well-defined and
positive instantaneous frequency represented by the derivative of the phase of the signal. A
signal, with multiple modes of oscillation existing simultaneously, will not have a meaningful
instantaneous frequency. Accordingly, a distorted signal must be decomposed into its
constituent mono-component signals before the application of Hilbert transform to
calculate the instantaneous frequency.

The essence of EMD is to recognize oscillatory modes existing in time scales defined by the
interval between local extrema. A local extremum point is any point on the signal where its
derivative is zero, and its second derivative non-zero. The term local is used to differentiate
it from a global extremum point. For instance, within an observation window, there may be
several local extrema, however only one global maximum and global minimum point may be
present. Once the time scales are identified, IMFs with zero mean are sifted out of the
signal. The steps comprising the EMD method are as follows:

Al. Identify local maxima and minima of distorted signal, s(t),

A2, Perform cubic spline interpolation between the maxima and the minima to

obtain the envelopes em(t) and em(t), respectively,

A3. Compute mean of the envelopes, 2 ,
A4. Extract ci(t) = s(t) - m(t),
A5, ci(t) is an IMF if the number of local extrema of ci(t), is equal to or differs

from the number of zero crossings by one, AND the average of ci(t) reasonably zero.
If ca(t) is not an IMF, then repeat steps A1-A4 on ci(t) instead of s(t), until the new
c1(t) obtained satisfies the conditions of an IMF,
A6. Compute the residue, ri(t) = s(t) — ca(t),
A7. If the residue, ri(t), is above a threshold value of error tolerance, then repeat
steps A1-A6 on ry(t), to obtain the next IMF and a new residue.
In practice, an appropriate stopping criterion, in step A5, avoids ‘over-improving’ ci(t) as
that can lead to significant loss of information Hata! Bagvuru kaynagi bulunamadi.. The first
IMF obtained, consists of the highest frequency components present in the original signal.
The subsequent IMFs obtained, contain progressively lower frequency components of the
signal. If n orthogonal IMFs are obtained in this iterative manner, the original signal may be
reconstructed as,



s(t) =D ¢ (t)+r(t) (20.1)

The final residue exhibits any general trends followed by the original signal.



7 . Convolution

Given two continuous time signals z(¢) = e * and y(f) = e ** which exist for
t > 0, the convolution z(t) = z(t) y(1) is

x(t) = e
Laplace transformation
1
X() =571
y(t) =e™
1
Y(s) = s+ 2

Convolution in time domain is equivalent to multiplication in frequency
domain.

2(t) = x(t) * y(t)
1 1
29 = X9V = (H1)(+22)
By partial fraction and taking inverse Laplace transformation, we get

g 1
45) =531 5332

Z2(t) =e'—e ™

8. Ekler

8.1. Matematiksel Kavramlar



Properties of Exponential and Logarithmic Equations

Let a be a positive real number such that a # 1, and let x and y be real numbers. Then the following properties are

true:
1. a*=a” ifandonlyif x =y
2. log,x =log,y ifandonlyif x =y (x >0, y > 0)

Inverse Properties of Exponents and Logarithms

Base a Natural Base e
1. log,(a*) =x In(e®) = x
2. qUogax) — ellnx) — o
4%+2 = 64 Original Equation
4*+2 — 43 Rewrite with like bases
x+2=3 Property of exponential equations
x=1 Subtract 2 from both sides

The solution is 1. Check this in the original equation.

In(Zx —3) =In11 Original Equation
2Zx—3 =11 Property of logarithmic equations
2x = 14 Add 3 to both sides
x=7 Divide both sides by 2

The solution is 7. Check this in the original equation.

5+ e**! =20 Original Equation
e**1 =15 Subtract 5 from both sides
Ine**! =1n15 Take the logarithm of both sides
x+ 1=1In15 Inverse Property
x=—1+1In15 = 1.708 Subtract 1 from both sides

5+ e**! = 20 Original Equation
5+ 179841 2 20 Substitute 1.708 for x
5+ e2798 L 9 Simplify
5+ 14.999 = 20 Solution checks ¥



2% =7
log2* =log7 Take the logarithm of both sides

Original Equation

x(log2) =log7 Property of Logarithms

x = L L 2.807 Solve for x
log 2

4*=3 =9  QOriginal Equation

log4*~% = log9 Take the logarithm of both sides

(x —3)log4 = log9 Property of Logarithms
x—3 =18 Divide both sides by log 4
log 4
x =3+ 5 4585 Solve for x
log 4
2log,x =5  Original Equation
log,x = ; Divide both sides by 2
457 = Change to exponential form
x =32 Simplify

20In0.2x = 30 Original Equation
In0.2x = 1.5 Divide both sides by 20
0.2x = e** Change to exponential form

x = 5e'5 = 22.408 Divide both sides by 0.2

2*=7 Original Equation

log; 2° = log, 7 Take the logarithm of both sides

x=log, 7 Inverse Property
= ::ﬁ: =~ 2,807 Change of Base Formula
473 = Original Equation

log, 4*7% = log, 9 Take the logarithm of both sides

x—3=log,9 Inverse Property

x—3 =108 Change of Base Formula
log 4
log9

x=3+ = 4585 Solve forx
log 4

Jlogx=6 Original Equation
logx =2 Divide both sides by 3
102 =x Change to exponential form
x =100 Simplify

logs 2x — logs(x — 3) = 1 Original Equation
logs i =1 Condense the left side

2x
3lo8ax—y = 31 Exponentiate both sides

Zx - )
== 3 Inverse Property
2x = 3x —9  Multiply both sides by x — 3

x =9 Solveforx



1. 31 =81
2. B¥ =4
3. e¥=5

4. —14 + 3e* =11
5 —6+In3x =0
6. log(3x+1)=2
7. Inx—=1In3 =4
8. ZIn3x =4

9. 5¥*2 =4
10.In(x +2)* =6
11.473* = 0.25

12.2e2¥ —GeX —3 =(

13.1og7 3 + log; x = log; 32

14.2logg 4x =0

15.log, x + log,(x — 3) =2

16.log,(x +5) —log,(x —2) =3

17.4In(2x + 3) =11
18.logx — log6 = 2log 4
19.2% = 64

20.5% = 25

21.4x3 =1
16

1. 5
2. =

3. 1.609

4. 2.120

5. 134.476

6. 33

7. 163.794

8. 2463

9. -1.139

10. 18.086,-22.086
1. -

12. 1.099

14. -

22.3*% =81
23.log;x =5

24 logyx =3
25.log, 2x = log, 100
26.In(x+4)=1In7
27.log;(2x+1) =2
28.logs(x — 10) = 2
29.3* =500

30.8% = 1000
3L.Inx =7.25
32.Inx = —05
33.2e%5% = 45

34.100e™%%* = 20

1 35.12(1 —4%) = 18

36.25(1 —et) = 12

15. 4

37.log2x =15

16. 3

38.log, 2x = —0.65

17. 6.321

18. 96

19. 6

20. 2

21. 1

39.§logzx +5=7

40.4logs(x+ 1) = 4.8
41.1ogy x + logy 3 =3

42.2logyx —logy(x —1) =1

35.

36.

37.

38.

39.

40.

41.

22.

23.

24.

25.

29.

30.

31

32.

33.

34.

243

64

50

3

4

35

5.66

3.32

1408.10

0.61

6.23

2.68

No Solution

-0.65

15.81

0.52

64

5.90

W



Binomial expansion

1(n — 1}x2 n n(n—1)(n— 2}x3

'
(1+x)"=14nx+ o 3l

4 .-

If n is a positive integer the series terminates and is valid for all x: the term in x" is "C,x’ or ( ”) where "C, =

n! "
rin —r)!
n objects without replacement. When # is not a positive integer, the series does not terminate: the infinite series is
convergent for [x| < 1.

is the number of different ways in which an unordered sample of r objects can be selected from a set of

Taylor and Maclaurin Series

If y(x) is well-behaved in the vicinity of x = a then it has a Taylor series,

dy wu?d?y  w’dly
y(x)_y(a-l—u)_y(a)+1fa+5@+§ﬁ+---

where u = x — a and the differential coefficients are evaluated at x — 4. A Maclaurin series is a Taylor series with
a=20,
dy «*d%y x*dly
YR =yO +xg g taa T

Power series with real variables

xz X"
et :1+x+§+...+_l+... valid for all x
! n!
xz x3 lxrr
In(1+x) :x_3+€+...+(_]}'” = 4. valid for -1 <x <1
H
eix+ e—ir x2 x-l xs
COsX = =1l—-=4+ = ——+... valid for all values of x
2 21 41 6!
eix _ e—ir x3 xS
sinx = - =xr—=+=+ valid for all values of x
21 3! 5!
1 2 i T
tan x =x+-x¥+—=x+.-. valid for —— < x < —
3 15 2 2
-1 x3 xs .
tan " x :x——-i—?—--- valid for -1 <x <1
1 1x*  1.3x°

sin” " x :x+5?+——+--- valid for -1 < x < 1



Integer series

N(N +1)

N
n =1+243+.-..+N=
: 2

N(N+1)(2N +1)

N
Yurt=1" 42243 +... .+ N* =
1

6

N 2 2
ZnS:13+23+33+---+N3:[1+2+3+---N]2:7N(N:l)
1
&a( 1)”}]_ 1 1 1 B
; . —1—E+§—Z+---—ln2
= (=1l 1 1 1 T

-1+ _—4...==
;2;:—1 3+5 7‘+ 4
ii—1+1+1+l+ —i
~nr 49716 6
N
Snn+1)(n+2)=123+234+.---+N(N+1)(N+2) = N(N+1)(N4+2MN+3}
1

This last result is a special case of the more general formula,

N N(N+1)(N+2)...(N+r)(N+r+1)

;n{n+1}(n+2)...{n+r}: ) .



Trigonometric Formula

cos?A +sinfA=1
sin2A =2sin Acos A

sin(A + B) =sinAcosB +cosAsinB

cos(A+B)=cosAcosB TsinAsinB

tanA +tanB

sec’ A —tan®A =1

cos2A = cos’ A —sin* A

tan(A £+ B) = 1FtanAtan B
sinA +sinB = 25i11A+BCDsA_E
2 2
sind —sinB = ZCOSA;BSil‘LA_B
A+ B A—B
cosA +cosB = 2cos + cos
2 2
cosA—cosB:—EsinA;BsinA;B

cosec’ A —cot? A =1
2tan A

tan24 = ———.
1—tan- A

cos(A + B) + cos(A — B)

cos AcosB = >
sinAsinB — cos(A — B) — cos(A + B)
2
sinA cosB — sin(A + B) +sin(A — B)
2
co? A — 1+ cos2A
2
sin?A — 1—cos2A
2
cos? A — 3cos A + cos3A
4
sin® A — 3sinA ; sin34



Differentiation

(uv)' = u'v +ud, (—

i

(I.‘t’)r‘”} — g + ””[rr—‘l]E](l] 4o ”Cr”[”_”v(":' +

where "C, = (”) = L

r

d
—(sinx) =cosx

dx
di(cosx} = —sinx
x
d
E(tanx} = sec’ x
d
d—fsecx) — secx tanx
x
d 2
E{cotx} — — cosec”x
E(cosecx) = — cosec x cotx

Temel integral

1) Jadx=ax+c

, n+1
2) [x”dxzx l+c
n-+

[}

3) .r%dx:lnlxl—lrc

4)  JeXdx = ¥+ ¢

) Jaie e

6) Jsin x dx = -cos x+ ¢

7)  Jeos x dx = sin x+ ¢

n)’ w'v—uv

d
—(sinh
x(sm x)

di{coshx}

X

d
—(tanhx)

dx

% (sechx)

dix(cothx)

dx

(cosechx)

e+ up™

— cosh x

— sinh x

— sech’ x

—sechxtanhx
— cosech® x

— cosechx cothx



Integration

forn = —1

1
/—dx =Inx+c
I ox

./-e“dx :%E‘"u+c

I/-xlnxdxz%z(lnx—%)+c
[izar =lunt ()
[ =Lamt (D) se= L (122) 1

o1 1 qx 1 x—a
./x?——u?dx _—Ewl‘h (E)—i_f_ﬂln(x—i-a)-’_f

-1 1
e 2(n —1) (x2 £ a?)" ! e

/ (x? ::ﬁz)" d

x _ 1 24 2 .
I/mdx _2111(:( +a°)+c

/—V’,ﬁ dx = sin! (%) +c

. 1 B - >
I/ﬁd,“c—ln(x-i—hx ﬂ:ﬂ)‘i‘{'-

J'Exdx=€x
1
By = —™
J'E ae
ax 1 ax .
J'b dx_a]n(b)b h =0

J']n(x) drx=xnix)-=x
J‘axhl(.-::)dx=ax ;=0

Dirac é-“function”
1 = ,
8(t—T)= ﬂll_mexp[lw(t —7)] daw.
If f(t) is an arbitrary function of { then /-m S(t—T)f(t) dt = f(T).

5(F) = 0if t £ 0, also ] S(H) df =1

/-lnx dx =x(Inx—-1)+c

- x
/xe'”‘ dy = ™ (
. a

)+C
a

¥
for x> < a*

>
for x> > a*

forn #1



Complex

Complex number z — x + jy (x and y real-valuedj — /1, )

r=|z| = v/ x*+y?,

0 = arg(z) = tan! Y
X
Imi{z)
/
_",.F—— ----- {x.rﬂ
r/
ﬁ I
| — Re(z)
x

e’ =cosf+jsinf

e™ +1 = Cos(180) +iSin(180) = —-1+1=0



Asagidaki ifadeleri basitlestirin. Cevaplarinizi hem polar hem de dikdortgen seklinde verin

—im/?
a) c =34 | 4o IM/2
b) c=(-1+2))°
c) c= el _ 3013
| o) C= ?’e‘TW tye A
: C.D.S-"u) ¢373Fn Ty 44505('1‘%’)-&4 S\ﬂ{""}g)
=16 B —‘!3
=
‘RS
C = 2.1 -‘1,373’(1' = 5?'3'3361
5 :1.034‘]
l;) C= (-—-; +Dl'> = [9.2314:& I
_ ']“ o112 Suhete 21 off of
- 2:313‘.. ?, 73 aﬂjlﬁ
= 559 CT ges
= §5.9 6_1 = "ﬂ j
c) C= SIE?WS —Sém
= acos'T‘*Z + 9.'1‘ 5|?}%I; -3 cos 'g —3: sin A
= Qg -2 —2 Sy
1 = J |
. 3-5313
= |.6iS e

—1.S — ; 0.59% =
]

—
—



Trigonometri

2. Bolge

(% V)
(- +)

90° < o < 180°
cosa <0

sinc > 0

1. Bolge
(*, y)
(+. +)

0" <0 <9
cosl >0

sind > 0

(%, ) 0]

()
180° < p < 2707

cosp<0

sinf < 0

v

(%, y)
(+.-)

270° < ¢ < 360°
cosp > 0

sing < 0

3. Bolge 4. Bolge
0° | 30° 45° 60° a0°

sin 0 l —2 —3 1

2 2 2
cos | 1 E _2 l 0

2 2 2
tan | 0 % 1 | /3 | Tanimsiz

3




()
5'”|,k§‘9 J=C‘3‘SB sin(n—8) =sin®

( m sin(n+8)=-sind
sin| —+8 |=cos#

L2 ] cos(m—0)=-cosb

cos(m+6)=-cosb

(T _
cos| ——6 ]=5|ne
2
( ! _
cos| —+8 |=-sind
\ J
1 ix —ix
cosx = 5 (" +e™™)
- 1 ix —Ix
SINY = — (f?' — € )

[_‘_:.'.‘l

Sine and Cosine Addition and Subtraction Formulas
sin(a+b)=sinacosb +cosasinb
sin(a—b)=sinacosb—cosasinb

cos(a+b)=cosacosh—sinasinb

cos(a—b)=cosacosh+sinasinb




Limit

Soru:

F1(t)=1-exp(-t),

F2(t)= 1-k*exp(-k*t)

Yukari verilen sinyallerin sonsuza egiliminde limitlerini bulun.
Yanit: her iki durumda da 1 elde ederiz.

¥

a—d c.;r a+d




8.2. Mantiksal Cebir

Laws and Rules of Boolean Algebra

* Laws of Boolean Algebra

- The 12 Rules of Boolean Algebra
*A+0=A
*cA+1=1
*A-0=0
*cA1=A
A+A=A
A+A=1
A-A=A
A-A=0
A=A
c A+AB=A
+A+AB=A+B
- (A+B)A+C)=A+BC

Laws and Rules of Boolean Algebra

* Laws of Boolean Algebra

- Commutative Law
* Commutative Law of Addition: A+ B=B + A
* Commutative Law of Multiplication: AB = BA
- Associative Law
* Associative Law of Addition: A+ (B+C)=(A+B)+C
* Associative Law of Multiplication: A(BC) = (AB)C
- Distributive Law
* AB+C)=AB +AC



Demorgan's Theorems

XY=X+Y
v = T
e = X+Y
Yot Y=
NAND Negative-OR
X+X =X/ Inputs Output
x x D_ - . Y [ X+Y XY
E o—X+Y = XY
42 Y —C
NOR Negative-AND

Sequential logic has memory; the circuit stores the result of the previous set of inputs. The
current output depends on inputs in the past as well as present inputs. The basic element in
sequential logic is the bistable latch or flip-flop, which acts as a memory element for one bit
of data.




* State table — a multiple variable table with the following four sections:
— Present State — the values of the state variables for each allowed state.
— Input — the input combinations allowed.
— Next-state — the value of the state at time (t+1) based on the present state
and the input.
— Output — the value of the output as a function of the present state and
(sometimes) the input.
* From the viewpoint of a truth table:
— theinputs are Input, Present State
— and the outputs are Output, Next State
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Durum diyagrami verilen devrenin
* Suanki ve birsonraki durumlara gére D -ikili devre sayisini bulunur.
*  Durum Tablosunu olusturulur.
* Karnaugh Diyagrami ile indirgeyerek ¢ikis denklemleri bulunur.
* Devreyi ¢izilir.
*  Yorumlanir.
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