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1 : Snyaller
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x(t) System y(t)
Discrete
x[n] System y[n]

FIGURE 5-1

Terminology for signals and systems. A system is any process that generates an output signal in
response to an input signal. Continuous signals are usually represented with parentheses, while
discrete signals vse brackets. All signals use lower case letters, reserving the upper case for the
frequency domain (presented in later chapters). Unless there is a better name available, the input
signal is called: x(7) or x[»], while the output is called: ¥(r) or y[n].
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Signals:
A signal 1s defined as a function of one or more variables which
conveys information.

A'signal is a physical quantity that varies with time in general, or any
other independent variable.
It can be dependent on one or more independent variables.

Ex. x,(t)=20t One-dimensional signal
X,(t) =206

o(x.y) = x+3xy+2y? Two-dimensional signal

x(t) = i A;(D)sin[2rt (Ot + 6,(t)]; Multi-dimensional
“A,(t) = time varying i amplitude
f(t) = time varying i'" frequency
B.(t) = time varying i'" phase

*Dimensions- Based on the number of independent variables.

Ornek:
clear all
close all
mag = 2; % magnitude  (arbitrary units)
f = 1000; % frequency in Hz
Ps=50; % number of sampling on a periot
samp = f*Ps; % sampling rate in Hz
M=2; % Displaying number of period
del=1/samp;
t = 0:del:M*Ps*del; % time
N = length(t)
X = mag*cos(2*pi*f*t); % the signal equation
figure

plot(t,x, )



xlabel( 'Time (sec)' );
ylabel( ‘Amplitute’ );
titte(  'mag*cos(2*pi*f*t)’ )

mag*cos (2*pi*f*t)
2 9 L L T C

15 1

0.5 -
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o
I
1

0.5 1

_2 r r r r
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

Time (sec)

Waveform Generation: Time Vectors and Sinusoids

Consider generating data with a 10003$4anple frequency, for example. An appropriate
time vector is

t =(0:0.001:1);
where (:) creates a 106dlement row vector that represents time running from 0 to 1
seconds in steps of 1 ms. The transpose operator (‘) changes the row vector into a column;

the semicolon (;) tells MATLAB to compute, but not display, the result.

Givent, you can create a sample signal y consisting of two sinusoids, one at 50 Hz and one
at 120 Hz with twice the amplitude.



y = sin(2*pi*50*t) + 2*sin(2*pi*120*t);

The new vaabley, formed from vectot, is also 1001 elements long. You can add normally
distributed white noise to the signal and plot the first 50 points:

yn =y + 0.5*randn(size(t));

plot(t(1:50),yn(1:50))

Cift (Even) ve TekOdd) Sinyaller

Tek (Odd) ve cift (Even) sinyall@ift sinyaller, dikey eksene gore simetrik olan sinyallerdir

ve matematilsel olarakt)=f(-) 5 S1 t AYRS AFTI RS SRifHNI SNP ¢S] 4
bicimindedir.
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Sekil Isaretin telenmesi

Cift sinyalin fonksiyonu, x(t) =&(0 2EFNF 1 GFYyPYTlYyPNEx@ ¢S1 &aA
2EFNF 1 GFYPYT I YPNIE AYNeeNERYRAYS 2 dAKGSH N K
G2LX I YP yS 2f dz2NK

Explanation The product of an even and odd signal is an odd signal. But product or sum of

two even signals is even signal.

1.1. Periyodik Sinyaller

Some important classifications signals

A Analog vs. Digital signals: as stated in the previous lecture, a signal with a magnitude
that may take any real value in a specific range is called an analog signal while a
signal with amplitude that takes only a finite number of values is caltidital
signal.

A Continuoustime vs. discretdime signals: continuoume signals may be analog or
digital signals such that their magnitudes are defined for all valueas @fhile
discretetime signal are analog or digital signals with magnitudes éin@ defined at
specific instants of time only and are undefined for other time instants.

A Periodic vs. aperiodic signals: periodic signals are those that are constructed from a
specific shape that repeats regularly after a specific amount of fig)¢i.e., a



periodic signaf(t) with period T, satisfiesf(t) =f(t+nTp) for all integer values of],
while aperiodic signals do not repeat regularly.

A Deterministic vs. probabilistic signals: deterministic signals are those that can be
computed beforehand at any instant of time while a probabilistic signal is one that is
random and cannot be determined beforehand.

A Energy vs. Power signals: as describeldw.

Periodic sampling of an analog signal

x(n)= Xq(nT) Discre e

s

beljdzAiaid GS2NBYAY AN FylLfi23 aAyelrtAy | NySy{
2f Yl f PRPND

Periodic Signals

Zaman icinde kendini tekrar eden sirigadlir.
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X [n] = 2 cos (2n) is periodic or not?

QELX FYylFrdA2yY ¢KS 3IA@GSy &ardylf E wys A& y2y L
GTH™ YKDT isfankdeénedabpertod and m is an integer.

Cdzy RI YSy (Gl f FTNBIldSydOe Ewnye A& 3IABSYy oé ' HF
value of N which satisfies the equation. Where N is a positive integer.

Peiyodik Fonksiyonlar :

¥A- B bir fonksiyon olsut " x1 AiGin¥(x+T) ¥X)SOAGEf AEAYA &l €t &Fy o6AN
varsa¥F 2y 1 aAe2ydzyl LISNAE2RA] ¥YB2Yy A A& RNELISNES AR
ISNS|T alePaPyPy Sy { NeNENYyS AaS Sala LISNRe&z2
ki Z olmak tizeré al IR igin;

cos@+k.p)=coa ve sing+kd)=sim 2f RdzEdzy RI'y &AYyN&a @S {(2aAy
periyoduk.2p ve esas periyoddp dir.

8y P O06S{1AfRST

ki Z olmak Uizerea, p/2 +kpvea | IR icin targ + kp) = tara

ki Z olmak Uzerea, kpveai IRicin cof +kp)=coa 2 f RdzEdzy Ry {GFyalyid ¢
T2y 1 arezyt |kpreesay petiysdgRie 2 R dz

f(x) =sinm(ax+b) f (x) = cosm(ax+b)

T:% T:E
4 3

m tek ise m cift ise



An analog signal x(t) is periodic if
m it is defined for all possible values of £, —oo < t < oo, and
m there is a positive real value Ty, the period of x(t), such that

it + kTy) = x(1)

for any integer k.
The period of x(t) is the smallest possible value of Ty = 0 that makes the periodicity possible. Thus, although
NT for an integer N = 1 i5 also a period of x(t) it should not be considered the period.

x(1) = AcosQufot +6) ve x(r) = A/ ™+ jsaretleri gercel ve karmagik pe-
- (0

1
riyodik isaretlere Grnek olarak verilebilir Her iki isaretin periyodu 7, = 7
0 1

dir. Sekilde  gosterilen

1 =0 [
=1, 12, (2.15)
birim basamak fonksivonu ise periyodik olmayan isaretlere bir 6rmek olarak Sekil  Birim basamak isareti.
verilebilir.
Example

Let x(t) = &' and y(t) = ™', and consider their sum z(t) = x(t) + y(t), and their product w(t) =
x(t)pit). Determine if z{t) and w(t) are periodic, and if so, find their periods. Is p(t) = (1 +x(0)){1 +
y(1)) periodic?

Solution

According to Euler's identity,

x(t) = cos(2t) + jsin(2t)

y(t) = cos(mt) + jsin(mwt)
indicating x(t) is periodic of period Tp = 7 (the frequency of x(t) is p = 2 = 27 /Tp) and p(t) is
periodic of period Ty = 2 (the frequency of y(t) is &1 =7 = 2x/T1).

For zit) to be periodic requires that Ty /Ty be a rational number, which is not the case as T1/Th =
2/m. So zit) is not periodic.

The product is w(t) = x(t)yit) = 22N — cos(Qat) + 7sin($22t) where Q2 =2 4+ 7 = 2n/T7 so
that T, = 27 /(2 + ), so w(t) is periodic of period Ts.

The terms 1 + x(t) and 1 + y(t) are periodic of period Ty = 7 and T; = 2, and from the case of the
product above, one would hope this product be periodic. But since p(t) = 1 4 x(t) 4 y(t) + 2(t)pir)
and x(t) + p(t) is not periodic, then p(t) is not periodic.

Ornek:



x(t) = 2cos(2mt)

for 0 <t < 10 sec. If we sample it every T;; = 0.1 sec, the analog signal becomes the following
sequence;

x1[n] = x(t) |t=0.1n= 2 cos(2mn/10) 0 =n =< 100

providing a very good approximation to the original signal. If, on the other hand, we let T;; = 1 sec,
then the discrete-time signal becomes

x2|n] =x(t) |tep=2cos(2mrn) =2 0=n=10

2f 3
1 | i {1t | | il lJI 1 IJI j. i I|_| I I|_| J
| s Il i e Al dlt dn db R b g
Sampling an analog sinusoid o 0 (]I ]L Jr ]L Jr ; * ; i’ ; $ l l l $ 4 i * 1 J
x(1) = 2cos{271), 0 =t = 10, with two Y , 0l
. o ) N 1 . ) 1
dlﬁferent sampling penoc?_:, N s i § i /
(@) Ts1 = 0.1sec and (b) Tsz = 1 sec, giving 0 2 1 5 8 10
x1(0.1n) and x2(n). The sinusoid is shown (@)
by dashed lines. Motice the similarity
between the discrete-time signal and the 2 TR TR R R R
analog signal when Ts; = 0.1 sec, while l .'I I'. i : \ I-' T L \ .'I I'. LI L
they are very different when Ts; = 1 sec, T il VT
indicating loss of information. = RN AN NI i '.I |
Iy ot ! ek : I L i
, \-.\ : 1 ; I'u'l ¥ \ g I|~IIl L | I-' \ | II'. r'l
0 2 4 6 8 10
t(sec)
(b)

Ayrik Sintzoidaller

Analog sintzoidaller « Fakat ayrik sintizoidallerin

herzaman periyodiktir. zarflar pferyod|k olmakla
beraber isaretler herzaman
degildir.

x(t):ACOS(QOf+9) x(f1):Ac.os((go;¢+¢)

, isareti ancak
T, =27/Q, sn — periyot

Q, radian | sn — frekans x(n+N) ZACOS(a)O(nJrN)Jrgf'): x(n)

A4 — genlik

6 radian — faz esitligini saglayan V, pozitif
tamsay!i ise periyodiktir.

2z
"N =

(o)
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Ayrik Sinlizoidaller
Ornekler
1. N’nin 6rnekleme periyodu ile iliskisi

x(Iyn) = Acos(Q,I,n) = Acos(wyn)

x(1)=Acos(Q,r)

T
o, =Q.T =27~
Qozsz;,:ZT_’r oo

0 Ayrik isaretin periyodik olmasi igin

Jo Hz— isaretin frekansi
2z T
o, T

0 s

T, sn—> isaretin peryodu N

T, sn—s ornekleme pervodu ) )
ifadesi tamsayi olmalidir.

Ayrik Sintizoidaller
Ornekler

2rn @
2. x(n)—Zcos(Tn+Z] isareti periyodik midir ?

Evet, peryot N=8 pozitif tam sayidir.

Saglama:

27(n+8
x(n+8)_2cos[ (Z )+Z]_2cos(2gﬂ+27{+i)_x(n)

£ PYyY
RSE:



Ayrik Sinuzoidaller
Ornekler

Frekansi 1 rad/sn olan analog sinlizoitten
periyodik olmayan ayrik sintizoit tGretelim.

3.

t ot x(n) = COS(O,Sn)

7 _L Ayrik isareti
T Nyquist kriterine gére . T, 2rx
1 1 T, "i belirleyelim. N= T *F
Oy o> 2 o =21, :
T, < 1/2fo =7 ifadesi tamsayi
sartin1 saglayan olmadigi icin
~ periyodik degildir.
T.=0,5
olsun
Ayrik Sinuzoidaller
Ornekler
4.

Onceki 6rnekteki ayrik isareti periyodik
yapmak icin:

x(r)=cos(t)

Sartini saglayacak bir N tamsayisi
tercih etmeliyiz veya

Ly 27 _

T T

N > 2

esitsizligini saglayacak sekilde ( érnegin
N=8) secilirse ayrik isaret periyodik olur




Periyodik Ayrik Sinyaller

Eger x(n) isareti sonsuz uzunlukta ve k herhangi bir

tamsayi ise
x(n) = x(n +}'c;7\ir)

isareti N peryoduyla periyodiktir.

Bir peryodik ayrik sinyalin Fourier serisi agilimi:

- N-1
ZX(Z

Fourier serisi katsaylla ri

JL(??

.

Nl —jink
X(ff):z:r(n)e N
n=0

Periyodik Ayrik Sinyaller

2T N-1

1
N

x(n)=

X(k ) ej?"k

Z (

* N peryoduyla periyodik bir ayrik sinyal, [-rt, ) veya esdeger [0, 2m)
araliginda N farkli harmonige sahiptir. X(k) peryot N ile periyodiktir bu
ylzden X(k) sadece, m herhangi bir tam sayi olmak lizere k=m,...,N-1+m
araliginda hesaplanmasi yeterlidir.

. X(k) Fourier seri katsayilari komplextir dolayisiyla genlik ve fazlariyla
tasvir edilmelidirler.

. Bir peryodik ayrik sinyalin Fourier serisi, o sinyalin bir peryodunun
DTFT donuslimu ve z-dontsumdi ile ilgilidir.

X(k):X(efw) :X(z)b

w=21k/N



Determining the periodicity of the sum of periodic signals

Letx(t) = x(t) + %0 G 0 n(® whére ) is a periodic signal with fundamental perigd T
4SO02yR&X 2 I' MZIHuXb®

To determine whether x(t) is periodidorm the ratios 1/ TZ 2T HZ Xb ® LT SOSNE
ratios is a rational number, then x(t)periodic. Otherwise, it is not periodic.

If x(t) is periodic, we determine its fundamental period as below

1. Converttheratiosf7T;z 2 ' HZIXb G2 | NIXGA2 2F AydS3as
between numerator and denominator canceled out. Now the ratwkbe of the
fomN/DZ F2NJ 2l HIXb o
2. Find the least common multiple (LCM) of thetDi ® [ SG GKAA ydzYo SNJ ¢
3. The fundamental period of x(t), T, is then given by

(27w
—1

ifg(f)= cos{ T

follows.

(. 2@
+ 0.5 CDSLZ -?i' ] . the time domain plot and the spectrum are show n as

\ B>

[ o]

4 Amplitude
1
®
ST—
T T
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lo) ()= Ycos (54 A )
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M= Yho sec
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x )= cos (3TH) + Qs ()

T= = 2 T, = 2T o
'i%‘ﬂig 3 T T 2

payod e
WZ’VE pund TR o

1 S
H__h:/?zi_'L - =

T

X [n})= 9 cosln n}

P-G_.f\']o&r'c ‘]1: T =;}'l;_‘% For Seme \ﬁ*tsfd g‘ﬁ-f

Tn This cwe  Sier <o LA ek
S50 , 'T'F‘\‘s AS P {:ml;‘(.

n \O \ A 3
S B

g .
” qua(! rtpeedsem

n GT\NE\" o

X(n Y= qeos (Ti'h"r.i)) ftutchidr‘c, Fc(?m:*: ew',:j cther ol o4y N

N -l o 1 2 =
L{Ccs(nﬂ'-l)| Lol "l liw bl [

-K «—f.ult. 1 (
I VI A




q) X(E)= cos(44) +2 sin (31)

7 ¥
;B = "\TA = ;2; =2 fl%rDC{,JC L\.HTE-
T A ' od
P_e_)u\’e. FTI,"‘%: -S-?C__
L) XU = 3 eos () + sin(r)
T, =2 To=AdE =4
q T
T2 ZF g oo

Ornek:

The period of the signal x(t) = 83'111(0.8?1’?5 + %) is

Period of z(1),

2w 27 9 E wnm
T =08~ = 2.h sec




Soru9:! 61 EBRRYWBEAEESNRAY LISNRE@2RA] 2f dzLJ 2adm¥ll RPEPY 1
peryodunu belirleyin

(a) x(t) = sin(Zt) cos(Zt)

(b) z[n] = (£)" sin(3n)

t SNE2RA] 2fdzld 2f YF RPEPYP 06StANISYS] Ay
Sinwi 0T &af{iyor#i HEFS MES AT I T 2 RdzE dzy=RE=I0 bl WS £ LIS NB

Cos(wi 0 ' O 20800Te WF & I MATS 1F1 2 £ R dzE dzyRUF7 bllBFE.S £ LIS NB
00 0QYAY GSYSEf LISNEB2RdAZ' ¢mMfF ¢HT TN 0 dzf dzy dzNXb

X )= COS'(TT'?‘)B
paneodic L o =;‘rrrr% for Seme \r:l"'TSfi’.‘f % e
T —1hs Co, Se=F  so ‘b’-‘* L&=a wueh
SO, Ths s paz»\.c;clfc.

n Vo v o2 3
4(cs(q1r) ‘4 -4 4 4

LT
-1 _;-rL _‘u J, >

i [ o e
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LI
LT

‘)(En]= = Eir;ntén)
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s P
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X(1)7 cos(§3) +2 sin (51)
T2 hear
i &
:I-; = Wﬁ,—é‘ = & = PQ;rU:Q:C. Lu:':l'E-
E ' | nd TSI
P-M f o -S"?C.,

X = 3 s () Fsinlrr)

—

!4 .';s.}_l‘:— F‘l:l_;n:.:—-l

j”}; = -Z_ :l{; 7 % So NST poajede
.

x t)= cos {3TH) + Qecos ()

T= = 2 T = 2T o
'i_%‘HI 3 * Y X

ay -
—= = "Tyﬁ— = % = paed &
T, A

7L Pucd TR e



Soru

™
(a) x(t)= cos[! + " ]

T T
(a) x(r)=cos{r + Z]=cos(w“f+ :1—) — w, =1

x(1) is periodic with fundamental period T, = 27 /w, = 2.

27
(b) x(¢)=sin T:

2m 2

(b) x(¢)=sin TI-—-»&;U-_.; T

x(r) is periodic with fundamental period 7T, = 27 /w, = 3.

T T
(¢) x(1)=cos ‘3—1' + sin 2! =x,(t) +x,(¢t)

where x(t) = cos(7/3)t = cos w,;t is periodic with T,=27w/w, =6 and x,(t)=
sin(7r/4)t = sin w,t is periodic with T, =27/w,=8. Since T,/T,= 2= 2 is a rational
number, x(¢) is periodic with fundamental period T, = 4T, = 3T, = 24.

(d) x(t)=cost+siny2t=x,t)+x,(¢)

where x,(1)=cost=cosw,t is periodic with T, =2m/w, =27 and x,(t)=siny21=
sin w,! is periodic with T, = 27 /w, = V2. Since T,/T,= V2 is an irrational number,

x(1) is nonperiodic.



1.2. Energy and Power Signals

There are in principle many different energy fiedailable from which to harvest energy:
wkERAFGAZ2Y oO6fATKGZT a2t NE 02aYAO Nreazx St SC
¢ KSNYI f

aSOKIYyAOLFtT o0LROGSYUALITX {AYySGAOzZ StlaidAaodoszr 7
DN} GAGLF GA2Y L §

I K S Y te€y)fdel call gdssil fue)s

b dzOt S| NJ

a | 3(YM&gihekisation, currents etc)

9t SOGNRO

e eeegeeeee

Guc veEnerji nedir
DNeX A0 &l LYl LRidlyaireSt ARAN®P DNeI SYSNEBA NN
yb LIPE LY AOGAND OSEANR Vit ONPA NI YOMNGoEE 2+ GG 620 OAY
- Tp 13Yka I' M |t QRANE
- man 13Ykar m Y2 QiPN®

O9YSNEBAZ AGA0 @l LIoAfYS @SUSYSEARANED® TO @&l LIPE
9YSNEBA OANRARYA 22dzxZ S 6 WO QRNNI O9YSNEBAZ FINJCEF
enSNEAZ, ofEMBRPNIGAND . ANAYA {3IYQRANID

Elektrikte, Watt (W) gic 6lcim birimidiAmper x Volt = Watt.
Elektrikte enerji 6lcim birimi Wa 2 dzNJ 62 KO0 RPNX {F F df A1 NNBGAT ¢
SYSNEBAAA YA {-bduNBWRBRNODOWHh YA 241 G

- M 12KI ycn YOIt QRANI @Sel onmp . dzQRdzNX

1 KilowattHour = 1000 watts x 3600 seconds =x316° watt-second = 3.6 10° Joules

How much heat is produced by a human body?

Explanation: A man doing no or very little physical work needs abo00Xke€al (or less) of
energy in his daily food. The body converts this energy almost entirely into heat.
lday=24x60x60s=86,400s1lcal=4.2J

Hence, 2000 kcal/day = 2000 x 4.2 kj/day = (8.4 M;)/86600s= 100 j/s = 100 W

We see that a human body dw no work is equivalent to a heat source of about 10qQ W
the equivalent of a good bulb.
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The total energy contained in and average power provided by a sfgna(which is a
function of time) are defined as

E, :Hf (t)F dt

and
1 T/2
— ~ 2
Po=lim— AlTOF dt
-T/2 ,
respectively.

For periodic signals, the powBrcan be computed using a simpler form based on the
periodicity of the signal as

1 T+t
I:)Periodicf = ? ﬁ f (t) |2 dt
to
where T here is the period of the signal artg is an arbitrary time instatrthat is chosen to
simply the computation of the integration (to reduce the functions you have to integrate

over one period).



Classification of Signals into Power and Energy Signals

Most signals can be classified into Energy signauwrer signals. A signal is classified into
an energy or a power signal according to the following criteria

a) Energy Signalsan energy signal is a signal with finite energy and zero
F dSNJ IS B2y $N0), 6 n X

b) Power Signals:a power signal is a signal with infinite energy but finite
average power (0R<m, E- n).

Comments:

1. The square root of the average poWE(F of a power signal is what is usually
defined as the RMS value of that signal.
2. Your book says that if a signal approaches zeteapproaches: then the signal is
an energy signal. This is in most cases true but not always as you can verify in part (d)
in the following example.
3. All periodic signals are power signals (but albinorcperiodic signals are energy
signals).
4. Any signaf that has limited amplitude (f | <2) and is time limited
(f =0 for [t| >ty for somety> 0) is an energy signal as in part (g) in the
following example.

Exercise 21: determineif the following signals are Energy signals, Power signals, or neither,
and evaluateEand Pfor each signal
a(t)=3sin(pt ), - ©t<

This is a periodic signal, so it must be a power signal. Let us prove it.

a)

ol

E.=pjat)f dt :n |Bsin(»t )] dt

- o

ol

:9ﬁ%[1 -cos(4t )dt
°1

9 ﬁEdt 9 qfs(et it
= o J
Notice thatthe evaluation of the last line in the above equation is infinite because of the

first term. The second term has a value betwe&@nto 2 so it has no effect in the overall
value of the energy.



Sincea(t) is periodic with period T 02 p= 1 second, wget

P, :%;"*]a(t)F dt :l | Fpin(pt )] dt
:9;’-‘%[1 -cos(4t dt

=9ﬁ%dt 9 cﬁs(49t it

% 'n(“;Ut)OH

w

1
D) (D

Nl©o NI©

So, the energy of that signal is infinite and its average power is finite (9/2). This means that
it is a power signal as expected. Notice that the average power of this signal is as expected
(square of the amplitude dividelaly 2)

b) b(t):5e'2”, - ot<

Let us first find the total energy of the signal.

Eb:uﬁb(t)F dt ﬂﬁzu‘z dt

0
—25ne“t dt +25 eﬁ dt

0

=8 g ek, g



The average power of the signal is

1T/2 172 a2
—I|m— Alb®F dt =im = Fe™| dt
-T /2 T T/2
1T/2
_ 4 4 i JE—
—25I|m_|_ Trl]ze dt +25TI|_rrl_|_ 0 6’ dt

2—5I|m a +—I|m—1 e

- 4 7- 0T§ 5/2 4T-uT gO
25 ) 1
=—Iim 7 +—I|m— e 1-
47 DTQ' By imy °8
=040 6

So, the signdb(t) is definitely an energy signal.

So, the energypf that signal is infinite and its average power is finite (9/2). This means that
it is a power signal as expected. Notice that the average power of this signal is as expected
(the square of the amplitude divided by 2)

€4e™, |t s
c(t) =i 0 lt ¢ .
C) | ’ | P“’
£l
do=ik
|
d) o tel

Let us first find the total energy of the signal.

E, = nﬁd(t)F dt =ut}ﬁdt
=inft];
0

I
(o]

So, this signal is NOT an energy signal. However, it is also NOT a power
signal since its average power as shown below is zero.



The averag@ower of the signal is

1T/2 1T/2
P—Ilm— d(t) |- dt :Ilm— t
= Tr/12I tF ﬁ
—Ilm IntT/2 O:h —ex—nl
Il Gam i oo
géeT go
&1, &T gb 32 HO
=I|m In
MEER e T
28

GKIG GKS L2

w»
w»

PaAy3 [SQK2LA Gl Qa NUzZ Sz 4SS a

eT go 02 ~

é% HE %*8
P, —Ilmae— Odim g=— G
_D&T QT o 0

“%

x 0
¢

So, not all signals that approach zero as time approaches positive and negative infinite is an
energy signal. They may not be power signals either.

e) e(t)= 7t - <

f f(t)=2cos (Pt ), - wot<

812cos (2t ), - 8¢ 31
0, elsewhere

m-
9)



1.7 Enerji ve Giic¢ Sinyalleri

Sonsuz deger alan sinyallerin enerjilen de sonsuz olacafindan bu sinyallerin giiciinden
bahsedilir ve bu sinyallere giic sinyali denir. Eger sonsuz deger almiyor ve enerjisi bir reel
say1ya esit oluyorsa bu tiir sinyallere de enerji sinyali denir.

E= ) P
N=—0
P=li ! Y z
= Jm 7 D, KO0l

n=—0on

e [ < E < oo, Enerji sinyali, boylece P = 0.
o [ < P < oo, Giig sinyali, béylece E = 0.
¢ Bu ki kosula uymayan sinyaller ne enerj1 sinyalidir ne de giic.

The signal energy in the signal x(r) is
E:j\x(r)\zdr. (1)

The signal power in the signal x(¢) is

T
1 5
P=1im— ||x(z) dz. 2
hm o7 _J] ) (2
If 0<E <. then the signal x(¢) is called an energy signal. However. there are

signals where this condition 1s not satisfied. For such signals we consider the
power. If 0 < P <= _ then the signal 1s called a power signal. Note that the power

for an energy signal is zero (P =0) and that the energy for a power signal is

infinite (E =0). Some signals are neither energy nor power signals.



Example : Compute the energy of the signal z[n] given by

z[n] = { (%}n ifn =0
0

otherwise

() T

[
e8|
¥
[
l:lME
o=
—
[
=

Ornek

3 <3
A(l‘}—[ﬂ

seklinde tanimlanmus olan isaretin enerjisini bulun

Cozim

+o0 3
g, = f Ix(1)|%dr = f 9dt = 54.
— -3

jn 4}

olarak bulunur. Dolayisi ile bu isaret enerji isaretidir.



Ornek

A cos(2m fot + #) isaretinin enerjisi;

1/2
€, = Tlim f A% cos*(2m fot +0) dt = oo.

-0 J_T/2

olarak bulunur. Dolayisi ile bu isaret bir enerji isareti degildir. Ancak, isaretin giicii

T/2

P, = lim — Azcosz(2;rrf0r+(l)dt
I'—oo T ~T/2
1 T2 A2
= lim — — [1 4+ cos(4n 2%
T Jors D [1 + cos(dx fot + 20)] dt

AZ
= — < 00
2

oldugundan x(f) bir gii¢ isaretidir ve giicii

2 2 T/2
AT A2
1 in(47 fot + 20
T'me[ ar t [831]’07' S 4ax ok + )] ]

—Trf2

V5 o
2

T, periyoduna sahip herhangi bir periyodik isaretin enerjisi;

Ornek
T2
€ = limf lx ()| 2dr
T=o —T/2
nil;
+
= lim | _ |x(ndr
=0 [ aly

2

v
lim r:f, |lx(2)[*dt
H— 00 _{51

Dolayisi ile periyodik isaretler
enerji isareti degildir.

= .
P, — tim ml (r)°d
= hm — X ™
x = Nm o n 1 de
lin, — +i‘{u| (1)) dt
= lm — A “
w0 n Ty _"1?'2 .
+3
. n
= lim — [ |x()dr
n—>20 B 11
A I
= —f |x(ed]"adr.
To _%1

Periyodik isaretin glic icerigi
yandaki gibi verilir. Bu sonucun
anlami herhangi bir periyodik
isaretin glg¢ iceridinin, bir periyot
icindeki ortalama glce esit
oldugudur.




Example

Compute the signal energy and signal power for the discrete-time signal

We apply relationship (12.5)

E =

o0 1 n
()

5l

The expression on the right hand side 1s a geometric series; hence, we have

o0
n=0

w0
n=—c0

1 16

BEENE
16

Since 0< F <=, signal x(n) is an energy signal. consequently, P =0.

Example

Let us consider a complex signal

x(r)= 4e’ ™"

: : C o : 27 : .
Signal x(¢) is periodic with period T, = ~ : hence. it cannot be an energy signal.

@,

To compute the signal power we use (12.3)
L

P= ‘Ae”"’r

dt=— [ 4%dt =
t 0!"04 A2

2

L
I,

Id|h‘]'-—_.ld|oh‘]



Example

Let us consider a signal

x(t)=eult).
The energy of this signal 1s

= o

E= T‘e_’u(r)‘zdr :je_zrdr = _%e—::

0

1
S

0

The signal x(7) is an energy signal. Since E is finite the signal power P =0.

Determine the total energy and average power of the following signals.

2, —-3<t<3
(a) x=(t) =45 —t, 3<t<5h
0, otherwise

(b) x(t) = cos(t) sin(t)

(¢) z[n] = a™ul—n], |a| >1



7 |(t)|2dt

t=—oc
3
/ |(t) |2dt + f\ t)|2dt
t=—3
3 5
= [ (2)%dt + /(f’ — t)2dt
t=—3 t=3
3 5
= / 4dt+/ (25 + 2 — 10t)dt
t=—3 t=3
3 1 5
= (4t 25t + —t* — 5t
( )t:—3+(J+3 J)15:3
= (4(3) = 4(=3)) + (25(5 = 3) + %(53 —3%) —5(5% = 3?))

- 24+(J0+%—50)
8
3

=24 + -
80
3



Soru:

a(t) =3sin(pt ), - ©t<

E,= ﬁl a(t)f dt = IﬁSin(ZOt )] dt

ﬁE[I -cos(4t )dt
o1

rrzt 9 cﬁs(;bt it

a J

P, :%Ha(t)lz dt =1|ﬁsin(27t )q dt
=9;’%[1 -cos(4t dt
:9;"%dt -91 Cﬁs(47t it

2 sin(4t ) i

CDFDCD

84p

Nl© N

=



b(t)=5¢?!, - ot<

Eb:nﬁlb(t)|2 dt :u‘ﬁzu‘z dt

0
= 25" dt +25 efj dt

0

/12
—nm1 flb(t) P dt =||m1 \pp‘zt'f dt
-T/2 T T/2
1% 12
—25I|m— ne dt #25lim—= eﬁ“dt
-TI2 T-eT

2:)Ilm & +—I|m —1 )
- 4T uT @ E/Z nT

T/2
0

=—I|m-= g. e 7 8=|'—|II_T’I—1 eg 1-



Soru:

t+1, —-1<t<0
x(t)=14 1 0<t<1
0 elsewhere

a) Sinyalin enerjisini bulunuz.




Soru:
X(t) sinyalinin enerjisi,

E= I|x{:}|”dr.
F2NX¥NEN AfS KSal LI I yPN®

X(t) sinyalinin glcu,

- Ilm—_H {f}| dr.

==

F2NYNEN AfS KSal L) | y PN

_T(I}= e
{Aye@ltAy SYySNEBAAA KSal LXIyPN]Sy=x

oo o0

E= -”e I!.'[Jf)‘:ld.f=.|'v: *dt

o 0
ol eEPydiPaP (dz tFyPEYF{U0FRPNY h KFEfRS aiAyelfa

The energy of this signal 1s

E= j‘ \m—j'ﬁm——%-*’

0

0

The signal x(7) is an energy signal. Since E is finite the signal power P =0.



Soru:! 6 EPRIF | A
{&] 1[?1] =10 {_-u[n — 1] — ?.I[ﬂ - 'lﬂ]j
(b) z(t) = 273

(a) Energy = [ |=(t)|%dt

IE} o
= [10%dt + 0
1
=000

Since energy 1s fimte, power 1s zero.

AAYyelttSNAY

G2LIX Y SYSNBAAAYA O

(b) The signal is a complex exponential with fundamental period Ty = 4. Moreover

|z(t)| = 2. Hence, energy is infinite.

Power is compute d as follows.

1
Power = 11111 — f 2|2 dt

1
I—Ii_ﬁ J 4dt

8T
llm —

Soru: S1TAf FA3I 06 RS

GSNAE Sy

E= [ x?(t). dt.

AAYeLITAY

== -1 0
a) 8A
b) 4A
c) 2A
d) 4/
Answer: a

=2

G2LX Y Sy!
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1.3. Gurdltd

{Ayelf TFePF¥FtlYlIaPyPy Sy e&lFeaPy GALAZ GSNRO
aAyelrtftsS O0ANIATGOS @N1aStdyS A0t SYAYS (FoA (c
termal gurulta olarak bilinir.

TelsiZK 0 SNI SO YSAAYRS AaSz GSNXIFf 3INNNEGNES Afl
S 1lFylFftRF @FINRElLY FOGY2aFSNA]l 3INNNEGN RS |-
1FYFrftRF{A RAESNI {dzZ t I yPOPE I NRIWE IYIeyRy[If | S0 lyA
RAESNI 6ANJ INNNfGN wSOARARANX  N1asSly FNBllY
AaSOARSAAYAY RNOYSaAyS aSoSLI 2fly GALA] 0ANJ
2fFNF1 aAyelrt 3ISYyftAEAYAY ORINNO AoYdk RRINII X1 S/ RR
bozulmalar istatistik terimlerle ifade edilebilir.

Guriltt:D1 YRSNRt Sy 2NR2AYylLf &AyelftA o021y @S aira
OA&lI NBG &F RIF aAayelftod DNNNfOIONYNY?2BYNYRPPPP
RNONNNNX DNNNft OGNYyNy AfSGAOAY aradadSYAyAy LISN
INNNEf GN INONYS 2NIYyP olylrft23 AftSGAGAYO &l RI

GirisimParazit (Interference)T a 1 Sy YS @& Sy A inize\gBeiiek Snydlinyiz Uaekindlal S Y A
8 LWAPEP 021 dzOdz SGTARANXY 41T NY AadaSyyvySeSy Aal

Harmonik Bozulma{ Ay @l f ft SNJ KI N¥Y2y Al FNBLlFyatl NPy G2I
aAYN&a RIf3IFaPT R2ENHALIE 2fYI&ly o06AN OAKIT RI
AadSyySeSy {10t NPYPYy 2ftdzaYlaPyl RSy X | | N
derece harmonik bozulma v.b.

a2ZRNfl aez2yfl NITIIN a5 el 2 IRIEKFlF Ye2] FNB{lFyaT R2
@8N1aStuUAfRAEAYRSSE AailiSyyvySeSy @S1dl1 NBf cel NI

2fdZAYlI aPRPNY | I N2y Al odZiYdzZfyYPyRIRI2 f RRIBERID ST ASONTA
2f I N} 1 Hd RSNBOS Y2RNflFaez2ytFrNJIIFNraP o021 dzf YI

Capraz Konusma (Crosstalk):2 y P | Pt PF A ®@SNA&AAYRS elyelyl o
OANDANI SNAYA SG1AfSYSESNARANY 411 NYZ O6N{NYf N

LaPf DDWayif dlustofan; direng, transistor ,vb. elemanlarda bulunan serbest
SESTUNRBYETFNI 2NIFY aPOF1fPEP YySRSyAeftS INNNTE
guc Johnson formdlu ile ifade edilir.

Pn = 4kTB

Bu formulde;

Pn; girilti tard PY Ry 2 f dz& G dzZNHzf 'y I Nee:



k; Boltzman sabiti 1.38*1@3 J/K

¢T aPOlF1tP] O0YSEQBAYDU

T obydG 3ISYyA&atAEA ol SNIT 0

5ANBY e FNF¥FPYRFIY 2fdzaddzNHz 'y PaPE INNNE GNyYy N
en= Karekok(TBR)

Schottky Giriltist5 A @82 12 . W¢X C9¢ @Seét (GNLI 3A06A SO1AY
0SESTAONRYfIFNI @S 0620t dzZl kRStEATEfSNOowl 335t S RSE
NT SNAYS 06AYYAO 2t NI 1 odz dzy dzZNX» . ANJ RA&23G A ceS
In = Karek6l * ge * Idc * B)

Bu formulde;

ge; Elektron yiki 1.6*1Q9,

LRO T 5A@20G R2ENMz {PYP 0o! 0

. T 9aRSESNIOIYGH 3ISYyArAatAeAr 61 SNIT 0O

1.4. Kanal Kapasitesi
lylLf23 dAyelrftftSNI alePalf aAiyelffSNB IyNéuNN

Nyquist teoremiguriil NANT A f SGASAY 2NIl YPYRFY 31 yRSNAE S
YATOGFNPYP @S I NYS1EtSYS NIt PEPYP 06StANI SN

RI YNONLI 021 dzZf YFRFIY @SYyARSY Iylf23 A6l NB |
analog sinyalinnby R ISy Ao6f AEAYAY AlA (FOPYylF SoAlG &F
FNY f PEPT | NYyS1tSYS FTNBllIYyaPYyPy GSNBARANI beél
GFryPYTFN 2848l AfSOGAOAY 2NIFYEFNP INNNEGIGN AfS
INNNE GN&S 2NYyPyl o6FL€ftP 2t NI 1rFYyFE 1FLIFa&aAG
1dzf € F y Pt PNID

D>

u»
¢

| F0SNISOYS (IFylLtP aAayeltiAy GSNAROARSY It POPel
9f S13GNX Ayelftf SNAYAY 3Sodi AoSAy>i TeNS R Iy & 28l R
¢St aArAl KFIOSNISOYS&AAYRS (dzZtlFyPtly (Fylf 3SyS
RAESNI GSEfA KIFIOSNISOYS ®SOoOAGE SNAYRS AasS (St x>
2NIF YEF NRPNXYP VézZ eNFPYI RITRYVEEZIAGEFRSNAE Sy aAy
YS1FYAT YEFEFNPYLF GFo0A 2f dzNID
AN KFOSNISoYS aAalGSYA GlFaFNIFYyPN]L Sy aayelf
Ff PYYlf PRPNI
w { LISTONHzYT . ANJ AOGFNBOGA 2f dzoddzNT y FNB
w. YR DSETAPLIS] i NHz¥mEASYASEt AEATFYI E
W YFLI AAGST At SOAfSoAt SOST RFEGE 2NIYYyF
w Gdrdltd, SNR
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received

signal signdl T |messagelT
[BCEIVES deztination

Mmeszage

|nfarmation
OUICE

A The maximum rate at which data can be transmitted over a given communication path
A Relationship of

I Data rate: bits per second

T Bandwidth:constrained by the transmitter, nature of transmission medium

T Noise:depends on properties of channel

I Error rate:the rate at which errors occur

A How do we make the most efficient use possible of a given bandwidth?
T Highest data rate, with a limit on erroate for a given bandwidth

A very important consideration in data communications is how fast we can send data, in bits
per second, over a channel. Data rate depends on three factors:

1. The bandwidth available

2. The level of the signals we use

3. The quality of the channel (the level of noise)

1 Nyquist teoremi gurultiisiz kanal icin gecerlidir
T{KIyy2yQa GS2NBYA IAINNNfGNEN {FyFfPYy {F LI &/

Nyquist Teoremi

Harry Nyquist (1881 pT c 00X A a@0SeQiS R2ERAZ WdBelr &Pt
[ F 62N GdzZt NPYRI el f POGPD® 5N beéljdziald @S 5N
GNY G(GS2NA] 3ISEAOGYSESNAY Ffd &FLIWP GS2NBYAYyA 13

baljdAad GS2NBYA INNNEf GNaNl KFEoSNISoYS (FylfF
YAl G NdRay.P GO yP

C=2xBxn

C=64.000bps, B=4.000Hz ise n="?

n=64.000/(2*4.000)=8 bit.

mNYy S1tSySOS1T IINIfP|1 aléPaPruwylrupc RPN



Lyt 23RIHYyt SGRPRATGOSY az2yNl alrePaltRIYy ylf2¢
etmede kriterler;
w mMNYS1 FEYlF INIfPEP
w Omekl f PYylty AO0FNBGAY RSESNAY AFI RS SRAfRAEA
w hNIIFYPY (lFLIaArAdGdSaAyAr aPyPNIlely SG1Af SN

mNY S1 € YIHTTNS 12 AR oF 2Y ol yR 3ASYyASfAEADZ
FNB1FyaPyP o0 dz dzy dzl P ynINYESH Yy AL&E Sy 2 fTH NGy 6 okl dizyRdz
Fs=2*10.000=20.000Hz

Ts=1/20000=50mikrosaniyedir.

Soru:! yIf23 A06FNBG alrePalt A0FNBGIS RIYNONLI Af Si
FeyP AO0FNBG ylapPt StRS SRAfSOS] iANK
mNYyS1tSYS I Nt PEPT

300 Hz 3400 Hz frekans afRIE PY Rl A0 F NBGf SNRAY (2L I YPYRIyYy 2
| NYS1tSYS FNB{lFlyaP ylLt23 A0FINBOGAYAY oFyd 3S
MHP YAINR alyiaesS FINIEfTPLEFNILF | NYyS1 FtPLEZ Yyl
bozulmaz.

9ESNIOGANI FoaG0 Ftylt23 AO0FNBGAZ oyl ISYAOotAERA
FNFfPLEFNIF | NYyS{1tftSYANRS arePalf AO0FINBGUESYy 2
AOFNBGA alePal fl o0eSOANTRMENESYNRIF2 yANI{YS yEANNDY &GFSS|N
FyFf23F eSONAREANP beljdZAaidiQS 3IINBY !'yIf23 FNB
SoOAlG 2t YlIf PRPNI

¥a BTl HF . 6 GSESTKAaYy AT SGENDAPYRERPRID22AAAYR
To= L fs2 2% 4KHz2 8KHz
fs
11
= —=_—_=12510°sec=12578€cC
fs 8000
lylFf23 AO0FINBGGSY wMHPp ATNR alyA@SRS 0ANI | NYS
A0 NBGAY zNJa)\yl-tijéA 021 dzf YIT o

T aNTAQ1GS oFyild 3ISYyAOotAE€EA 6.60 mn AtS wmu 1

1 Cok yiiksek kalite miiziklerdes > wnil 1 2t Yl f PRPND®
MaxDataRa¢ = 2Blog, V [bits/ sed
= 2*Btog, (2/*n)
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F YEylFE . FyR 3ISYASEAEA 6110
tPTHWYT mNYS1 FEPYFOF]l Fylrt23 AS8FNBGAY ol Ny

Shannon Teoremi (Claude Shannon 12081 )

MaxDataRéag = Blog2(1+§) [bits/ se(}

C:WI092%+§8
¢ N=

eS=EC
|
i N=NW
C & E C@
—=lo 40 =
w %? Owg
C
AsW- © or —- 0, we get
w
5. 1 =0.693° - 1.6 [dB]
N, log,

Shannon limit;

A There exists a limiting value of below which there can be no effree communication

at any information rate.
A By increasing the bandwidth alone, the capacity can not be increased to any desired

value.

TOIFINBGAY DNNNfGNE&S hNIyP
SNR = 10 Log (SIN)

{Y TOFINBOG {S@AresSar o2FGav
N: GUrdltd Seviyesi (Watt)

Shannon Kapasite Formulu:

+SNRA KPIPYP AfSGAY INNNfGIGNaAN AfS AfAO1Af SYRA
TolFNBGAY 3INONYNYy &NlasS|y 2ftyvYraP KFEdreP FI1FEdalr
0 060€"® YUY

YR 3ASYAOfAEAYA FNIPNXIF] 1lFLIFardSer I NIPNPN
"YU 'Y — olarak verilir. Buradagbit enrjisi, NA &S | SNIT o6F 6Pyl 3INNNEGN



Soru:

%l YFYytl 3ISYyftAEAY FTNBlIyaPodBI EHAPRBEEAGEY 2aA
SRAfYSTGSRANY !'yIf23 A0FNBGA alePalf AdlFNBGS
GS2NBYS 3IINB I NYyS1EftSYS FTNB{IFIYaP YI{1aaydzy FNB
| NINOYS@A O6FtAlFaAYyI0 | yatfPIY PIEPRENYD YA YA YdzY | N

' 5 EPRIF FNB{lIyatlINPP OSNAtSY Ne RSO aAiydz:
2Nl Yy PY L 31 NB | NYS1tSYS FNBFY
F, =1000 HzF, =3000 Hz arld, =6000 }

YEYEFEE {FLIaAGSAaA YIF1aAYdzy GSNRA KT B6 BPNFRPNX
AftAO1T AT ARAND +SNA KPI P alyAe@SRS1{A OSNAR Aot S

belidAad .Fyd DSYAOofAEARY

TYLyLFt oFyR 3ASYyAdfAEA OSNR KPI Pyl oF€f PRPND
. oFyR 3ASYASftAltA O6ANI{IYyFEt{RIY W. 0AG KPIP
| Cok seviyeli sinyaller varsa Baapasitesi,6 ¢80 ¢ @2t | OF 1 G PNIp

wlkeft SAIK 51 EPfPYPY

I F NB1SGftA KFEoSNISOYS {lFylFftlNPYRI wléfSAIaIK R
Ff POPRIF{A TIFNFPYPY A&l GA1asSt 2¢FNF1 TFYlFyfl
oAf SOSyt SRR PYPdza3 1 RARYRS AFTIRS SRAfALI T NFP w
GSNXYSTUSRANDwWI &t SATIK RIEPEPYPYPY 2fl aPtP] &2



I N} aPYRI R

ak NBOGAY | f POPRI |

I &1 EPRI A

DST 3AYy AfSGAAAYRS It POP O Sf-sigiiNAS)A
g21al wleéf SXARSRI EWPX RyPelfeéf SAIK RIFIEPEPYPEI RN
I f POP&l R2ENMHZRIY dzZ FayYlely A
GFYyPYEFYlI{GFr RPN wlkét SAIK RIEPEPYP
i ) II/ .2 \1|
! I .
—CXpP| — r_}_,}l 0<r <
PRu_vfeigFr {"’ } - 4 o \ 20 J
10 r < 0.

L.

Rayleigh dagiliminin ortalama degerti,

mtm: = E[}] J}!J (f} - Jl‘ ‘?;T [ 253-}}6

olarak bulunur. Rayleigh dagiliminin varyansi ise

2:[2 E[;:pr dr — ki

0

- ‘ — 0.42925°
2

seklinde bulunur,

Rician dagilimi asagidaki gibidir:

ro—a
Poin (1) =—¢ 2 1| =

Rician

CA=0ve r=0.




Gecikme

DSOATYS eSOAGE SNRAY
TT6tSYS
Tt NRG212f
1 Kuyruk
TTofSYyYS]T «1 SNB Ydz2 Nz 4
1 Transmisyon

1 "Bit Ortamdan Gonderme Siresi"

7.1 ePt Yl

Y2R 41 f POGPNXYIAPYl %I YLIYP

.81tS8SYS { NNBahi

. Fe@PtPY @S TESGAY ISOATYSaA

Propagation speedspeed at which a bit travels though the meditnom source to
destination.

Transmission speedhe speed at which all the bits in a message arrive at the destination.
(difference in arrival time of first and last bit)

Propagation Delay = Distance/Propagation speed

Transmission Delay = Message sizefhaidth bps

Latency = Propagation delay + Transmission delay + Queueing time + Processing time

1.5. Ornekleme
Sampling continuous -time sinusoid and aliasing
If two sequences X (N) = Acosfyn +4)and X,(n) = Acosi,n +a Jhave frequencies and
phasegelated by,

w=wek p ,a= o b= W X poL,a =
with k an integer, then the two sinusoidal sequences have the same sampleg(Nk= X,( 1) . This
is illustrated in Figure below.

—awy AT Here Wy , W, +2L -Wand -W R(f
—tth Wy / ay + 2w represents the same signal in the time
p—t—t—"J———+F—— w{rad} domain. If we limit the digital frequendy/
0 r within the interval- 0 {0 fthen there is one
to one correspondence between the signals
/ and their frequency representation. For each
- - . frequency in the interval -p 10 fthe
; “. ." “. :. 5 corresponding aliases are all outside the
[ r L]

interval - P 10 [itself.
Now, therange of unique digital frequencies,

-pCwey -pc¢W ¢



Or, -pI/T ¢ WpTor,-pF, ¢ W,
oo wg
o, -— ¢ W
"2 ?

This implies that the highest frequency of an analog sigmadt be less than half the sampling
frequency to avoid aliasing.

Example:

Consider the analog signaX, (t) =3cos200pt +5sin600@ +10cos120@. what is the
Nyquist rate for this signal? If the sampling rate is 5000 samples/sec what is the dismietEgnal
obtained after sampling? What is the analog sigygﬂt) we can reconstruct from the samples if we
use ideal interpolaon?

Nyquist rate is the minimum sampling frequency to avoid aliasing. This is double the maximum
frequency of input signal.

Here, F, =1000 HzF, =3000 Hz arfd, =6000 t
Thus, Nyquist ratdr,, =12000 Hz.

X(n) = x(nT) :’BCOM n {Bsin@pn 1{)00512ﬂ)pr
5000 5000 5000
:BCos%n +55ir16—’0n ﬂOco%Z—’ﬁ
5 5 5
or, x(n):SCOS%n +5sin(@ 4?'0)1 HOcos(p 2—5+’[r71
=3C05@n -53in4—’0n J&Ocog—’ﬁ
5 5 5
20 4 p 1 2
X(n) =13cos—n -5sir—n \ f,==,f, =
or, X(n) 5 5 172 g
o1
For perfect reconstruction, F=1 R 5:50 Hz=1000 H, and

\ F,=f, © ézsoob Hz=2000 H,

Thus, Y, (t) =13cos 2000t - 5sin 400@.

Note that, F is less than 2500 Hz. So no aliasing will ocByis greater than 2500 Hz by 500 Hz. So

this frequency will appear as a lower frequency of (25600)=2000 Hz. Alternately, (306000)=-
2000 Hz. The third frequency will changg(6000- 5000) = 1000 Hz.



Quantization and Encoding

Quantization is a process that converts data from infinite or high precision to finite or lower
precision. The error introduced in representating the continusalied signal by a finite set of
disaete value levels is called quantization error and is denoteexay) .

%éﬁ( N =qQ X nl

ie(n=Kn -xXn
The distance Dbetween two successive quantization levels is calie@ntization step sizeor
resolution.

The quantizer has (L+1) decision levglsx,,---, X ,, that divide the amplitude range fox(n) into L

intervals.
Iy =[x, x40 k=1,2,...,L
l— decision lewvel
- N - o s e “ 8 amplitude
. - 1 o it + &t *— & =
I = —o0 Iz ) [ T4 I zs T s Ta = oo
quantizer output

For an inputx(n) that falls in the intervall , , the quantizer assigns a value within the interkgk)
to x(n) . This process is shown in Figure above.

D X1 X

The number of levels in a quantizer is generally of the fdrrs, 2% for a B+1 bit binary code word.

A 3bit uniform quantizer in which the quantizer output is rounded to the nearest quantization level
is shown in Figure below.

} T(n) = Qz(n)]

1a ¥
A 4

1 z(n)

+ + ¥ $ + F +
-4 -34 -4 —-A P N FaY

ro—dd

|"_ meu.a 4""

Fig, 3-4. A 3-bit uniform quantizer,



With L quantization levels, the range of the quantizer B=2%" Q. If the quantizer input is
bounded,|x(N)| ¢ X .-
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Ornekleme Devresi

belijdzaAad | NyS1tSYS GS2NBYAS O0ANIt/a araidsSy A
O0Fau0 O0StANISNY . AN I NYS1tSYSYyAy | f POPRI R2E€l
AAYelIfAYAY O6FF 0 KSNI eSONRYA ,Sohimini ornéklerke 1 ST |
KPI P Sy @&N{1asSi asa 3IANARO FTNB{IIYaPYyPy AlA 1
021 dzf YI YS@RIyYyl 3JISEtANY .dz o621 dzZ Y&l 1@ dG€F )
| NYS1tSYS KPI PI YI2faSitdde @edilit. Buddh; fs2=tMinilin] Nyquibta

| NYS1ftSYS KPIPZT FI I' mNYyS{1ftSySoatS0OS|T Sy @&Nj

Ydzl yGFE T YEFE Tof SYA
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In the following image is repreented the A law (dlaw) graphically
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Y2REFYlF Tof SYA
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1.6. | @ NP Siyalléry f P

The discreteime signals are used as basis functions or building blocks lo describe more
complex signals. A discretiene signak ( n)is a function of an independent variable that is
an integer. It is graphically represented as in Fig. 2.1. It is important to note that a discrete
time signal isiot defined at instants between two successive samples.

Figure:Graphical representatiorof a discretetime signal.

In the sequel we will assume that a discrtitee signal is defined for every integer value

for - < n <o . By tradition. we refer tox ( n )as the "nth sample” of the signal even if the
signalx ( n)is inherently discrete time (i.e., not obtained by sampling an analog signal). If,
indeed.x ( n )was obtained from sampling an analog sigadl), then x ( n )=x,(nT),where

Tis the sampling period (i.e., the time between successive samples).

Besidedhe graphical representation of a discretiene signal or sequence as illustrated in
Fig. 2.1. there are some alternative representations that are often more convenient to use.
These are:

1. Functional representation, such as

1, forn=1,3
sx(in)=14, forn=2
0, elsewhere



2. Tabularepresentation, such as

n |- =2 —1 0 1
x{n} {--- 0 0 0 1

3. Sequence representation
An infiniteduration signal or sequence with the time origm= 0) indicated
by the symbof is represented as

x(ny=1...0.0.1.4,1,0.0... ]
.f

N N
| W
| =
o] IV,

A sequence ( n) which is zero for n < 0. can be represented as

x(n)=1{0,1,4.1.0.0....)
.T.

Afinite-duration sequence can be represented as

ximy=13.-1.-2.5.0.4.— 1)

Some Elementary Discret€ime Signals

In our study of discretéime signals and systems there are a number of basic signals that
appear often and play an important role. These signals are defined below.

1. Theunit sample sequencas denoted asd n )and is defined as

Sy = |l. forn=20
E00. forn 20

Note: Unit Impulse in analog signals

l sim)
|




2. Theunit step signalis denoted as u(n) and is defined as

win)

01234356

——————y .

3. Theunit rampsignalis denoted asi(in)and is defined as

T forn >0
10, form< 0

ugln}

]

4. Theexponential signals a sequence of the form

x(n)=a" for all n

If the parameterais real, therx ( n)is a real signal. As shown beloow
for various values of the parametar When the parameter a is complex valued. it can be

expressed as
g = FE"F.H
wherer and gare now the parameters. Hence we can expre$s )as
x{n) = rheitn
= r*(cosfn T jsin On)



0<a<|

Biit

SinceX( n )is now complex valued. it can be represented graphically by plotting the real
part

1r(ny=r"cosén

as a function ohf . and separately plotting the imaginary part

xpinj=r"sinbn
as a function oh.
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The mathematical methods employed in the analysis of diseigte signals and systems
depend on the characteristics of tlsgnals. We classify
discretetime signals according to a number of different characteristics.

Energy signaland power signalsThe energyeof a signak ( n )is defined as
o

Z 1x(n)]?

A=—0C

E

The energy of a signal can be finite or infinitd=il finite (i.e., 6KE <a), thenx( n )is called
an energy. Many signals that possess infinite energy,have a finite average power. The
average power of a discreteme signalx ( n)is defined as

:n*r

> ix(mf?

n==N

F= I}l_I:ll 2N+ 1

If we define the signal energy ®f n )over the fhite interval-b MR as

.
Ey = Z lx(n)”

n=—N

then we can express the signal enekps

EEJ&T}IEN

and the average power of the signdin )as

P= Iim

N e o ZN + ].EN

Clearly, if E is finite. P = 0. On the other hand. if E is infinite, the average power P may be
either finite or infinite. If P is finite (and nonzero), the signal is called a psigeal. The
following example illustrates such a signal.

Example .

Determine the power and energy of the unit step sequence. The average power of the unit
step signal is



h_l

1 -
P = Im E u-(n)
N—=nC d.-N "+ 1 et}
N + 1 1+ 1/N 1

= Ilm —_—=lim — = -
Noox 2N + 1 N-:~:2+l,/h’ 2
Consequently. the unit step sequence is a power signal. Its energy is infinite.
Similarly, it can be shown that the complex exponential sequerce )=

A" has average powek’. so it is a power signal. On the other hand, the unit ramp
sequence is neither a power signal nor an energy signal.

Periodic signals and aperiodic signalssignalx( n )is periodic with periodN ( N> 0) if and
only if

xint Ny=x(n) for all n

The smallest value of N is called the (fundamental) period. If there is no value of N that
satisfies equation above, the signal is catetperiodicor aperiodic.
We have already observed that the sinusoidal signal of the form

x{ny = Asin2m fon

is periodic whenfy, is a rational number, that is, fi§ can be expressed as
k

fo=

where k and N are integers.

The energy of a periodic signa( n )over a single period, say. over the intervakD y ¢2K b
is finite ifx ( n )takes on finite values over the period. Howeyvine energy of the periodic
signal for-a XX 6 is Mfinite. On the other hand, the average power of the periodic signal
is finite and it is equal to the average power over a single period. Th(s ifis a periodic
signal with fundamental period Bihd takes on finite values, its power is given by

N=1

1 5
= — |x(r)]*
v

Consequently, periodic signals are power signals.



Symmetric (even) and antisymmetric (odd) signals. A realued signal
X( n) is called symmetric (even) if

X(—n) = x(n)

On the other hand, a signa(n)is called antisymmetric (odd) if

r{—=n)=—xim

We note that ifx( n )is odd, then x(O) 8. Examples of signals with even and odd symmetry
are illustrated in Fig below.

We wish to illustrate that any arbitrary signal can be expressed as the sum of two signal
components. one of which is even and the other odd. The even signal component is formed
by addingx( n )to x(-n) and dividing by2. that is.

Xenh = 3fxm) + x(—n)]

xin!

34 "

L 2




Similarly, we form an odd signal componepin) according to the relation
Xo(n) = §[x(n) — x(—n)]

Now, if we add the two signal components, we obtaiin ) that is,

Solved Problems

x{n) = x.(n) + x,{n)

1-Find the even and odd parts of the following signals:
(@) x(n)= uln)
(b) x(n)=a"uln)

The even part of a signg(n)is given by

x(n) = 3[x(n) + x(—n)]

Any arbitrary signal can be expressed as in equatimve.
With x(n)=u(n), we have

x.(n) = i[uin) + ui—n)] n=0
x(n) = 3[u(n) + u(—n)] = .
- 5 n#0D

which may be written concisely as

x.(n) = 3 + 38(n)

Therefore, the even part of the unit step is a sequence that has a constant value of 1/2 for
all n except atn =0, where it has a value of 1.
The odd part of a signa(n)is givenby the difference

x,(n) = 3[x(n) — x(—n)]

With x(n) =u(n), this becomes

% n=0
Xn) =30 n=10
-'l <0
or Xo(n) = 3sgnin)

where sgn(n)is the signum function



With x(n)=a"u(n),the even part is
n=1

x.n) = %[a"u(n} +a "ul—n)] = n=10

-

e

o n=10

or x.n) = {a il 4 é—&(n}

The odd part, on the other hand, is

xo(n) = Le"u(n) — e "u(—n)] = La" sgnin)

Simple Manipulations of Discretdime Signals

We consider some simplaodifications or manipulations involving

the independent variable and the signal amplitude (dependent variable).

Transformation of the independent variable (timep signak ( n )may

be shifted in time by replacing the independent variable mbk. where k is an integer. If k

is a positive integer, the time shift results in a delay of the signal by k units of time. If k is a
negative integer, the time shift results in an advance of the signgd|bynits in time.

Example A signat ( n)is graphically illustrated in Fig.a. Show a graphical representation
of the signalsx(n- 3) andx(n+2).

Solution: The signat(n-3) is obtained by delaying ( n )by three units in time. The result
isillustrated in b. On the other hand, the signa(n +2) is obtained by advancing(n) by
two units in time. The result is illustrated in Fig c. that delay corresponds. Note shifting a

signal to the right, whereas advance implies shifting the sigtathe left on the time axis.
xtnl

] H_._._.

k. -
| 43210 2

ld1

xin=3)




x(n+2

ol

—6 =4 =31-2=1 0 1 2 "

ich

If the signak(n)is stored on magnetic tape or on a disk or, perhaps, in the memory
of a computer, it is a relatively simple operation to modify the base by introducing a delay or
an advance. On the other hand, if the signal is not stored but is being generated by som
physical phenomenon in real time, it is not possible to advance the signal in time, since such
an operation involves signal samples that have not yet been generated. Whereas it is always
possible to insert a delay into signal samples that have alrea€lly generated, it is
physically impossible to view the future signal samples. Consequently, ifimeasignal
processing applications, the operation of advancing the time base of the signal is physically
unrealizable.

Another useful modification of theme base is to replace the independent
variablen by -n. The result of this operation isfFldingor aReflection Or Flippingr
Reversabf the signal about the time origim= 0.

A third modification of the independent variable is Time Scalifighistransformation is

defined by f (n) = Mn or f (n) = n/ N where M and N are positive integers. In the case of f (n)
= Mn, the sequence x(Mn) is formed by taking every Mth sample of x(n) (this operation is
known as dowrsampling). With f (n) = n/N the sequang(n) =x( f (n)) is defined as follows:

) .l(—”_-) n=10 N, 2N, -
wim) N
0

otherwise

(this operation is known as egampling).
Examples of shifting, reversing, and time scaling a signal are illustrated in Fig. below.
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(b} A delay by ng = 2. () Time reversal.
x(2n)
3
2
i

L]
-2 -1 ! 2 3 4 3 6 T R -2 —1 I 2 3 4 5 a6 7 8 9 1011

(e} Up-sampling by a factor of 2,

(d} Down-sampling by a factor of 2.
lllustration of the operations of shifting, reversal, and scaling of the independent varniable

Shifting, reversal, and timscaling operations are ordelependent. Therefore, one needs

to be careful in evaluating compositions of these operations. Fameie, Fig. below shows
two systems, one that consists of a delay followed by a reversal and one that is a reversal
followed by a delay. As indicated. the outputs of these two systems are not the same.

x(m) xi{H — ng) x(=h — Hg)
—— Tﬂ[‘ - T, —_—

(a) A delay T, followed by a time-reversal I,
x(n) xi—H) Xl{=n + ngl

- T; - Ty *

(5} A ume-reversal T, followed by a delay Ty,

Example illustrating that the operations of delay aeslersal do
not commute.



Addition, Multiplication, and Scaling

The most common types of amplitude transformations are addition, multiplication, and
scaling. Performing these operations is straightforward and involves only pointwise
operations on thesignal.

Addition: The sum of two signals

¥in) = xin) + xz2(n) o0 = n <90
is formed by the pointwise addition of the signal values.
Multiplication The multiplication of two signals

yin) = x(nixain) — 00 < R < 00

is formed by the pointwise product of the signal values.
ScalingAmplitude scaling of a sign&ln) by a constantis accomplished by multiplying
every signal value by c:

yin) = cxin) — D00 <R < 20

This operation may also be considered to be the product of two sigc@lsand f(n) =c.



1.7. Temel Sinyaller

1-D: )

061
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2-D:

x? +y2 0.04 5
G(x? y) = e 20 0,03
0.0z

Slight abuse of notations:
We ignore the normalization
constant such that

fg(x)dx= 1
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Dirac Delta Fonksiyonu

§(—z) = 8(x)
zro(x) = 0,
8(ax) = a~8(x) (a = 0),
§(22—a?) = la-Ys(z—a)+d(x+ta)} (a > 0),
j S(a—z) da 8z —b) = 8(a—b),
f(x)8(x—a) = fla)d(z—a).

dx,y) = 0 x#0&y#£0
I[[ﬁ(x.,y}dtd}-‘ — 1

3(x,y) = 8(x) 8(y)

N 8(x—a,y—b) f(x,y)dxdy = f(a,b)
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+ Continuous and discrete time unit step functions
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Unit impulse function
6(1)=0 =0
fd(r)dr=l
o(t) 1/e e—0
0 t .
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« Ramp function (continuous time)

ODift <0

rt)=9¢ £if0<t<to
llff'}"fn

sin(x)




Continuous time complex exponential

f(t)=4"

Euler'srelations  gei“t — Acos (wt) + j (Asin (wt))

(,_)u'f e P—(ju't)
cos (wt) = >

-

(,ju,'t . (,—(_jwt)

sin (wt) = 5

7"t = cos (wt) + jsin (wt)

Discrete time complex exponential

- ketiT fln] = BewT
o Bcju;nT
Exponential function est
— Generalization of the function el
S=0+ jw
Therefore _
¥t = (0Nt — (7t IWt — o7t (cog wi + j sin wi)

If s* = ¢ — jw (the conjugate of s), then

el*t = p? i — eote—jm - e”(cos wt — jsin wt}

and 1 .
et cos wt = E(e“ +e*t)



Soru:
Verilen dikdortgen sinyalinin matemamtiksel gosterirangisidir?

X (1)

2 0 2
Explanation: The given rectangular pulse is of amplitude 2A for the time intgf2ab t/2
and zero otherwise.

8.Y () x(2t)is

a) Compressed signal

b) Expanded signal

c¢) Shifted signal

d) Amplitude scaled signal by a factor of 2

Explanation: By comparing the given equation with y (t) = x (at) we get a=2. If a>1 then it is
compressed version of x (B\nswer: a

9.Y () =x (/5) is

a) Compressed signal

b) Expanded signal

c) Time shifted signal

d) Amplitude scaled signal by factor 1/5

Explanation: y (t) = x (at), comparing this with the given expression we get a = 1/5. If O<a<1 then itis
expanded (stretised) version of x (tAnswer: b

1. The general form of real exponential signal is

a) X (t) = b

b) X (t) = (b+1j&

c) X (t) = b (at)

d) X (t) = b&*™"

Explanation: X (t) = Bds the most general way of representing the exponential signhkse both
b and a are real parameter&nswer: a

2. In the equation x (t) = B&f a < 0, then it is called
a) Growing exponential

b) Decaying exponential

c) Complex exponential

d) Both Growing and Decaying exponential

View Answer



1.8. Temel Sinydérin Matematiksel Modellenmesi

The elementary functions (of x) include:

T
)l
)l
T
T
T
1
1
1

[ 2yaidalyld FdzyOlAz2yay HISI-
Powers of x, % »*

Roots of x, M

Exponential functiornse®

Logarithmslog(x)

Trigonometric functionssin(x), cos(x), tan(x)

Inverse trigonometri¢dunctions arcsin(x),arccos(x).ardan(x)
Hyperbolic functionssinh(x), cos(x), tarh(x)

Inverse hyperbolic functionsarcsinh(x), araccosh(x) arctanh(x)

All functions obtained by adding, subtracting, multiplying or dividing any of the previous
functions. All functions obtained by composing previously listed functions. Some elementary
functions, such as roots, logarithms, or inverse trigonometric functions, are not entire
functions and may be multivalued.
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Soru:

The given pair x (t) and y (t) is related by

A X()

¥

Y (t)

a) Y (t) = d/dt (x (1)

b)Y(®)=x({)+1

Ov , @®dto ' xE

d) Not related

View Answer

Answer: ¢
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Soru:
1 5 EPRI GSNAE Sy B ANDKA NS N O\ S &KX OE IAAIAS NISYRM Y
OCmMoGOTrldibo @S CcuotGoro AFFRSESNAYA 31T | yN
a) Her iki sinyalin matematiksel ifadesini bulunuz.
b) T1TA aAyelfAy OANDANR AfS AfAO1A&A yS 2f]
Pl NYI dDddO

X Et]- y (1)

L 4
L J

Y (t) = d/dt (x (D
Explanation: The given pair x (t) and y (t) is related by y (t) = d/dt (x (t)).-Brom
to 2 we have Y (t) is zero because differentiation of constant is zero.



Figure 1.15. Equations for the linear segments of Figure 1.14
Following the same procedure as in the previous examples, we get
V(1) = (2t + Dug(t) —ug(t — 1)1+ 3[up(t — 1) —uy(t—2)]
+ (=t +3D)[uylt—2)—uy(t-3)]
Multiplying the values in parentheses by the values in the brackets, we get
v(t) = (2t+ Dug(e) — (2t + Dug(r— 1)+ 3ug(t—1)
—Jug(t=2)+ (=t 4+ 3upg(t=2)— (=t + 3uglr—-3)

v(t) = (2t+ Dug(e) + [— (2t + 1) + 3uy(t - 1)
F =3+ (—t+3up(t—-2)—(—t+3uy(t-3)
and combining terms nside the brackets, we get

v(f) = (2t + Dug(t)—2(t — Duglt — I—tug(t— 2) + (1= 3uglr - 3)

_1/72 0 172

Figure 1.13. Equations for the linear segments of Figure 1.12
For line segment @,

v(t) = @_I+ 1) [uﬂ [H g) - uﬂ{r):l

and for line segment @),

V(1) = [_%H 1) [ua(f) — 1y (:f— gﬂ

Combinng (1.13) and (1.16), we get
V(1)

vi(r) +v,(1)

G,H jj[nﬂ [r + g} - uﬂ(r)J + (—% t+ }J [ng( 1) -y [r - gﬂ



]:{” (V)

Figure 1.21. Waveform for Example 1.9

Solution:

a. We first derive the equations for the linear segments of the given waveform. These are shown in

Figure 1.22.
Next, we express v(f) in terms of the unit step function uy(7), and we get
vif) = 2t[ug(t+ 1) —ug(t— ]+ 2[uy(t— 1) —up(r—2)]

+ (=t 45 uglt=2)—up(t—4)] + [ug(t —4) —uy(t - 5)] (1.52)
+(—t+0)[uplt—5)—uplt-7)]

Soru:
S{AftURS A1 aGSNAt Sy aayel fiadbdn. 6ANAY T RPY T2
x(1)
3
2 -
|
L L o
! 0 1 2 3 4 t

x(t)y=u(+1)+2u(t)—u(t—-1)—u(t —-2)—u(t —3)



2. Sstemler

.ANI AAAGSYAY 1T SEfA1LESNR 2 aArAaidSYAYy RIGNIYyPS
sistemleri daha iyi anlayabilir vaaliz edebiliriz. Bu 6zellikler,

1) Deterministik sistemler

2) Statik ve Dinamik Sistemler

3) Stokastik sistemler

4) Sirekil I Yy @&nanh sistedmdr

5) Analog ve dijital sistemler

6) Invertible/terslenebilir sistemler

7) Lineer ve Lineer olmayan sistemler

8 .StftS1fA ORAYIFIYA]O0 @S o06StftS1aAal o6Fyft Pz

9) Causal (nedensel) ve causal olntayaoncausal) sistemler

10) Zamandanb&@P Y a PIePWEPoaAaid SYf SNJ

11) Kontrol Sistemlerikontrol edilebilirq¢ Gozlenebilir Sistemler

12) Stable and Unstable Systems

2.1.Bellekli ve Belleksiz Sistemler

AN AAAa0SYAY @P|lPOPXZ 3IANRO sisfemébelRiSioSstedh | YR | A
denir.. ANJ aA3a0SYAY @P{POPE AANAROAY | yOS{A OSk@S
0S8t fS1TftA aArAaisSY RSYANW DSOA|LYSsE 1G8ftSYS arye
belleksizdir. Clinkii zamanda gecikme ya daSt SYS aAyeél f Ay FJANAROA RS

OmekUO A O A@D
,dzZl F NRIF @SNRAESY {A&dGSY Pl Po6 ale€tl Yl AcAy 3

RSESNAY (1IFNBaAyA IfPNE 3ISNB{ftA AOfSYESNR el L
sadeceoaRl {A RSESNI SNAYS o6l E€EfP 2t RdzEdzyRIy aAaas

Ornek:

6¢ 1 &
.dz aAa0SYRS @®P]lPOPY adayé¢ | RPYRIF{A RSESNAYA od
RSESNI SNAYS AKGAGI o @I NRPNX¥ . dz RdzZNHzYRI &A &GS



Ornek:

Wo o p
. dz AaAadSYARD BePI PRIGEAERYW eATIWMNI | A RSESNI SNAYS
icin, bu sistem bellekli sistemdir.

Omek®wodo p ® O p
. dz AA A0 SYARD PR PRIGAERYW ey RS OBSESNAYS ol €f P
RSEAOYS{USRAN 52flePaPefl araasSy oStftSianrl

Ornek:a(0) =c(d) +6&i (0+1)

{(AA0S8SYAYy ®PlPOPT AAA0SYAY IANRSGAYAY &l RSOS 2
sistem belleksiz sistemdiruBada kosiniis terimindekil + RF NJ 3SOA1YS>X 3IANROG
2f YF RPEP AcAyYy aAaldSYAYy o0SttS] 12yiNREtNYyRS RA
aAyelfA RSEAT RAND

AN AAalSYAY @P{POPSE TFANAROAY aleRidss®emz2 I YR 1A
RSYANI . AN AAa0SYAY @P]{POPI IANROAY | yOS|1A ¢
bellekli sistem deniiZamarPy T2y 1 adaAe&2ydz 2f YI @8INNIRS AR Slyff S
RSEAT RAND

a) UO Az O A @, Belleksiz

b) 6 ¢ B 1 & , Beleksiz

c) UO @ O p, belleki

d UO p @ O p,belleksiz

e) (0 = a(0) + G&i (0+ n), belleksiz, clinki @ OA 1 YSS 3IANRGSG &aAye&l tA )

icin sistem belleksizdir.

Belleksiz sistemlere 6rnekler:
GGé YyAY KSNKFYy3IA 0ANRBYPPYNIRIER] Bd NRSE RS L
sistem belleksizdir. Bir belleksiz sistem her zaman nedenseldir, tersi, elbette,
KSNI FYlFYy R2€&€NHz RSEAf RANWD

;
v(t) =sim(x(1)), yU)=_[xUjdr,yU—E)=3xﬂ—E)

—L



{Aa0SY o0SttSeAr AfS AfIAETA 2fFNIF 1 araidsSyt SN
Yyt PPYRI
J

®P| PHPANK RBPSORNI VRY 1 aAe2ydRal = |yt

ClI N

R
&8t yPi

Y1tSYA AfS {FNFY{GSNRAT S SRAE Sy arads
I RANBYy e SNRSY 2ftdzly o6ANI St S{dNA]

T <

S
O

TYRN{]G!I NI SINSMISTR AN RIWI2INDG Y St SYFytlNPYylF &
sistemdir, clinkii boyle bir sisteminA NJ adRATPROIPEI IANAROAY 3IS®YAO RS
fonksiyonudur.

.dz GNNJ &Aa0GSYt SNRY veyak R)igibi YaggRéhacakypélék Hirinterim y
ISNB1TGANBY GSNAYESNI 2t OF 10PN 4P1Pox &t fyrPi
sonlu bellek sistemdenir.

mNY S €A Y = -B +xdny 2) birlsistémindki/bellek birimine sahip olan fark denklemidir.

Kapasitif veya enduiktif elementli sistemkonsuz bellek sistemleridi Ny { N ceP{ G Pf I |
GNY 3SeYAOAYAY O0ANI A0t SOARANI | yiserh aAiradSyf S
durumudur.

2.2.Nedensellik (Causality)
{A&AGSYAY KSNXFIYy3IA O6ANITFYFYRF{A oePlliPaP:
f MevcutzamandkiIA NRA RSESNI SNAYS @Set
f DS YRS €S N¥eaNA v S
T Meveutl I YFYElF O0ANIA]GS J9EXPEETE BANKEA RS

5AESNI 0ANI FyftFGPYEIl SE€SNI 60ANI aAaiSYAYy P
RSESNI SNAYS oleftP AaS aradflySaglmSyast Yo OF
sistemler nedenseldir; giinkii zaman sadece ileriye akar.

v(t)=x(t—1) Nedensel sistem (ve bellekli sistem)
v(t) =x(t) Nedensel sistem
y(t) = x(t +1) Nedensel olmayan sistem



causal anti-causal
t(t)=0; t<0 z(t)=0; t>0
0 t 0 t
tn]=0; n<0 Inj=0; n>0
0 n 0 n
NedenseBR Ay &l £ t SNBE | NYyS1 2t N¥r {1 o6dzyftl NP @SNBO
{A&AGSYAY KSNXKIFyYy3IA O6ANITFYFYRIFI{TA oPliPaPz al R
RSESNI SNAYS ol cfPeals o6dz aAadsSY ySRSyaStRANX
FYy1lA IANAROA RSKATRSESNISNAGSEBoL gOP AasS aradas
RSYANY ¢NY 3ISNS]T TIFYFLYyfP FAITALASE aradasSyt SN
¢NY o06SttS1aAirl araidsSYt SN ySRSyaSt RANWD Yl &PifF
nedensellik de gekli olmayabilir.
a) y(t)=x(£3)-x(t)/3, nedensel
b) weé ¢ wé ,nedensel
c) wo Q ,nedensel
deséio I EolG bmu T ySRSyasSt RSeAt

Ornek:
y(t)=x(£3)-x(t)/3
8600 EOG0DEAY yPIERIYIA RBE SNG v S

Ornek:
wE
weE X

Ewe
6dz Fyl1A Yy S Eoylo RSESNAYS

Ornek:
Wwo0 'Q |, nedensel sistemdir.
Ornek:

y(t) = x(t +1) Nedensel olmayan sistemdir.

ol €Ef P 2f RdzE dz

ol €Ef PRPNID k



Ornek:
wE W& Et®E pI Odz YylA ©S 3ISESOSTOS{TAlL RSESNI S

Ornek:
MO Qo060 6dz Y1 A RSESNISNB ol €ftP ySRSyaSt
Ornek:
oo O wéck™ @ n 9 T
1 O T

Vi
VY

Nedensel bir isaret 6rnegi

Ornek: y(n) 1/4y(n-1)-3/8y(n-2) =-x(n) + 2x(rl), sistem nedenseldir.
Omek:y) £E0 0 bHOBEOHLIOE aA&aiSY YySRSyaSt RAND
Ornek: y(t) = dx(t)/dt, Sistem nedenseldir.

mNYS{Y @o6iG0 I' E6lGko0X &k alitSPy REBHBYYRIIST RS €
RSEBSNRSESNAYS 3II NB 3ISt SOS{TGAND

Ornek: y(t)=cos(x(t)), nedenseldir.

Nedensel sistelere ornekler:
t

YO =3x(1-2), y0)= [ x(0)dr, y(O)=x(1)

—o0

Nedensel olmayan sistemlere érnekler:



r+1
v =x(2), y()=3x(+2), y)= [ x(r)dr

—0

23.YF NI NI Pt Pl o6 {OGFoAftAdGeov

{ PYPNIP IANAROGS WBYBNKRLUP]IPOAOYBAKO Abeh §f U ES
dz8 3dzf | YRPEPYRI EPRPNIpeoidGOX. Erk 2t Yl

Stabilite icin birkag@ I Y PY @I NX» . dzNF R APYPNI P IFANARO oI €f
output-. L. ho 1 F N NI Pt PEPYP RA11+GS +HEFOFrEPT @ | S
aradsSy .L.h TFENIYFNIP 2fFNF¥1 &l &f SyAND

9ESNI UNY dyé¢ IRSIESE NISNA O dzicedzy & ko€ APy TFPINT NERIP NJD

Ornek:
1 3 EPRIF1TA SOAGEAL AES GFYyPYEP 2NUFEFYLF LY
RSESNI SNAY (2L YP aPYyPNI PRPNW
" P -
wWe m we
U p

Ornek:



The accumu lator system defined by

n
k=—oc

is unstable. If we take { [n] { t[n]}, the unit step then y[0] = 1, y[1] =
2, y[2] = 3, arey[n] =n +1 n > 0 so y[n] grows without bound.

Ornek:

hi(t) =exp|—(1—2j)tlu(t)

a) Sistem nedenseldir.
b) { AaiSYPNE NGENFPR OO 1t

2.4.Tersine Cevrilebilir

AN AAa0SY O0OANJ e IANRO AceAy [eyP @P|l POt NI
OANI aAAGSY FIENJEP FANRAESNE FIENJEP Pl Pt NJ
verirse ters ¢evrilemez. Hangisi ters cevniézbir sistemdir?/[n] =

2.5.5 2 € Ndzalinéet Jstemler

52€&NMzal £ I %I YI yRILingad TiheInv&iant (LTA) Bystemset S NJ

52ENHza Lt O6fAYSIFEND O0ANI asaliSyy®R] PPl aRRRAGADA
Homojenite (homogeneity).

If difference equatiorhaswith constant coefficients; therefore, it is linear and time
invariant.

a)¢c2LIX I YyPNI PLY



Sistemea(@ A A Y & F £ KO IinyBIvEsRA SRAVRSE { &0 JikyhIPelHeR A €A Y R S
ediliyorken;acy(O)+bc(@ & A y & I f Axy(GHGNG sinfai eddk gdiRds ise sistem
R2ENMzA | f f PEPY Af]1 oOF &l YlIEPYP ISeYAO(dAND

b) Homojenite:
Sistemea(@ A A Y & F f Ky(O)Sinyhlhi eldedlijoykéu@a@a Ay &t f A FIANRE R
6 (0) sinyalini elde ediliyor iséd SNKF yI3A o0ANJ aloAdG 2tYlF]1 NI SN
diyebiliriz.

. dz RAzNHzYRIFT | @S 06 O0PlfIFINP O0ANI SOGANARE SNB] =
aAadSYt SNA REEWHANRA NI (FABHEND oA Ny RISE® 63 BNR & &
by 0 0 6F @S 6 KSNXIFy3IA AlA alboAd 2tYF]1 NI SI
R2ZENMHzA I f AAAGSYt SNI RSYAND

Soru: ANJ aAaldSYAyYy f AyS SsistdnBibeerim@Ay A &1 1 PYPlI © Co
52&NHzalf O0fAYSFENDL O0ANI aAadGdSY o2 oFarad A1A
Homojenite (homogeneity).

Sistemecd (@ a Ay el f EOBihyEivesoh € A ¥ RE | { &2ODihyiRefddR A €A Y R €
ediliyorken; al(©+2@ a Ay e | f Acl@+B@ Sirfali Elde ¥dR/6r isé sistem

R 2 £ NIRBINJ f

F1(ax)=3ax’+2

F2(bx)=3bx*+2

F(ax+bx)=3(ax+b3}2

Fl(ax)+ F2(bx)= 8a%+317 x* + 4

C6lEbOEOD AFTIRSAA CMOIEYRICHOAKFSSNFRRBSAL RENE

Ornek: w(®) =c{0) +a&i (0+1)
Bu sistemea(d)=(xil () +LL2(00 IANAOA dz23dz I RPEPYPI RIZT 4P
WO)=C(O)+CE 1 (0+1)=(01(0)+0Xa(0))+cos §+1)
2fF N1 StRS SRAfAND 2 0R&IMY2zRE| 8RN EYISYEYPR2 €



Next we consider linearityv. Roughly speaking, a system is linear if its behavior is scale-
independent; a result of this is the superposition principle. More precisely, suppose that
in(t) = Flu(t)] and yo(t) = Flue(t)]. Then linearity means that for any two constants o
and ag,

y(t) = aqan(t) + aaya(t) = Flogug(t) + agus(t)].

A simple special case is seen by setting o, = (:
y(t) = e (t) = Flequa(t)],

making clear the scale-invariance. If the input is scaled by o, then so is the output. Here
are some examples of linear and nonlinear systems:

u
y(t) = e (linear and time-invariant)
t
ylt) = f u(ty)dfy (linear but not time-invariant)
0
y(t) = 2u’(t) (nonlinear but time-invariant)
y(t) = 6u(t) (linear and time-invariant).

Input output relationship

~5t

y(t) = j w(r)dr, t>0

Causality :

y(t) depends on z(5¢),t > 0 system is non-causal.
For example ¢t = 2

y(2) depends on x(10) (future value of input)
Linearity :

Output is integration of input which is a linear function, so system is linear.

z

Soru:! 61 EPRIFTA aAa0SYESNAY KSNJIOANR AeAYyZ
OA0 1FNINIP

OAAO TFYFY RSEAOGYSI

OAAAO R2ENHz I f

(iv) tersine cevrilebilir

y(t) = x(2t + 1) + 1, for input z(t) and output y(t).

o dzy dz



1. Stable. If |z(t)| < M ¥V t, then |y(t)| < M + 1V ¢.

1. Not time-invariant. Let z'(t) = z(t — tp). Then 3'(t) = #'(2t + 1) + 1 =
(2t +1 —tg) + 1. However y(t —ty) = (2t — 245 + 1) + 1.

. Not linear. Let yi(t) = z1(2t + 1) + 1, and ya(t) = z2(2t + 1) + 1.
Let z(t) = az(t) + bzo(t).
Then y(t) = x(2t + 1)+ 1 = az (2t + 1) + bxo(2t + 1) + L.
However ay(t) + bya(t) = ax( (2t + 1) + bxa(2t + 1) +a + b

iv. Invertible. Observe that x(t) = y(%) — 1.

Soru:
l 0 ERRIAWGASYY A0 R2ENHAFIEI AAO0 TLFYFYyfl RSEADY!
go KFEFPIF 1lF@0PX @GAO0 ySRSwetnSt YAK | SNI OANR A

y(t) = =*(t)

Linear: no, since it doesn’t satisfy scaling. o () input produces a®z(t) output.

Time-invariant: yes, since y(t — tg) = z(f — 1‘9)2

BIBO stable: yes, since if |«(t)| < By < ~ then |y(t)| < B} < ~.

Invertible: no, since any negative input value is lost, and we can not recover the original sign of the input.
Memoryless: yes, since y(t) depends on no other value of () other than at time ¢.

Causal: yes, since all memoryless systems are causal.

Soru:
l 0F ERRIAWASYY A0 R2ENHzALFE X AAO 1 érsihk ¢gelrilebiliRSEA 6 Y !
g0 KIFFPIF ({FeoPX GA0 ySRSweanSt YAK | SNI 6ANR A

y(t) = t2x(t)

Linear: yes, since with input a1 () + agx(t) produces output t2 (ayxq (1) + agza(t)) = a1ty1 (1) + agt?zo(t)) =
a1y1(t) + a2y2(t) using the usual definitions of 1 (t) and y2(1).

Time-invariant: no, since the system depends on values of x:(#) at specific values of time via the #? factor. Le.,
shifting the input produces output +%:(* — t,) but shifting the output produces (* — to)%z(t — ).

BIBO stable: no, since the output is unbounded for many bounded mputs (e.g., consider = (t) = u(t), then y(t) =
t?u(1) grows in ¢ without bound).

Invertible: No, since the value at ¢ = 0 is lost. Le., ¥(0) = 0 regardless of (0), so we can’t get back x(0).
Memoryless: yes, since y(1) depends values of (1) only at time 1.

Causal: yes, all memoryless systems are causal.

Soru:
1 61 ERARIAWASYY A0 R2ENHAFE I AAO0 TIFYFYyfl RSEABYS
g0 KIFFPI I (lF@&oPX OAsabing&éek&yedanSt YAK | SNJ 6 A

y(t) = 7“0tz (t) — jx(t — to)



Burada t0 we wO sabitlerdir.

Linear: yes, since S[oqaxq (t) + cgra(t)] = a1y (t) + agya(t). The reason this is true is that

S[(Pl;ffl(f) + tvoxo (f)] = Jwol ((11:111 (f) + (}2‘1’:2(?'-)) — j((rl;ffl(t — 1‘0) + ("lg:’l‘g(f — fo)) (04)
= ((,ngt;m (?‘) — j:l'fl(?‘ — fg)) + o ((’jwut;l'g (f) — j:l'g(f — 1‘0)) (0.5)
= a1y1(t) + aoya(t) (0.6)

Time-invariant: No, since when we shift the output y(t — ¢p) we’ll shift the e7“°! factor in the first term. but this
won’t happen when we shift the imput.

BIBO stable: ves, since nothing is going to make the output infinite as long as x() is finite.

Memoryless: No, since y(#) depends on values of the input at times other than time .

Causal: yes, since y(¢) depends on values of =(¢) only up to time .

Soru:
S dexdsterilen sistein (@)K I ¥ PshHipank, (b) nedensemiz 6 O0 YRPHE NHza | f
TFYFLytl RBGSESENSESY {1 I NINIP 2fdzld 2f YF RPEPYP 0

Multiplier

x(t)

(1) = x(1) cos w1
o

cos @, f

I I I e—

_1'(?) = T{T(?)} = .‘.’(T) Cos @, {f) : Since the value of the output y ( f ) depends on only

the present values of the input x( ¢ ), the system 1s memoryless.

Eg t=5. 1(5) = \(5) Cosa, (5) . Since the output y ( ¢ ) does not depend on the future values of the input

x(t), the system 1s causal.



(© Let x(7) = ayx(#) + arx(1). Then
v(t) = [ayx1(t) + a, x2(t)|cos
= ayxq(t)cos wct + a,x,(t)cos @, t

=gy (1) + a5 (1)

Thus. the system 1s linsar.

(d) Let )y (:“ ) be the output produced by the shifted input Xy (f ) = .T(-r —1 0 ) Then
() =T{x(t —19)} = x(t —tg) cos e, ()

But .'I'(f — f.{)) = ."('(f — fg) COS @, (? — ."0) bl (?‘) . Hence, the system 1s not fume-invariant.

Cos mc.f| < 1. we have

Since

()] = x(r) cos 1| < |x(7)|
Thus, if the mnput x(7) 1s bounded. then the output yi1) is also bounded and the system 15 BIB0 stable.

Soru.
a) dl + 6y(t) = 4x(t)
dt

This is an ordinary differential equation with constant coefficients, therefore, it is linear and time-
mvariant. It contains memory and it is causal.

b) % + 4ty(t) = 2x(1)

This is an ordinary differential equation. The coefficients of 4t and 2 do not depend on v or . so the

system is linear. However. the coefficient 4t is not constant. so it is time-varying. The system is also
causal and has memory

c) y[n]+2v[n—1]=x[n+1]

This is a difference equation with constant coefficients; therefore. it is linear and time-invariant. It is
noncausal since the output depends on future values of x. Specifically. let x[n] = u[n]. then y[-1]=1.

d) y(t) = sm(x(t)



check linearity:
y1 (1) =sin(x; (1))
¥ (1) = sin(x, (1)
Solution to an input of a;x;(t) +a,x,(t) is sin(a;x;(t) +a,x,(1)).
This is not equal to a;y;(t)+a,y,(t).
As a counter example, consider x;(t) =7 and x,(t)=n/2,a;=a, =1

the system is causal since the output does not depend on future values of time, and it is memoryless
the system is time-invariant

) v[n+1]+4y[n]=3x[n+1]— x[n]

Rewrite the equation as y[n]+ 4y[n—1]=3x[n] — x[n — 1] by decreasing the index.
This is a difference equation with constant coefficients. so it is linear and time-invariant. The output does
not depend on future values of the input. so it is causal. It has memory.

h) y[n]=x[2n]

has memory since the output relies on values of the input at other the the current index n.

causal? Letx[n] =u[n-2]. sox[1]=0. Then y[1]=x[2] = 1. so not causal.

linear? Let y; [n] = x;[2n] and vy, [n] = x,[2n]. The response to an input of x[n] = ax,[n]+bx;[n] is
y[n] = ax;[2n]+bx,[2n]. which is ay;[2n]+by,[2n]. so this is linear

time-invariant: Let y,[n] represent the response to an input of x[n-NJ. so y;[n] = x[2(n-N)]. This is also
equal to y[n-N]. so the system is time-invariant.

1) y[n]=nx[2n]

This is similar to part h), except for the n coefficient. Similar to above, it is noncausal, has memory and is
linear. Check time-invariance:

Let y;[n] represent the response to an input of X[n-N]. so v;[n] =nx[2(n-N)]. This is not
equal to y[n-N] = (n-N)x[2(n-N)]. so the system is time-varying.

i) dl—’t’ + sin(0)y(0) = 4x(1)
C

This is an ordinary differential equation with coefficients sin(t) and 4. Neither depends on y or x. so it is
linear. However. the explicit dependence on t means that it is time-varying. It is causal and has memory.

2
d7y dy dx
k) =2 +102 + 4y(t) ==+ 4x(1)
dt2 dt dt
This is an ordinary differntial equation with constant coefficients. so it is linear and time-invariant. It is
also causal and has memory.



System Linear Time-invariant Cansal

y(t) = 3x(t) cos(t) Ves no Ves
P F T

yit) = v x=(t) no yes yes
] +1, z[n] =0

yn] = : no yes yes

vl -1, z[n| <0 : -

t+1
U'{H = [ :J‘l::'\;ll’!‘). Ves ves no
o

y[n] = 2(z[n + 1uln] — z[n]) + 1 no no no

26.%F YI YRIFY . I EPYaPl 6¢AYS I
%l YFEYRIE RSEAOYSTTA] RIABEF RIABNS AABRYS YA dzEA NBRIOR Y
1FRFENJI 3SOA1YS 2fYIFaPRPNY . dz RdzNHzYRI axadsSy 1
sistemext@ Ay el t AYA TANRAEAYAT RS ®oédhayahyaynhidANE
P11 PO @Y P YA] G0 NBRR] PHOS CBAALYSENBE A yeAo 10 HNRAGE 2 NB | &
invariant) bir sistemdir.

AN AAAGSYAY T IFYLFEYRIRY ool §PO2PI I ¥ Pyt YSaR{ Ra
2f YL Yl f PRPNY , FyA TANRA aiAyelfAyRS @l LWIPEPYF
8l YAPYlIf PRPNP mNYySEAY

Eodo TIb-EBdW vgre &b i

Bir sistem ancak ve ancak, tim x(t) ve tiRtS € S NI XFthPA o ofA VaA §(tdhise & y Pl
TFYFyfl RSEAGYSESY O6ANI AAAGSYRANID . dNI RI 860



{(AAGSYAY RIONIYPO6P 08 I T SEEALESNR TFYFYElF RS
soylenir. Boylece, bir zaman gecikme8i& I IANR S aAiAyeéelt RSTA T FYFyYy A
2

FeyP 3ASOA1YSeS @gSel AfSNISvySeS e2f I cel NAI 0

—L A(f) = T i)

f {

/ x(ion) [ 7 o) K

Iy i . to t

Zamanla degismeven sistem

52 & NHzalf %YLyt 5SeAraoYvYSesSgzanavsSyi NVSHEASol
Bu sistemlerird A NA&A 6 S NA y&S- y3IR (&5 SONREAALGE SONERNI 6 S1 A f RS 3 A N

R
RNNI N SIONRERWRY 012y B2t Nae2ydzdo 2tFNF] StRS S

{2NHzY ' 3FEPRITA aAaGSYAY I 1 SttALESNAYA 068
®O @O ¢ ¢ O

Nedensellik:

O 1k YPYORI S0 ¢  ®¢

{AAGSYAY 0O6dz ' yYRF{A RSESNARS 3ISReyikded S1 A @S
aAalisSyY ySREmEta iByaNt RESNIKF y3IA O6ANI T FYFYRLE

I FYFYyRI @SéF 3ISeYAd(dS IANRA RSESNISNAYS o
Bellekliya da belleksiz:

{Aa0SY 0StfS{ftARANY 4NY1N G FYPYRIFI1TA @eP]®P
ol €f PRPNX®

52ENYzAF £t Pl [AYSSNIATY



{AAGSYASL)=-FANBLBMOY F Ayl AYyA FPRNROSEHEOLAT RST ¢
ovewheNK | y3IA A1A &loAdG 2ftYIF]1 NTSNBzZ eo6id0v &A
sistemler denir.

Wo0 wo ¢ w¢ O

WO wo ¢ w¢g O

WO WO ¢ wc¢g O

WO0 |wo Two

wo low Tw 0 ¢ low Tw ¢ O

WO |WwWo ¢ Two ¢ |wg 0 Twg O
WO |WwWo ¢ |wg 0 Two ¢ Twceg ©
WO | w0 ¢ wc¢g O f w0 ¢ w¢g 0
WO | WO fTwho

i Qi a®E Q81 Qi

{A&0GSYAY TFYlIytl RSEAOGALI RSEAOGYSRAEAY
AN AAAaGSYAY TIFYlFYRIRY gl §PO2PIH | i vyt yYSar
2fYFYFEf PRPNY | FyA 3TANRA aAyeélftAyRS &l LIWPE
8l YAPYlIf PRPNXP mNYySEAY

E6GU [Ib-EdDU OoFEe ED i

| 8t SOS> 60ANITFYlFY 3SOATYSaA ObwlindeIANRS &
FeyP 3ASOATYSeS @Sel AfSNISYSeS @2t | cel NAI
sdylenir.

Omek@ 6G0 ' EOGLHOBESOHL GO
The system is time invariari® 0 ®
WO O WO W ¢ w¢ O W =yta)

Time Invariance: The system is time mvariant. To see this, we let y(t) be
the output corresponding to the input =(¢) and let x,(t) = =(t —a)!. Then
the output y,(¢} corresponding to the input signal =, (#) 1s

Yalt) Tolt —2) 4+ (2 — #) (9]
i(t—a)—2)+ (2 — ([t —a)) (10}

yit — a). (11)



2.7.!

(e)

y(t) = cos(z(t)) [. invertible, linear, | memoryless |, | time invariant |)

Causality: The system 15 memoryless, hence causal.

Imvertibility: The system 1s NOT invertible, e.g. suppose that z1(t) = (7/2}u(t)
and xa(t) = —(w/2Ju(t). Then y(t) = cos(z1(t)) = 0 = cos(zalt))
ya(t), ¥t

Linearity: The system 1z NOT hnear because 1f

1y (t) cos(ry4(t)), and (37)

ya(t) cos(za(t)], (38)

and =(t) = axq(t) + Sra(t), then the output y(t) corresponding to the
input x{t) is

yit) cos{ari(t) + Hza(t)) (39)

cos(axy (1)) cos{ Grq(t)) — sinf oy (t) ) sin(Fra(t)) (40)

+ weos(ry(t)) + Feos(xa(t]) (41}

in general. (We used an identity from Chapter B of the texbook to get the
second equality above. )

Memorylessness: The system 15 memoryless because the output at time ¢
depends on input values at only time ¢.

Time Invariance: The system 15 time invarant. To see this, we let y(t) be
the output corresponding to the mnput (t) and let r, (t) = ={t — a). Then
the output y,(¢) corresponding to the input signal =, (t) 1s

Yol t) = cos(r.(t)) = cos({x(t —a)) =yt — a). (42)

eNPl %FIYIFIYTP {AaidSYt SNJ
In many applications of digital signal processing we wish to design a device or an algorithm
that performs some prescribed operation on a discrétee signal. Such a device or

algorithm is called a discrettme system. More specifically, a discrdtme system is a

device or algorithm that operates on a discrébme signal, called the input or excitation.
according to some wetlefined rule, to produce another discretane signal called the

output or response of the system. In general, we view a system@n operation or a set of
operations performed on the input sign&ln)to produce the output signat (n) We say

that the input signak ( n)is transformed by the system into a siggdln jan, d express the

general relationship betweexr( n )and y(n)

v(n) = T[x(n)]



where the symboll denotes the transformation (also called an operator), or processing
performed by the system oxr( n )to producey ( n) . as shown below .

Ll 11

x{n) _ : .
w! Discrete-time vind
. System .
Input signal : Output signal
or excijtation Or response

There are various ways to describe the characteristics of the system and theiopetat
performs onx ( n )to producey ( n ), we shall be concerned with the tirdomain
characterization of systems. We shall begin with an irgutput description of the system.

The inputoutput description focuses on the behavior at the terminalshef system and

ignores the detailed internal construction or realization of the system. In this description we
develop mathematical equations that not only describe the irputput behavior of the

system but specify its internal behavior and structure.

Input-Output Description of Systems

The inputoutput description of a discretime system consists of a mathematical

expression or a rule, which explicitly defines the relation between the input and output
signals (inpubutput relationship). The exacttiernal structure of the system is either

unknown or ignored. Thus the only way to interact with the system is by using its input and
output terminals (i.e., the system is assumed to be a "black box" to the user). To reflect this
philosophy. we use the graéyal representation in figure above.

Example.
Determine the response of the following systems to the input signal

., _3<n<3

xéin) =
{ 0, otherwise

(a) v{n) = x(n)

(b) yiny=x(n—1)

(¢} yin)=x(n+1)

(d) viny= _';[J:ln +Htximtxin- §)!

(€) vin)=max{x(nT 1). x(n).xtn - 1)}

N ymy=3,  xth=xtm+xin-1)+x(a-2)*F_ .



SolutionFirst. we determine explicitly the sample values of the input signal
xim=1...032.1.01.230...)
T

(a) Inthis case the output is exactly the same as the input signal. Such a system is known as
the identity system.
(b) This system simply delays the input by one sample. Thus its output is given by

x(ny=1{..03.21.01230,..)
4

2.8. Sistemlerin Blok Diyagram Gdsterimi ve
Matematiksel Modellenmesi
It is useful at this point to introduce a block diagram representation of discrete time

systems. For this purpose we need to define some basic building blocks that can be
interconnected to form complex systems.



xit) . zltl=xlt)+ylt) x(t) o x(t)
—( — —
+ g
T -

.
Diagrams of basic signal operations: (a) adder, yit) .
(o) constant multiplier, (c) delay, and (d) time (a)
windowing or modulation.
x(t) x(t—1) x(th o xlt) wit)
—» Delay 1 —» —H\_"J—"
(d T
wit)
(d)

An adder.Figure below illustrates a system (adder) that performs the addition of two signal
sequences to form another (the sum) sequence, which we denoy¢rgsNote that it is not
necessary to store either one of the sequences in order to perform the addition. In other
words, the addition operation isilemoryless.

\,\ vin)=x,(n)+ xsin)
+

.I|lﬂ.:'

x3im)

A constant multiplier.This operation is depicted by Fig. below, and simply

represents applying@ scale factor on the input ( n ) Note that this operation is also
memoryless.

xin) a vin) = ax(nt

A signal multiplier.Figure below illustrates the multiplication of two signal sequences to
form another (the product) sequence, denoted in the figure as

y (n) .As inthe preceding two cases, we can view the multiplication operation as
memoryless.



Xplm) viny=xylnja,in)

¥

I:[ﬂl

A unit delay element.The unit delay is a special system that simply delays
the signal passing through it by one sample. Figure below illustrates such a system. If the
input signal i< ( n') the output isx(n- 1).In fact, the sample(n- 1) is stored in memory at
timen -1 and it is recalled from memory at tinmeto form

v(n) =x(n—1)

Thus this basic building block requires memory. The use of the syrittioldenote the unit
of delay will become apparent when we discuss the Z transform

x(n) vin)=x{n-1)

A unit advance elementtn contrast to the unit delay, a unit advance
moves the inpuk( n )Jahead by one sample in time to yietth + 1). Figure below illustrates
this operation, with the operatoZ being used to denote the unit advance.

xin) viny=x(n+1)

We observethat any such advance is physically impossible in real time, since. In fact, it
involveslookinginto the future of the signal. On the other hand. if we stdtee signal in
the memory of the computer, we can recall any sample at any time. In such a netirmeal
application, it is possible to advance the sigk@l) in time.

Example .
The discretetime system described by the inpoutput relation.



¥(n) = ivin = 1)+ ix(n) + dx(n = 1)

wherex ( n)is the input andy ( n)is the output of the system.

Solution: the outputy ( n)is obtained bymultiplying Inputx ( n )by 0.5, multiplying the
previous inputx( n- 1 )by 0.5.adding the two products, and then adding the previous
output y(n-1) multiplied by 1/4. Figure a illustrates this block diagram realization of the
system. A simple rcarrangcrncnt .

vin) = jvin — 1)+ fxin) + x(n — 1]

leadsto the block diagram realization shown in Fig. b. Note thatetreat "the system"”
from the "viewpoint" of an inpubutput or an external description.

Black bax
' 0.5
: = :-I
x(my i /,ﬁ-\ 1
—_— + + F r vind
! 05 N I
' 0.25 '
{a)
........................... Blackbox ...
; Pl .
x(n) - f 0.5 ) '
—— Ox AP s s
: [} 1]



FIGURE

Positive feedback system: the microphone picks
up input signal x(ty and the amplified and
delayed signal gyit — r), making the system
unstable.,

Solution
The input-output equation is
yt) = x(t) + py(t — 1)

If we use this expression to obtain y(t — t), we get that
pit—t)=x(t — 1)+ Byt — 21)
and replacing it in the input-output equation, we get

¥(£) = x(t) + Blx(t — 1) + By(t — 21)] = x(t) + Bxa(t — 1) + Boy(t — 21)

Repeating the above scheme, we will obtain the following expression for y(t) in terms of the input
y(t) = x(t) + Px(t — 1) + Blx(t — 21) + Bx(t —31) + -+
If we let x(t) = u(t) and g = 2, the corresponding output is
vit) =u(t) + 2u(t — 1)+ 4uif —2)+Bult —3)+---

which continuously grows as time increases. The output is clearly not a bounded signal, although
the input is bounded. Thus, the system 1s unstable, and the screeching sound from the speakers
will prove it—you need to separate the speakers and the microphone to avoid it.



2. (15 pts.) Consider the following system:

. z[n
x[n] |2 - [ ] F v[n]
[A]

Here, the system F is defined by the input-output relationship
F{z[n]} =2[n] —z[n —1],

and A is the unit delay
A{-w[-n]} =wln — 1].

Write down the linear difference equation describing this system.

Solution. Let 2[n| be the output of the summer, as shown above. Then

y[n] = F{?[n]} = 2[n] —2[n—1].
Now.
2[n] = 2z[n] — A{y[n]} = 2z[n] — y[n —1].
Therefore, substituting the expression for 2[n] into the first equation, we can write
yln] = z[n]—2n—1]
= (?m[n] —y[n— 11) - (\2:1:[n —1] —y[n— 21)

=z[n] =z[n—1]

= 2z[n]—y[n—1] —2z[n— 1]+ y[n —2].

Simplify to get

y[n] +y[n — 1] — y[n — 2| = 2z[n] — 2z[n — 1]
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In the analysis as well as in the design of systems, it is desiratikesgify the systems
according to the general properties that they satisfy. In fact, the mathematical techniques
that we develop in this and in subsequent chapters for analyzing and designing discrete
time systems depend heavily on the general charactessif the systems that are being
considered. For this reason it is necessary for us to develop a number of properties or
categories that can be used to describe the general characteristics of systems.

We stress the point that for a system to possesggvan property, the property must hold

for every possible input signal to the system. If a property holds for some input signals but
not for others, the system does not possess that property.

Thus a counterexample is sufficient to prove that a system doepossess a

property. However, to prove that the system has some property. we must prove that this
property holds for every possible input signal.

Static versus dynamic systemA.discretetime system is called static or memoryless if its
output at any instant n depends at most on the input sample at the same time, but not on
past or future samples of the input. In any other case, the system is saiddpriaenicor to
have memoryIf the output of a system at time n is completely determined by the input
samples in the interval from @N ton(N>0), the system is said to hamgemoryof
durationN. If N = 0. the system is static. If 0 < &,¢he system is said to havmire
memory.Whereas ilN = 2, the system is said to havefinite memory.

The systems described by the following irjoutput equations

y{n) = ax(n)
v(ny = nx(n) ¥ bx’(n)

are both static or memoryless. Note that there is no need to store any of the past inputs or
outputs in order to computehe present output. On the other hand, The systems described
by the following inputoutput relations

y(n) = x(n) +3x(n —1)

y{n) = Ex{n - k)
k=0

ix[n—-k}

k=0

yin)

are dynamic systems or systems with memory.
The first two systems described above have finite memory, whereas the last system has
infinite memory.



Time-invariant versus timevariant systemsWe can subdivide the general class of systems
into the two broad categories, tim@variant systems and timeariant systems. A system is
called timeinvariant if its inputoutput characteristics do not change witime. To
elaborate, suppose that we have a system 'T in a relaxed state which, when excited by an
input signax(n), produces an output signg(n). Thus we write

y{n) = Tx{(n)]
Now suppose that the same input signal is delayed by k units of time tox(ielk), and
again applied to the same system. If the characteristics of the system do not change with
time, the output of the relaxed system will be y). That is, the output will be the same as
the response tx(n).except that it will be delayed by the sarkeinits in time that the input
was delayed. This leads us to define a timeariant or shiftinvariant system as follows.
Definition. A relaxed syster is Time invariantor shift invariant if and only if

x{(n) —> y(n)

implies that

x(n — k) == y(n — k)

for every input signat ( n )and every time shift k

To determine if any given system is time invariant, we need to perform the

test specified by the preceding definition. Basically, we excite the system with an arbitrary
input sequence ( n) which produces an output denoted s&n). Next we delay the input
sequence by same amoukiand recompute the output. In general, we can write the output
as

vin, k) = T[x(n = k)]

Now if this outputy(n, k) =y(n- k), for all possible values of &, the system is time invariant.
On the other hand, if the output(n,k ) #y(n- k), even forone value of k, the system is time
variant.

Example .

Determine if the systems shown in Fig. below are time invariant or time variant.
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Solution
(a) This system is described by the infuitput equations

vin) = Tlxtm)] =xtn)— x(n - 1)

Now if the input is delayed byunits in time and applietb the system, it is
clear from the block diagram that the output will be

vin ky=xn=-k)—xtn —k =1

On the other hand if we delay y(n) kynits in time. we obtain

vin—ky=x(n—k)y—xn-k—-1)
v (n.k)}Fy(n-k).Therefore, the system tame invariant.

Linear versus nonlinear system$he general class of systems can also

be subdivided into linear systems and nonlinear systehigear system i®ne that

satisfies thesuperposition principle&Simply stated, the principle of superpositicequires

that the response of the system to a weightseaimof signals be equal to the corresponding
weighted sum of the responses (outputs) of the system to each of the individual input
signals. Hence we have the following definition of linearity.

Definttion. A relaxedT system is linear if and only if

Tlayxi(n) + axx2(m}) = ay T[x1(n)] + a2 T [x2(n) ]

for any arbitrary input sequencegn) andx,(n),and any arbitrary constant; anda,.
Figure below gives a pictorial illustration of the superposition principle.

xyinm)
iy
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Determine if the systemdescribed by the following inptautput equations arc linear or
nonlinear.

(a) vin} = nx{n) (b) ¥in} = x(n°) () ¥in) = ¥n)
(d) _"*{ﬂ) - A.I{H_) + B {E) ‘]-(n) — IE,:rlrl"l

Solution
(a) For two input sequenceg( n )anday(n), the corresponding outputs are

yi{n) = nxy(n}

va{n) = nxi(n)
A linear combination of the two input sequences results in the output

vi(n) = Tia\x)(n) + arxa(m)} = nlayx, (n) + aav-(n}]

= anxy(n) + adrnx:(n)
On the other hand. a linear combination f theo outputsresult in the output

a vin) +av:(n) = aynxy(n) + a>nxa{n)

Since they are identical, the system is linear.

Example of a Linear System
To illustrate system linearity, let's say we have the discrete system shown below in Figure

(a)whose output is defined as

_ —x(n)
y(n)= 5

block diagram wherey(n) =¢x(n)/2; (b) system input and output with a Hz sine wave
applied; (c) with a 3Hz sinewave applied; (d) with the sum ofHz and 3Hz sinewaves
applied.
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that is, the output sequence is equal to the negative of the input sequence with the
amplitude reduced by a factor of two. If we apply»xa(n) input sequence representing a 1
Hz sinewave sampled at a rate of 32 samples per cycle, we'll ha(® autputas shown in
the center of Figure (b). The frequenrdgmain spectral amplitude of thg (n) output is the
plot on the right side of Figure (b), indicating that the output comprises a single tone of peak
amplitude equal taz0.5 whose frequency is 1 Hz. Nexpplying an(n) input sequence
representing a 3Hz sinewave, the system provideg.én) output sequence, as shown in the
center of Figure (c). The spectrum of t¢n) output, Yo(m), confirming a single-Blz
sinewave output is shown on the right sideFigure (c). Finaltyhere's where the linearity
comes i if we apply ans(n) input sequence that's the sum of aHz sinewave and al3z
sinewave, theys(n) output is as shown in the center of Figure (d).Notice lygiw) is the
samplefor-sample sum of;(n) andy»(n). Figure (d) also shows that the output spectrum
Y3(m) is the sum off1(m) andYz(m). That's linearity.



Example of a Nonlinear System

It's easy to demonstrate how a nonlinear system yields an output that is not equal to the
sum ofy;(n) andy,(n) when its input is;(n) +X2(n). A simple example of a nonlinear
discrete system is that in shown below in Figure (a) where the output is the square of the
input described by

yin) = [x(m .

Nonlinear system inputo-output relationships: (a) system block diagram wheyén) =
[x(n)]2; (b) system input and output with a-Hz sinewave applied; (c) with a3z
sinewave applied; (d) with the sum of-Hz and 3Hz sinewaves applied.
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We'll use a well known trigonometric identity and a little algebra to predict the output of
this nonlinear system when the input comprises simple sinewaves. Let's describe a
sinusoidal sequence, whose frequerioy= 1 Hz, by

x (i) =sin(2xf nt) =sin(2Zx - 1 - nt)) .

describes theq(n) sequenceon the left side of Figure (b). Given thign) input sequence,
the y1(n) output of the nonlinear system is the square of-Bl4 sinewave, or

y,(n) = [rl{n}F =sin(2r - 1-nt) -sin(2r-1-nt) .

{Hz]



We can simplify our expression fgi(n) in by using the following trigopnometric identity:
. a _cos(a—f) cos(a+f3)

sin(e)-sin(f) = > > .

we can expresg(n) as

cos(2m-1-nt, - 2m-1-nt,) cos(2m-1-nt.+2n-1-nt.)
()= > - ) '

_cos(0) cos(d4m-1-nt.) 1 cos(2m-2-nt,)

2 2 T2 2
which is shown as the all positive sequence in the center of Figure (b). Because Equation
above results in a frequency suma ¢ b) and frequency differenced ¢ b) effect when
multiplying two sinusoids, thg;(n) output sequence will be a cosine wave of 2 Hz and a
peak amplitude ot0.5, added to a constant value of 1/2. The constant value of 1/2 in Eq.
below is interpreted as a zero Hz frequency component, as shown iy {img spectrum in
Figure (b). We couldogthrough the same algebraic exercise to determine that, wherHz 3
sinewavexy(n) sequence is applied to this nonlinear system, the outp(rt) would contain
a zero Hz component and a 6 Hz component, as shown in Figure 1 (c).System nonlinearity is
evident if we apply arxs(n) sequence comprising the sum of 41 and a 31z sinewave as
shown in Figure (d). We can predict the frequency content ofytr® output sequence by
using the algebraic relationship
(a+b)* = a*+2ab+b*,
wherea andb represent the 1Hz and 3Hz sin&vaves, respectively. From Equation:

sin(at)- sin(B) = cos(a - )  cos(a + f3) .
2 2

the a2 term in Equation:

(a+b)* = a*+2ab+b*,
generates the zer#iz and 2Hz output sinusoids in Figure (b). Likewise,lihterm
produces iny3(n) another zereHz and the @4z sinusoid in Figure (c). However, ttad Berm
yields additional 2Hz and 4Hz sinusoids igs(n). We can show this algebraically by using
Equation:

r

cos(ax - B)  cos(a + f3)
2 2 '
and expressing thegb term in Equation:
(a+b)* = a*+2ab+b*,
as
2ab=2-sin(2r-1-nt.)-sin(2m-3-nt,)

sin(e)-sin(f) =

_ 2cos(2m-1-nt, —2m-3-nt,) 2cos(2m-1-nt, +2n-3-ni)
B 2 2

=cos(2m+2-nt,)=cos(2n-4-nt.) '



Equation above tells us that two additional sinusoidal components will be presgs(h)n

because of the system'’s nonlinearity, aHZ cosine wave whose amplitude is +1 andHz4

cosine wave having an amplitudegdf. These spectral components are illustrated3m)

on the right side of Figure (d).

Notice that, when the sum of the two sinewaviesapplied to the nonlinear system, the

output contained sinusoids, Equation above, that were not present in either of the outputs
when the individual sinewaves alone were applied. Those extra sinusoids were generated by
an interaction of the two input simsoids due to the squaring operation. That's nonlinearity.
Although nonlinear systems are usually difficult to analyze, they are occasionally used in
practice, for example, describe their application in nonlinear digital filters.

Causal versus noncausal systerii¢ée begin with the definition of causal

discretetime systems.

.Definition. A system is said to be causal if the output of the system at any
timenJi.e.,y (n) ]Jdepends only on present and past inplits., x (n ), x(-L 0 X (K-@)p
.. .], but does not depend on future inputs [i.e(n+1),x(n+ 2), .. .]. In mathematical
terms, the output of a causal system satisfies an equation of the form

vin) = Flx(n), x{in — 1), x(n = 2),...]

whereF[.]is some arbitrary function.

If a system does not satisfy this definition, it is cabeticausal.Such a system has an
output that depends not only on present and past inputs but also on future inputs.

It is apparent that in reafime signal processing applications we cannot obséuugre

values of the signal, and hena@oncausal system is physically unrealizabg, (it cannot

be implemented). On the other hand, if the signal is recorded so that the processing is done
off-line (nonreal time), it is possible to implement a nonsalusystem, since all values of the
signal are available at the time of processing.

This is often the case in the processing of geophysical signals and images.

Example.

Determine if the systems described by the following inpatitput equations are causabr
noncausal.

(a) yin)=x(n) _xin -1) (b) vin) = Z;':_u_.r{k) (¢) ¥in)=ax(n)
@ yim)=x(m)F3x(n¥4) () vin)=x(n?

vin) = x(-n)

(f)

Stable versus unstable systemStability is an important property that must be considered
in any practical application of a system. Unstable systems usually exhibit erratic and
extreme behavior and cause overflow in any practicadl@ementation.



Definition: A system is said to be stable in the bounded irpatinded output sense if, for
any input that is bounded,
lx(n)] < A = o0,
the output will be bounded,
y(n)] =B <0
For a linear shifinvariant system, stability is guaranteed if the unit sample respase

absolutely summable:

oG
Z lhin)| = o0 (1.8)
n=—00

EXAMPLEN LSI system with unit sample respohge) =a"u(n) will be stable whenever
lanl <1, because

= 1

o
Y hmi =3 lal" = - la| <1
me=l 1 - ||'.".'_-

A==00

The system described by the equatipm) =nx(n),on the other hand, is not stable because
the response to a unit step(n)=u(n),isy(n)=nu(n),which is unbounded.

Interconnection of DiscretelTime Systems

Discretetime systems can be interconnected to form larger systems. There are two basic
ways in which systems can be interconnected: in cascade (seriegpanaitel. These
interconnections are illustrated in Fig. below. Note that the two interconnected systems are
different.

In the cascade interconnection the output of the first system is
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and the output of the second system is

v(n) = Ty (n)]
= T{Ti[x(n)])

We observe that systemf and T, can be combined or consolidated into a single overall
system

7. =0T

Consequently, we can express the output of the combined system as

v(n) = Tjx{n)]

1 - 1 |

In general, the order in which the operationﬁa'thzaré performed is important. That is,
Lh+#TT

for arbitrary systems. However. if the systeiiflsand T2are linear and time invariant, then
() Tg is time invariant and (b).T;=Ti T, that is, the order in which the systems process the
signal is not importantl,T; and T; T, yield identical outpusequences,

In the parallel interconnection, the output of the system ;Td;1ién )and the output of the
systemT2 is y2(n)Hence the output of the parallel interconnection is



yi(n) + ya(n)

= Ti[x(m)] + T2[x(n)]
= (T + T)[x(m)]

= Tp[x(n)]

vi(n)

T,=T1 + 7T

In general, we can use parallel and cascade interconnection of systesoastruct larger,
more complex systems. Conversely, we can take a larger system and break it down into
smaller subsystems for purposes of analysis and implementatienshall use these notions
later, in the design and implementation digitalfilters.



3 . Fourier Transform

C2dzNASNJ RI yYNONYNZ &l RSOS aAyNa @S (12aiyNa (S
sinyalleri analiz etmek icin yeterlidir.

5Ny el RF{A O0ANbe2]1 06Se&3 0ANI RIEYAIY IF 2NV dz yI NI SR §
0ANI RSEAOGISYAY F2ylarezydzd mNYySeAysz &aSa RIf 3
RAYt SRA EHisgelsénetleriNiTFAY]FZY' I 31 NB FA&IbIPE ySTSaAayal

C2dzNASNI 51 yYNOSNYNZ 6ATS o6dz RFt3IF F2NXEIF NPYP R
@2fdzydz adzyRdzEdz AceAy | YySYEA O0ANI NBf 28yl YF{al
I NNYGN FAEGNBESYSS 3II NNYGN NBlRyaINNjtamezyd
dz8 3dzf I YI f I NRIF {dzf £ I yPf PN

AN CNI yaPl YFGSYFGA] eh O Soufier analizingS £ WS I ¥ NRI LI
PSNA@2RA] aAyeéelfAy dz23dzy dSceAf YAO aAyYNI 2ARIf
12ydzadzy R GF NIRPKWKHILIIR ®0 A Nz RRR®PlY&®lY o0ANI 31T RSY
[ FANI y3IS>E ANNB1AAT SEAYESNI IAOA 1 O6SEtSNR 2¢ 1
1dzf €t I yPEF YL &FOFEP {1 2ydzadzy Rl PaNI NI SGOGAD [ AN
eNy 1 N iy $aRipliki SntiANIE A B 8BVYRIF 1A FEN] 2] &l 1PYyF
[ FANFy3IS | €t RNLUGSY a2yNl} @l @&PyflyRPd C2dz2NKR SN
2NI el ePlal REFEX ad2ydzef I NP INYNYNTS {IRIFNI RS
gegcirdi.

C2dzZNASNJ RI yYNONYN FAT Al @S YNKSYRA&AEA]l Lt yPy
RI YNONYRNNI C2dzZNASNJI &SNAf SNA RSYyAf Sy (GNARI2y?2
denklemleri iceren birgok 6nemli problemi ¢ozebiliriz.

Evrended | 1 f SRAEAYAT GNY RI fganlikler® 8aNigr'sinisNP FI N f P ¥
F2ayl1arez2yt I NPYPy G2LX T YPYRIY Aol NBGGANH



The Fourier transform

we'll be interested in signals defined for all ¢

the Fourier transform of a signal f is the function
F(w) :/ f(t)e Iwtdt

e Fis a function of a real variable w; the function value F(w) is (in
general) a complex number

F(w) = / f(t) coswt dt — j/ f(t)sinwt dt

e |F(w)| is called the amplitude spectrum of f; /F(w) is the phase
spectrum of f

e notation: F' = F(f) means F is the Fourier transform of f; as for

Laplace transforms we usually use uppercase letters for the transforms
(e.g., 2(t) and X (w), h(t) and H(w), etc.)

Fourier transform and Laplace transform

Laplace transform of f

F(s) :/o f(t)e st dt

Fourier transform of f

G(w) = / f(t)e 9t at

very similar definitions, with two differences:

e Laplace transform integral is over 0 < t < oc; Fourier transform integral
is over —o0 < t < X0

e Laplace transform: s can be any complex number in the region of
convergence (ROC); Fourier transform: jw lies on the imaginary axis



rectangular pulse: f(t) = L —r=t=1
gularpuise: JI =1 0 > 1
T : 2sinwT’
Fw) = / eIt df = —— (e79eT — i) = 220
-T Jw W
1 2T - R
S 3
-~ 3
1] —————————— ' i

Fourier transform of periodic signals

similarly, by allowing impulses in F(f), we can define the Fourier transform
of a periodic signal

sinusoidal signals: Fourier transform of f(f) = coswgt

1 [, . . .
Fw) = 5/ ((-?3""0* + f:-'-_-"‘""“t) e Iwt dt
1 [~ . 1 [°° .
I ,—J(w—wg)t - ,—J(w+wp)t
= 2/ & d?‘-—l—gf € dt
—o0 — oo

= 7mo(w — wp) + TO(w + wo)

F(w)

—Wo Wo



Fourier transform of f(f) = sinwgt

=L — 00
1 [ 1 [
= — G_j{w_wo}tdf 4+ —— {___,—j(wg—l—w)t{_it
oy 9.
2] J—o Y Y

= —jmé(w — wp) + jTé(w + wo)

F(w)

EL
‘ .‘)U i
—wp \ hadt

Examples
-
sign function: f(t) = { _} iz 8

write f as f(t) = —1 + 2g(t), where g is a unit step at £ = 0, and apply
linearity

~ N 2 2
Flw) = —2mo(w) +2mo(w) + 7= = —=

sinusoidal signal: f(#) = cos(wot + ¢)

write [ as
£(t) = cos(wolt + ¢/wp))
and apply time shift property:

F(w) = med“?/%0 (§(w — wo) + 8(w + wo))



0 |t >10

pulsed cosine: f({) = { cost —10 <t <10

1f ' N A
| [ |
I|I | f Ill I| I|I
[ [ [
[ [ I
0.5} 0 O O R
[ [ [
[ [ [
:_‘_';. 07____1.__1__1___1___|___L ___________
i ! f | | | [
| | | | |
A O R T
-05 | |I | | I| [
|I || . I|
| | | P \
| | | |
¥ ¥ ! |
1 v \ . W
-10 0 10

write f as a product f(t) = g(t)cost where g is a rectangular pulse of
width 20 (see page 12-7)

, y _ 2sin 10w
Flecost) =md(w—1)+md(w+ 1), F(g(t)) = —
The inverse Fourier transform
if F'(w) is the Fourier transform of f(%), i.e.,
F(w) = / f(t)e=I«t dt
then | oo
_ = Y edwt g
f(t) = o f_mF(w)c, dw
let's check
1 > f Jwt g, o 1 > - g —JjwT jwt g
g o F(_w)(.'"} dw = g . ([r:_m f(T)f.‘. J ) 7 dw

1 [ - -
= — f(7) (/ t:-‘-'_j'*'('r_t}dw) dt
Nr=—x w=—0C

2m
= fx f(r)o(r — t)dr
f(t)



Fourier Transform:

F(jo) = j: f(t)ej“”dtl

[ e =—L e

1. Find the Fourier series for (periodic extension of)

1, tel0,2);
f{t]:{—l, te[2,4).

Determine the sum of this series.

2. Find the Fourier series for (periodic extension of)

_[t=1, t € [0,2);
m)_{g—t, t € [2,4).

Determine the sum of this series.

3. Find the sine Fourier series for (periodic extension of)

[ t-1, t € [0,2);
fm_{g—z, te[2,4).

Determine the sum of this series.

4. Find the cosine Fourier series for (periodic extension of )
1, te][0,1);
ro={,
. te[l1,4).
Determine the sum of this series.

5. Find the Fourier series for (periodic extension of)

flt)=1—¢% te[-1,1).

Determine the sum of this seres.



Soru:

The Fourier series for the function f(z) = sin’z is

flz) =sin’z = I_Eﬁﬂ

=0.5—-0.5 cos2z
flx) = Ay + Zﬂ-ﬂ cos nwy T+ bysin nwy T

n=1

+ - .
f(T} = sin“r is an even function so b, =0

Ap =05

—05, n=1
ady =

[U , otherwise
wp =20 — 2T _ 9

1 T



Sorul5s:

Fourier Transform:

F(jo)=[ fe ™ dr

TAD
-1 1 [
S1AtRS GAOMKX W ARDI2)BNGHIGWE Y N 6 dzf dzy dd @
1
J-le—jm.fdf :L‘e—jmr
-1 _JO:) B
1
; - —joor U ot |
F(]Q)):'[ f(f)ej df:jem"d{: Al
. K —
jo |,
o : 2sin o
:L(e_Jm_er) —

()



Soru16:

Fourier Transform:

F(jo)= j_‘: F(He ™ dt

-t
S1Af RS JOURXWAB2 &NA YNNI RI YNSNYNY N 6 dz dzy dd o

o |
IE Jeof df — e Jof

F(jo)=[ f@e™di =["ee ™ dr

1
o+ jo

=J"e—(-:r.+jm)rd{ —
0



Soru3:

—1 —1<t<0

x(t)=< 1 0<t<1

0 elsewhere

L)

a) X(t) fonksiyonunu ¢iziniz

¥

b) C2 dzNA SNJ RI yNONYNY N 0 dzf dzy dz

0
X(w) = I _’“"dt+ e 1vdt
—1 0
1
I ][Ltdt—i_l. —|wtdt
0

= -2 J sin (wt) dt
0
1

= 2jlcos{wt)
w

0

= 21& (cos(w)—1)
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3.1.Matlab ile Sinyal Analizi

Y = fft(Xxomputes the discrete Fourier transform (DFT) of X using a fast Fourier transform

(FFT) algorithm.

Y = fft(X,n) returns the-point DFT. If no value is specified, Y is the same size as X.

Ornek:
Guraltala Sinyal

Use Fourier transforms to find tifeequency components of a signal buried in nofSpecify
the parameters of a signal with a sampling frequencyGil0Hz and a signal duration of A5

ms.

clear all

close all

Fs =1000; % Sampling frequency
T = 1/Fs; % Sampling period

L = 150; % Length of signal

t = (O:L1)*T; % Time vector

S1 = 0.7*sin(2*pi*50*t);
S2 = sin(2*pi*120*t);
figure, plot(t,S1)
figure, plot(t,S2)

S=S1+S2;
figure, plot(t,S)
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80

15

0.5

0.5

-1.5f

-2
0

P2 = abs(FG/L);

P1 =P2(1:L/2+1);
P1(2:endl) = 2*P1(2:end);
f = Fs*(0:(L/2))/L;

figure, plot(f,P1)

O.r02 O.E)A O.r06 O.rOS O.rl O.;LZ O.r14 0.16 0
Y = fft(S);
figure, plot(fftshift(abs(Y)))
G =S+ 0.25*andn(size(t));
figure, plot(t,G)
FG=ft(G)
figure, plot(fftshift(abs(FG)))
0.5

title('SingleSided Amplitude&Spectrum of G(t))

xlabel('f (Hz)")
ylabel('|P1(f)|")
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3.2. Fourier analysiand Matlab

ot Fy3aPe 2fFNF 13X O6FTP oO0F&AG M5 &AyelffSNR

.dz Af1 INYyS1G8sE o6l arld O0ANI LISNAE2RW¥eiena Ay &l f
ON&@NTfN]lZ FNBllFyaZ I NYSitsSyS 2NIryP OS &aNNBeS

clear all
close all
mag = 2; % magnitude (arbitrary units)
f=5; % frequency in Hz
Ps=50; % number of sampling on a periot
samp = f*Ps; % sampling rate in Hz
t = 0:1/samp:1 - 1/samp; % time (1s of data)
N = length(t)
X = mag*cos(2*pi*f*t); % the signal equation
figure
plotitx, " -");
2 T T T T T
15 g
l = —
0.5 g
o i
0.5} .
1 -
1.5} .
-2 4 r % r % r 4 r %

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

mNY S1tSYS KPoOrfikk 038 BEARISRE]T § aANYVAPYRY I MNBIRY
FyflFoPt Yl &eBi 13&iMdSolan bidtsinygl Ukef RAZEAVRFKESRSTA RI Y.
kolaycahesaplanabilir:

Frekans=5Hz idar sinyalin gryodu=T=1/5=0.2 sec.

1 saniyede (retilecek sinydl £ P & P I' ‘Mrekariss adets.

. ANJ LISNEB2Gfdzl] aAyelrtRSTA I NYyS1y arePaPriz2Lx ity



Ornek:

al @PaPru | RSG A

GSTNINXIIFNXY aldGflFoUfF

M AFyAe@SRS NNBGATSOS] aryelt
¢2LI LY | NYyS1 alePaPNYBNI 1308 RPAPE gz aaNVEalEt RERA
clear all
close all
mag = 2; % magnitude (arbitrary units)
f=5; % frequency in Hz
Ps=50; % number of sampling on a periot
samp = f*Ps; % sampling rate in Hz
t = 0:1/samp: 1- 1/samp; % time (1s of data)
N = length(t)
X = mag*cos(2*pi*f*t); % the signal equation
figure
plot(t,x, e,
xlabel(  'Time (sec)' );
ylabel(  'Amplitute’ );
title(  'mag*cos(2*pi*f*t)’ )
mag*cos(2*pi*f+t)
29 T T T T
15~ T
1 f
0.5 i
2
2
5 o- y
g
<
0.5+ -
1 .
15+ -
_2 L r r r r L
0 0.1 0.2 03 04 05 06 07 0.8 0.9 1
Time (sec)
{2y T Y ya |y ZARBEMET ¥FT yaparken, matlab, sinyali periyodik varsayar ve
1SYRAZAYA ANNBaAAT 2 NI
2 f R dzgddmesizgerekir.



dz aAyel tAy @AdNE SKNIPREY NS NYN

clear all

the fft results

close all
mag =2; % magnitude (arbitrary units)
freq = 2; % frequency in Hz
samp = 80; % sampling rate in Hz
t = 0:1/samp:1 - 1/samp; % time (1s of data)
N = length(t)
X = mag*cos(2*pi*freq*t); % the signal equation
figure, plot(t,x, - )
y = fft(x); % do Fast Fourier Transform
f = linspace(0,N - 1,N); % vector of frequencies for plotting
figure, plot(f,abs(y), -, % plotting the magnitude of the FFT
figure, plot(f(1:N/2),abs(y(1:N/2))); % plotting half of
xlabel( 'Freq (Hz)' ); % labelling x - axis
80
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Bu cizimeggug¢ spektrumudenir.
T fyikseltil 2 4 A Yy Na&
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0 o o r r r r r
0 5 10 15 20 25 30 35 40
Freq (Hz)

al Gf FoURI O6AFTFTUOU GUSNBRA CC¢ AOGfSOAY
ANKA oNeN{ftN|l OSARAGSNERE FRHNZREBENYRAYNOBXWEL f
Note: Compute the value of* . The notation 1i is Matlab's code for the famous imaginary
number sqrt(1).
Y = exp(1i*pi)
Y =1.0000 + 0.0000i

clear all
close all
mag = zeros(1,100);
mag(3)=1; % spike in the magnitude at freq=3
mag(5)=.3; % spike in the magnitude at freq=5
ph=zeros(1,100); % zero phase throughout
y = mag.*exp(1li*ph); % the complex signal (fft of some real signal )

figure, plot(abs(y))

x = ifft(y); % the inverse fft (x is in general complex too)

x1 = real(x); % here we imagine that we can "measure" the real part of x
z = ifft(mag); % here we just use the magnitude to do the ifft

z1 =real(z);

figure, plot(x1, Lo-rt) % plot the real part of the signal

figure,plot(z1, " -b") % plot the ifft of the magnitude
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Inverse FFT

clear all
close all
mag =2; % magnitude (arbitrary units)
freq = 5; % frequency in Hz
samp = 200; % sampling rate in Hz
t=0:1/samp:1 - 1/samp; % time (1s of data)
N = length(t); % store the number of time points
X = mag*cos(2*pi*freq*t + 10); % the signal equation (+phase)
figure, plot(t,x, =)
y = fft(x); % do Fast Fourier Transform
f =linspace(O,N - 1,N); % vector of frequencies for plotting
figure, plot(f(1:N/2),abs(y(1:N/2))); % plotting half of the fft results
xlabel( 'Freq (Hz)' ); % labelling x - axis
z =ifft (v);
plot(tz, 't - ")
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2D Fourier transform
Matlab'daki FFT'nin 2 boyutlu versiyonuna FFT2 den.Y RA 6 A NJ N
RI )/Né NYNy'N d2 3dz I &1 Ol €EPT @
clear all
close all
im=imread( ‘'Apricot.png' );
figure, imshow(im)
iml=im(:,:;,1);
figure, imshow(im1)

&
Qx
_<
(0p))

y=fft2(im1);

clim=quantile(abs(y(:)),[.01 .99]);

figure

imagesc(fftshift(abs(y)),clim);colormap gray
titte(  ‘'magnitude’ );

clim=quantile(angle(y(:)),[.01 .99]);

figure

imagesc(fftshift(angle(y)),clim);colormap gray
title(  'phase’ )

HS5

C2d



Sampling and aliasing

VS NR f S N& dA kesiRikiiRdklemed SNbeS{ dzl F @ R C2dz2NA SNJ RI yN&

2 NI 1 GSTNINIFYF{EF | &guRsmdbdrS (S NN AaNNBa
£
0 2
€k
‘g? > >
°5
2
~ real space Fourier space
- 1/F - 1/T
< > +—
8
-
€ [T el []]
2 [ [ HEERERRLEEEN
T F

T1A 12aAyNa F2ylaiezydz/ dzy &NLSSINII2 Biksatgmy dzy Ry
| NYyS1tSYS KPI smjuRledéid.a NNBE1f A IFAO0A0

clear all
close all
freql = 5; % freq in Hz
freq2 = 1, % freq in Hz
samp = 1000; % sampling rate in Hz
t = 0:1/samp:1; % time (1s of data)
t =t(1:end - 1); % remove last time point
N = length(t ); % store the number of time points
X = cos(2*pi*freql*t) + .5*cos(2*pi*freq2*t); % the signal equation
figure

plot(tx, " -");
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1k
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Ak

-1.5

Bdlz aAyelft YFdftlro GFNFFPYRFEY LISNRAE@2RA] 2f RdzE dz
olsada, FFi I NI FPYRI'Y GS{NINILlyPe2N¥dz 3IA0A @S R2f
muamele gorirBu sinyalden alt érneklefaRPE PYPI Rl y S 2t OF €ePy P 3l

clear all
close all
freql = 5; % freq in Hz
freq2 = 1, % freq in Hz
samp = 1000; % sampling rate in Hz
t = 0:1/samp:1; % time (1s of data)
t =t(1l:end -1); % remove last time point
N = length(t); % store the number of time points
X = cos(2*pi*freql*t) + .5*cos(2*pi*freq2*t); % the signal equation
figure
plot(t,x, o),
F =50; % sub - sampling frequency (Hz)
T=1/F % sub - sampling period (sec)
n = N*T; % sub - sampling period (in samples)
Z = x(1:n:end); % sub - sampled signal
y = fft(z); % fft of sub - sampled signal
subN = length(2); % length of sub - sampled signal
f = linspace(0,subN - 1,subN); % vector of frequencies for plotting
figure
plot(f(1:subN/2),abs(y(1:subN/2))) % plot powerspectrum as before

z

AYRA FEG 1 NYyST1tSYSyAyl yanms N YPREYPS, Py R 2t ARSdaeA dixyh dyf
Ff Pyl RNOGNENYNI RSTI LIRSSNRLISOGNHzYURF 1T ANBSe@
FFTGURSY @SyARSyYy el LPtIFIYRPNYI] 0S5 yBWBERS&2&aS &
1dzZf t FyYIl &l cel f POPY D Cl'mn | fPyod



{ PFTPNJ R2f 3dzY
{ PTPNJ R2f 3dz& dz | Apficbtyebnini AzieX ¥ yih DI E®¢ 33t 1 | yOS
@N1fSeAy @S RAESNImedeyina St t SNA {Ff RPNI NI 1 fd

clear all
close all
im=imread( 'Apricot.png’ );
x=im(1:2:end,1:2:end,1);
figure
imshow(x)
y=fft2(x);
clim=quantile(abs(y(:)),[.01 .99]);
figure, imagesc(fftshift(abs(y)),clim);colormap gray

C2 dzNA SNJ BiVSNONBWE Y YI aNNBaA | NYyST { PFPNIISNRA & 2F
R2f RdzNXYI X aAyelfA &@SyARSyYy NIfFIRYU dzNOYRTRANE I NFYS
FytfFrYPYlF 3ASEANXP al GflF o CCe¢x aAiAyelrftAay LISNRE2R
daha yuksek tekrarlama periyodu ile sinyali tekrarlamak gibidir, bu da gercek alanda daha

@8N1&aS1T INYyS1tSYS 2Nl ¥B BPFIPNPRR{ I8z8 HzZNIPO A 8 @S
FfFTYyPYyPYy o0AT S AT AYy @GSNRAEAYRSY RIKIFI &@N1aS] o
SYGSN1LRftlaezy 11 @GN YPetfl &l 1PYyRIYy AtAO]AfARA

y = fftshift(y); % we need this before zero padding

z = ifft2(y,size (im,1),size(im,2)); % zero padded ifft
clim=quantile(abs(z(:)),[.01 .99]);
figure,imshow(abs(z),clim);colormap gray

hNA2AY L I NNyaNetS 11 NDPEFOIPNPiaRIR&PY RI X Sy
edilmelidir.



Filtering

. dzNI Rl SONROAY @S C2dzNASNJ RI yYNOSNYNYN {(dzf £yl
DSNeS| dd @RI SONROAYAY C2dzNASNJI dzl F @ R cel NLJIY
l yOIF1 SONROAYAY o2€l 0Pt YlFIAPYRLI WefiRrenial T 2 NR dzN
C2dzNASNJ RI YNONYNYN &@FLIYIF1ZX a2yNF AlA CC¢Yea
yapmak iyi bir fikirdirdl NNy G Ny Ny @S FA{ GNBYyAyYy C2dzZNASNJ RI Y

siz = [3 3]; % 3x3 box. You can play with changing this
box = ones(siz)/9;

x=im(:,:,1);

y=fft2(x);

f=fft2(box,size(x,1),size(x,2)); % use zeropadding
z=ifft2(y.*f); % inverse FFT of the product

figure,

clim=quantile(abs(z(:)),[.01 .99]);

imagesc(abs(z),clim);colormap gray

Gauss filtresoNIi I £ F Y FAE GNBe&S oSyl SNE FyOF | 1dzidzRI |
1dziidzydzy 2NIFaPyRIFI @S @GSNAESy adlyRIENI &l LIV @&
SGYSt SNAARRAPGRBPLF O6ANI FAECGNB GALIA Gmalk NI &l
olFaAd FAECUNBZT @8NP @8NP GSNAYESNIST 0AGAOA]

box=[ -11]; % along x - dimension
box=[ -1;1]; % alongy - dimension
box=[ -101]; % a slightly better filter along x
box=[ -1;0;1]; % a slightly better filter along y
x=im(:,:,1);
y=fft2(x);
box=[ -101]; % try with different ones if you have time
f=fft2(box,size(x,1),size(x,2)); % use zeropadding
z=ifft2(y.*f); % inverse FFT of the product
figure,

clim=quantile(abs(z(:)),[.01 .99]);
imagesc(abs(z),clim);colormap gray



Image reconstruction Computed Tomography

Tl 2tFNFXY1ZX 0ANI ySaySeS AKGA&FOPYPI @FNW T1A
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clear all
close all
im=phantom;
figure, imagesc(im), colormap gray
R = radon(im,0);
figure, plot(R);
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R = radon(im,linspace(0,180,40)); % 40 angles from 0 to 180 degrees
figure, imagesc(R);

AYRA GSNE oO0ANJ wlkR2Yy RIYNONYN KSalLXlelrtPYy @

x = iradon(R,linspace(0,180,40));
figure,imagesc(x),colormap gray
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INGE SAAYAY AYGSIANItAYA | f eNe2NKizédddBEPYPYRI ¢
@NOdzRdzy dzy A ceA Y RS 0 A Oujinkl Yandhnt g@rintiindg bz&dizy R 2 f dzNX:
yukselterek bunu modelleyebiliriz:

AYRA NIYR2Yy RIYNSOSNYNYN 61 fteNY A0t SYAYA &AYNI
OYSaySyAy | feNYf SNRSY @SYyARSYy &I LJPt I yRPNPE YI
nedend R dzE dz o | tkil&i goebididelBIP S

im(100,80)=100;

R = radon(im,linspace(0,180,100));

x = iradon(R,linspace(0,180,100));
figure,imagesc(x,[0 1]);colormap gray

wlk R2y RI YNONYRE! ANREESA MB ¥R VI NI ORfilghidirPBut | C 2 dzN.
G§S2NBYZ O0ANI YySaySyal @FNBIF 61 NYSEAY H. URSOX
C2dzNASNJ RI yYNONYNVRSY aARNIPRAREARGZE dzy dz 6 St A NIi A N2

50

100

150

200

250

50 100 150 200 250

b20Y YSiOFf 2t RdzEdz 0ANI | YyOS{TA NBaAYRSIRRPNHRI A N



4. Laplace Transformation

[ FLX I OS RIYNONYN RAFSNIyaAresSt Réylf
T BANJ RAFTSNIryairesSt RSyl1fSYA O0OSo
OSoANRBSt RSY1fSYfSNR ool 1 SNBJ
denkleme bir ¢oztum uretebiliriz.

f BANI NI}adadgasStsS RSEAOTISYAY Y2YSyha Lapae&s (i Y S
RI ' YNONYN A& SATAS IRSARANI MENB1 0 @S G2LX | YP
@I NFNIP 2tF0Af AN eNY|IN O0AN (2y@RAkeNae&2YyC
RI YNONYf SNAYAY NNNYNRNNXP

C2dzNASNJ RI yNONYNZ &l RSOS adkfyiNlay P@$ NI 2 a mySNV&E S

aAyelrftftSNR  FylFfAl SiysSy AeAy @SGSNIARAND

0dzf RdzEdzYdzl RIFY | NYySE€EAYyZ TFYFY AeAyRS NaasSt 2

0dzZz F2dzZNASNHAY @SNRA EdurumldrdaRaybolur RBS @iSdurénlahi® ¥ 0 A f

fFLX I OS RIYNONYN 1 2Ndzyft dzRdzNXp

[ F LI I OSS FAEGNB GFalrNPYPYRF @S |ylf23 RSONBT
[ F L F OSE KFy3aA NaasSt 1206dzZ f NPy 1dzftl yPf Yl a

OANDSORBYP T FYlIYRI aloAdG {(Ff PN
AYARSY olotlely @Sel 0AGSY KSNXFYy3aA 0AN
RI YNONYNYRSYy o6NeN] | ®@%rSo BIRISY yOPNAIPY I @&

dz8 3dzf F YI £ F NRI @21 1FNDPflIOoPtHNMOS! {RIAVWNSSENY QY
LINPOE SYA O0Ne&Nj IfoeNRS ol AAGt SOUANRAEA | aAYSH
[ F LI I OSUPY @21 | ySYt OANI FyFEAGA]L I N OP RIY

[ FLX FOS GlFryaF2NX¥IFaezydz R2ENHzaIl f & Aval (1Siv{ RORNNID
TNNB Jft SNA A eSNBY RIEPYP] RSY(1fSYfSNR OS06ANE:
JANROS @S O6AN P POl &l KALASSE @P|lPOPY 3ITANAOG
a SG1A FElLyPylF 6fl LX I OS midif frahsfer dksiyonu el Yy N6 b |

GFryPYEF@FEOAEANBAYAT ® - 640 UAY 3FTFANRA 2f RdzE d:
F2ylaAaezydz 2t N1 o0AfAySy o6Seé& 2f RdzZdzydz O N&E
GF yPYT Mrgnisfér fohksiyedly o0av «k - 640 AfS SoAdG 2t OF |

FyOF1 O0AN) aAaAaGSYAY UGNYYATFTSN F2yl1arezydz o dzZ dz
1PAYPYP &l 8t SESoAT AN ¢NIYaTFTSN T2y 1] a-a®Z PNy dzy
GFyRIPE FOAT AN {AaGSYAYAT @NlasSly FNB{lFyaf !l NF
AaS8X RNON] 3ISeAo-aPRAPNINBAAIYARI REO8 NB ¥A WzL.Jo St



BSNRAEAYA aAdzS fal B IS@GSoRIE K NINY N Y Ny aPIRPHBS | YK
OANR2| YNKSYRA&atA]l] RIFfPYRI (dAtlFIyPOtP 21 6A

QL yPYtFYYFaPyP al €t | NI

T {Aai0SYtSNAYy>X &alFRSOS o6AN TNBllya @Sel 11
NaGSttSNI 3A0A R2FIHE ADACSRAISYSENY SRl RRRNYT

 .2€dzy F1UFINPY A0t SOAYAIT {dzliidzLd I NJ @S &APTF!T
2fF N1 aAadSYAYy {FN¥NIPtPEPYPS | OPfYlIaPy
olanuygunbiralana{SG 1 A It I Y PO ©eSOANR NI

f C2dzNASNYNI yNOFNBEEA O0ANI RI yNONYN @2{1 RIKI
OANIJ [FLIX FOSSBUINWNONYNPYRI olFaAd o6AN L2t A
RAFSNIyareSt RSYyl1tSYAY el I NE YSAAYS &F NRPY

T .AYySEtSYStA TFALAOAGNBESNAY | temd oldn 25 IPYERPY/PY N-3Y |
[ FLX F OS 51 yNONYNUYNY &F 1Py F{NIol&aPRPNW

+ o
F(s) = L{f(t) }:/ e S f(t)dt s>0

0

H@:uumzﬁfamﬂm
as the Laplace transform fqt), and the inverse Laplace transform is

f(t)=L "F(9)] :2—; ﬁ F(s)eds

Theorem: The conditions for the existence of Laplace transfofi) @ire
(2) f(t) is piecewise continuous in every finite interval.
(2) f(t) is an exponential order function.

[ F L FOS 51 yNONYf SNA
1) Dinamik ve kontrolde standart gosterin | Pa I &l £d $ NBDY 0
2)al 0SYFOA]l OSOANESE A0t SYESNBE RIYNOGNNNNI
3 .21 RA@FANIY IylFLfATA AcAyYy @lLyildlatft PRPN

[ FLX FOS RIYNONYf SNR LINRP&aSa 12y0GNRf NYyRS 1dz f I
1) 5AFSNIyaAreSt RSyl1ftSYESNAY e TNYN 6R2ENHzAI §
2) 52&€NHzal f 1 2y0ONRBf AAAGSYESNRAYAY FyFfAT A oOFN
3) CF NNRRf INJ AceAy ISeAOA &FyPIPY Gl KYAYA



4.1.Laplace Transform of Basic Functions

Original function |Transformed functiory |Original function |Transformed function
1 1 sinat a
s s*+a’
t" nl cosat S
Sn+1 SZ +a2
t Ga+1) sinhat a
ol 2 - g2
" 1 coshat s
s- a s - a’
o 1 = 1
1L [=pedt=-=e ==
=0 A Pl
oa 2 U, ,du 1 s _Ga+)
2.L [ta] = m tae Stdt = n (g)ae U? = Sa+1 Ud - Sa+1

a - (s-a)t .
s (1= e £

- (s- a)|O
- 1 . . S .a
4.L [e™]=————Y L [cosat+isinat] = i
[e"] s-ia [ ] s’+a®> s°+a’
. a
\ L [cosat] = ———,andL [sinat] = o
. eat e @ 1 a
5.L [sinhat]=L == - =
[ 1=t F—— ] 2(5 a s+a) s’- a’®
et 4+ g @ 1 S

L [coshat] =L [——— ]——( + )=

Zsa s+ta s°-a




G(x)= rNJ e "u**duis called Gamma function.

The properties of Gamnfanction
Gla+1)=aGa).
G1)=1.

Gn+1)=n!, nis a natural number.
1
&) =p.

Ga+l)=p e u®du=p e u'du=-(e"u"

" ' up el Y TR SR
,-aneu du)—ame u*“du=aGa)

e}

N TIN B BT S TSt STT] LR
G(l)—raeu du—me du=-¢€ 0—1

Whenn is a naturalnumberthen
Gn+1) =nGEn)=n(n- )Gn- 1) =n(n- )(n- 2)Gn- 2)
=3 =n(n- )(n- 2)3 32313 @1 =n

1 1
G(%) = ey ‘du= ;) €"u 2du=2p e dJu=2p e “dx= 2\/r”(] e dx(fj e dy

o o 2.2 b a 2 1 P 2 1 P
— ~ A~ - (XO+Y) — ~ T — _arye = -
—2\/Qme dxdy—Z\/fere rdrdq—Z\/Ef(f( e’ ),dq 2\/2fj21dq

:2\/%:\/6



4.2.Laplace Transform of Special Functions

1. Unit step functiorfHeaviside function)

gl t>0
t) =)
1 o t<o u(y
L [u(®] = fj u(t)e “dt S —
- 1
= e°dt==
n s
) 51 t>
Vout-ay=t @ u(t 3
i0 t<a
- as 1 3_
L [u(t- a)] = es >t
2. Unit impulse function (Dirac delta function)
<1
(1) square wave functiop(t) = .Fg Octce (Y

=

D

I 0 t>e
L [p()] = ff PO “dt=fj Z[u() - ut- e "t .

—1‘(1_ i) _1-e”
es s se
(2) unit impulse functiond(t) = Iirr?J p(t) (also called singular functipiiracdelta function)
e

L [d®)] =L [im p(t)]=lm{L [p®)]} =lm 1';$ “im €7 =1

Properties:

0) ﬁ d(t)dt = u(t)
(i) ﬁ g(t)d(t - a)dt=g(a)

(iif) ﬁ g(d(t)dt = g(0)
L [d(t- a)]=¢€e"*




3. Unit double function

D(t)
D(t) = Iinrz) e—lz[u(t) - 2u(t- € +u(t- 2e)]
¢ 1
11 2% e @
L [D(t)]—léﬁ})g(g'TJf S ) e 2e
. 1-2e%+e?® _ 2se®- 25¢%® 1
=lim 5 =lim "=
e 0 e’s e 0 2es 62
_ . - 25’ ® +45%e %
=lim =S
e 0 2s
Question:
Letx(t) =€ 3 [H(t) * d(t)], whereH(t) is unit step function, and(t) is Dirac delta function,
d®x

and* represents convolution, fin(:a)F (b)L [x(1)]

Solution: (a) H (t) * d(t) = er (t)d(t - t)dt = H(t)
\ x(t) =e *H(t)

% = %[ 3H (1) + d(1)]
‘i'j:;( = e ™{-g-3H(t) +d(v)] - 3d(t) +d (1)}

= & *[OH (1) - 6d(t) +d' ()]
D)L [xB]=L [e*H )] :S{?



4.3. Properties of Laplace Transform

Transformed Function

Property Original Function
Linearity af(t) + bg(t) aF(s) +bG(s)
. f(t- a)u(t- a) € *F(s)
Shifting (D Fs- a)
Scaling f(at) e
a a
o S'F(9)- s* (0)- $%i(0)- S* 3+0)-
Yt
-1 10
Differentiation A ©
n d"F(s)
-t)f(t
QUALL) o
. 1
N f(t)dt < F(s)
Integration 1
Ef(t) f) F(s)ds
Convolution ij(t)g(t- t)dt F(s)G(s)
L . 3 1 st
Periodic Function f(t)=f(t+T) o7 N f(t)e>dt
Initial Value Theoren It|rr1) f(t) =lim sF(s)
jim 1 = iy £
vogt) =-°G(s
!lm f(t)= Ii§m0 sF(s)
Final Value Theoren f(t) F(s)
lim =lim
teg(t) =°G(s)




1. Linearity
L [af(t) + bg()] = ﬁ [af (t) +bg(t)]e *'dt = aﬁf f(t)e Sdt+ brj’ g(t)e S'dt = aF(s) + bG(s)
Find the Laplace transform of ¢as

1+cos2t, 141 S §_ S°+2
=St 2 0= 2
2¢S sT+2°+ (s +4)

Solution: L [cos’t] =L [

2. Shifting
(@)L [f(t- a)u(t- a)] = ﬁ“ f(t- a)u(t- a)e Sdt= ﬁ f(t- a)e dt
Lett =t- a, then

L [f(t- a)U(t - a)] = ﬁn f(t)e_S(Ha)dt = e'safjﬂ f(t)e'ﬂdt — e—saF(S)

(b) F(s- @)= f()e @ ¥'dt=p [e*f (D)]e dt=L [e"f(1)]

g0, t<4
What is the Laplace transform of the functidi(t) = o 124"
| y
Solution:f(t) = 2%u(t - 4)

L [f(O] =L {2[(t- 4)®+12¢- 4)>+48(¢- 4)+64]u(t- 4)}

o ' ~ o ~
= 28_45%% +123 33+483 i2+%8: 4e'45%37+1_32+2_:1+3_28

(!‘S S S S + QS S S S +
3. Scaling

L [f(at)] = ﬁ f (at)e *'dt
Lett = at, then

L [f(at]=f} f(t)e_sgdta =§r”f f(t)e = ot =§F(§)

Find the Laplace transform obst.
S
s*+1
S
\ L [cosZt]:E 52 = ZS
(§)2+1 s°+4

Solution:7 L [cost] =




4. Derivative
(a) Derivative of original function

L [fi()] = Q fi(t)e *dt= f(t)e™

(1) If f(t) is continuous, equatlon reduces to
L [fi(t)] =-f(0) + sK(s) =sK(s) - f(0)

(2) If f(t) is not continuous dt=a, equation reduces to
L] = f e ™" +f©e|], +sF(9)=[f() e f(0)]+[0- f(a) e ™ +sKy
=sHs9)- f(0)- € *[f(@")- f(a)]

(3) Similarly, iff(t) is not continuous dtay, a, Z ,Z, a, equation reduces to

- (- s)rj’ f (t)e 'dt

LIfi]=sF(9)- f(0)- A e [f(a’)- ()]

i=1
[Deduction] Iff(t), fi(t) , ft), z, f™1(t) are continuous, arfd(t) is piecewise continuous,
and all of them are exponential order functions, then

LFOm]=s"F(s)- &' f (0
i=1
(b) Derivative of transformetiinction

dF(s) _d Stegr = Sdt= & st =
< _d_sn f(t)e *'dt= n—[f(t)e ldt=f (-)f (e ™dt=L [(-t)f (V)]

d"F(s)

[Deductior] =L [(-t)" f(t)]

Question:
Find the Laplace transform td.

Solution: L (e‘):i\'f L (te')=- 1
s-1 ds

al g: 1
gae 1+ (s-1)?



Question:

_6t?, 0¢tel
f(t) = :,0, ;
Solution: f (t) =t[u(t) - u(t - 1]

L [f(OI=L [t°u(®)]- L [t°u(t- )] =§- L {[(t- D+D1°u(t- D}

find L [fi(t)].

2 L {[(t- 12 +2(t- 1) +1u(t - 1)}

s
:%- e's(%+2i2+l)
S S S S
L [fi)]=sF(9- 1(0)- *[f@")- ()]
=[2- (54 24D 0- e¥(0- D=5 - e (S +)
S S S S S S

5. Integration
(a) Integral of original function

L [f f(Hct] = f f(t)dte “dt
=1 &a@ | - B roesdd=1r
-t , N U=

. t ot t 1
YL [AaN..Af@{)ddt3 dil =—F(s

[AA-NfO 1= F )
(b) Integration of Laplace transform
r”j F(s)ds=,j’ ﬁ f(t)e Stdtds=r~j f(t)'r‘i e S'dsdt

IR - RN 1 () WP 1 ()

S

Y r”f r! 3 rf F(s)dsdS8 ds=L [tinf(t)]



Question:

: 1- e’ 1- €
Find(a) L [ : ] L[ = ].
. 1 1
Solution: (a)L [1- €']==- —
@t 1 ] s s+l
1-€" =1 1 o s |°
L =R (- —)ds=Ins- In(s+1)|. =Ih——
[ t ] Q(S S+1) ( )|s S+1s
=0-In-3 =p St
s+1 S
1-e' _ = s+l s+1° = 1 1
b)L =@ In>=——ds=sih>— - { s(— - -)ds
OL [Fz-1=f > SR R
S"':Ln o1 e s+1 gu
=sin>=— +f —ds=_sIn=—+In(s+1);
=[(s+1)In(s+1)- sins|? =sins- (s+1)In(s+1)
Question:
Find(@) & ST g () & S1X gy
ra t nu X )
o Qi - st .
Solution: (a) sinkte ™ 4 _ | [%kt]
. k
7L [slnkt]:w
sinkt =k 1= 1
L [—]:r’j 2 zdsz_ﬁ dS
t s°+k k (§)2+1
Kk
=tan' > =P_ant3
k|, 2 K
= Sin X = Sin X
b —dx=2pn ——dx
®)R, = N
= sinkte®
_ZIL?néra . dt



6. Convolutiontheorem
L [ﬁ‘f(t)g(t- tydt] = f ﬁtf(t)g(t- t)dte Sdt
= ﬁ" ﬁ“ f(£)g(t- t)e didt = ﬁ“ f(t)ﬁ" g(t- t)e “dtck
Letu=t- t,du=dt, then
L [r”if(t)g(t- t)dt] = ﬁ“ f(t)ﬁ” g(u)e “dud
= ﬁ“ f(t)e “dt r] g(u)e 'du= F(s)G(s)
Question:

Find the Laplacetransfornof 26t sin2t d.

s?+4
\ L [Fje“sintht] =L [e *sin2t] =L [e']CL [sin2t]

1 .2 _ 2
- Oz - 2
s-1s"+4 (s-1)(s"+4)

Solution:7 L [et]:sil,L [sin2t] =

7. Periodic Function f (t+T)=f(t)

T
~

L [f(0]=f fMedt=f (e “dt+ A (e dt+3 3

~

and ﬁ” f(he=dt=p fu+T)e*du=ef f(u)e *du

Similarly,
~T

3T
A, f (e “dt=e>T{ f (u)e “du

\ L [f@)]=Q+e T +e>"+3 3 )ﬁTf(t)e'Stdt

1 T
1_ e- sT n

f (t)e *'dt



Question:

Find the Laplacetransformof f (t) :%t, O<t<p, f(t+p)=1(t).

) 1 p k
Solution: L [f(t)] = A — te S'dt
[f(0)] 1 P n 0
1

Kol ,owp oo
Cer s 17 f e

p

— - Kk (te—st +1-e—st)
psl- € ™) S

-k e 1
=  _ —  (peP+—_—-=
pyl- € "5)(p s s)

0

8. Initial Value Theorem:

7L [f'(t)]=sF(s)- f(O)Y lim ﬁ f'(t)e *'dt =lim sF(s)- f(0) Y 0=1lim sF(s)- f(0)
we getinitial valuetheorerriti_rrgJ f(t) =lim sF(s)

f(t)

Deducegenerainitial valuetheorem lim —= =1im F(s)
tog(t) =-°G(s

9. Final Value Theorent

L [f'(t)]=sF(s)- f(O)Y Ii_rr}J rﬂ f'(t)e‘S‘dt:Ii_rr}) sF(s)- f(0)Y
Itlm f(t)- f(0) :Ii_mo sF(s)- f(0) Y final valuetheorem !Im f(t) :Iirr}) sF(s)

Generalfinal valuetheorem lim m =1Iim @

tegt) =0G(s)



Question:
Find L [rj%dx].
X

Solution: Let f (t) = f{ S dx ¥ f it) = %”t £(0)=0
X

L [tF'()] =L [sint] =

s +1
d R |
_d—SL [f (t)]—m
d _ 1 . d _ 1
- [SFO - FO]= ¥ s =- 5

sHs)=-tan's+C
From the initial value theorem, we get
'J”l f(t) =lim sF(s)

0=-P+c \c=P
2 2

sF(s):E- tan‘ls,:tan'11

2 S

F(s):}tan'11
S s



4.4.Inverse Laplace Transform

1. Linearity
. 2S+1 4 4(s+])
aL '} b)L [=——7].
@L 15 oL T
. 28+l S 1 2 _ 1.
Solution: (a)L [52+4]—L [282+22 +282+22]—20052t+25|n2t
()L -1[1(25_+1125] =L g _542 +Sz_442]:4cosh4t+sinh4t
2. Shifting
e’ 2s+3
aL [—— b)L [——"—].
@L Mg OL 1]
- ps - ps
Solution: (@) L -0 ]=L [—S
@ [32+25+2] [(s+1)2+1]
7L -1[ﬁ]:e-t8int
S
andL [f(t- a)u(t- a)] =€ *F(s)
ps
\ L -1[(+el—)2+1] =e “Psin(t- p)u(t- p) =-e P sintu(t- p)
S
3
2(s+) 3
(b) L '1[225—+3]:L al 2 __1=2 2 cosht
S +3$+2 (S+§)2_ (1)2 2
2 2
3. Scaling
4s
L 1———].
[1652 - 4]
Solution: L [ A;S ]=L '1[%]:EcoshZC")l—t:EcoshE
165° - 4 (45)- 22" 4 4 4772



4. Derivative
1 S+a

(a)L _[m] ()L “in —]
— : d wo o, 2ws
solution: (a)L [sinwt] = 7 W2Y L [tsinwt] = " 5s (S +W2) R
Let F(t) =tsinwt Y L [F'(t)]:sc"g(zzL\Nz)z- F(0)
et s (S*+W)- W W
L PO =2w 2 =S = ]
_ : oW
=2L [sinwt] —(sz+w2)2
L 18 [2sinwt- E'(0)]
(s +wW?)? 2w’
.1
L [(s +\/\/2)] o CDZSlnvvt F(t)]——(smvvt wt coswt)

B)LetL [f®)]=h>12 =In(s+a)- In(s+b)
s+b

L [tf (t)] = —[In(s+ a.) In(S+ b)] —Tb' m =L [e- e-at]
\ f(t): -bt e—at
5. Integration
41 ,s-1 ., Sta
(a)L [ (——ﬁ] (b)L [ms+bL
on: @)L {5 (5 L 1y degr RRe
Solution: (a)L - [ ( )] [s(s+l) sz(s+1)] ne dt nne dtdt

=-(e'- 1)+f’a(e't- Ddt=-(e'-1)-(e'-D-t=2-2e"-1

1 1
bl_ ebt_eat - _ =
()L [ 1= <+b s+a
e‘bt +Db|” s+a
L = ds=1In =In
[ ] n (s+b s+a) s+al, s+b
-bt _ 4-at
\ L =8 €

s+b t



6. Convolution

@L T

1
(52+\Nz)2] (o)L - [(S +W2)2

Solution: (a)L [sinwt] = +vv2 Y L [ Sant] %Wz

. 1
L [(s2 +\/\/2)2]

:%ﬁ%{cos@v t- wt+w ) - cosv t+wt - w ddt

= W r’jsinw tsinw(t - t)dt

t

:iwzﬁt[cos(ZW t- wt) - coswt]dt = \1/231 sin(2w t- wt) - tcosth

:iwz{[%v(sinwt-sin(—vvt)]-tcoswt} 2W3(S|nvvt Wt coswt)

1 _ S
2+vv2 L [coswt] = R

= Fjsinw tcosw(t - t)ct

()L [1 sinwt] =

[(s +\/\/2)

-1 r’j—[sin(w tHWE- W +sin(w t- w +w 9]t

—im[smesm(Zwt wt)]dt —zigt S|nwt+2 costh Wt)H

= —{tsinvvt - —[cosvvt - cosEt wt)]} = Lsinwt
2w 2w 2w



[l. Partial Fraction

P

f =
If F(9) s

, Where dedP(s)] <degQ(9)]

1. Q(s) =0 with unrepeated factoss a

PO__ A | A +3 + A

Q(s) s-a s-4 S- a,
P(s)

e _ . S-a
A=Im oo (- al=P@)Im =2

= P(a,) lm —— = P@J
=2 Q'(s) Q'(a)
P(S) _ P(a)/Q'(a) , P@)/Q'@,) , 4 5 , P@)/Q'(a)
Q(s) S- & S- & S- &,
L PO @) e, P@) i g g, P@)
Qs Q'(a) Q'(a,) Q'(a,)

Question:

s+1
s+5°- 65
s+1 _ s+1 :ﬁ+
S+5°-6s S(s-2)(s+3) s
. s+1
A= s )63
s+1 3

=lim =—
A s2g5(s+3) 10

L g

Solution:

A A
s-2 s+3

1
6

stl _-2
S(s-2) 15

A= lm,

ol
+
|_\
o
+
H
Ul
|
H
+
w
N

1 s+1 _
L a2 1= T 21N
S°+S5°- 6S S s-2 s+3 6 10

- 3t



2. Q(s) =0 with repeated factols- a,)™
P(S) - C:m + Cm—l +3 3 + Cl
Q(S) (5 ak)m (S' ak)m_l S- &

SES; (S ak) Cm +Cm—1(s_ ak)+Cm—2(S_ ak)2 +3 +C1(S- ak)m_l

C. = ||m[P(S) (s- a)"]

()
P(S) . -
{d—S[Q()< a,)"])
P(S) . v 1
"”‘{E[Q()( 2",
333333333333333333333333333
d™ P(s)
C.=im (il & k)]}( =T
L POy evie, 7 _ic,, 2 43 scracy
Qs "m-Dl ™ (m- 2)]
Question:

L _1[34- 7s® +135° +4s- 12]
52(5 D(s- 2)(s- 3)

78 +1%°+45-12_C, C, A _ A A
SP(s-(s-2)(s-3) & s s- 1 S- 2 s-3
§*- 7 +13s2 +4s- 12 -12

5 = = =

s 0 (s-1(s- 2(s-3 -6

Solution

. d s'-7s°+135° +4s- 12

C, =lim —[ ]
sods  (s-D(s- 2)(s- 3

_AEDCED(3- (-19[(-)(-+(-D(-Y+(-D(-2)] _- 24+12311 _ 3

[(- D(-2)(- 3)I? 6°

§'- 78 +13% +4s-12 -1

s2(s- 2)(s- 3) 2

s'- 7 +13s" +4s-12 8

s2  s2(s-1)(s- 3 -4

st- 7s¥+13s% +4s-12 9 1

A =Ilm
s- 1

>
"
3
I

=-2

=lim = ==
A =im, s?(s- 1(s- 2) 18 2
4 _ 23 2 _
L _1[5 : 75_, +1?is +4? 12] ot +3- let- 2e2t+}egt
s°(s- D(s- 2)(s- 3 2 2



3. Q(s) =0 with unrepeated factos{ a)?+b, whereb>0
P(s) _ AstB
Qs) (s- a)*+b?

ZES; [(s- a)? +b?] = As+B

i (S (s @) 4D} = Ala +ib) + B

R+il =(Aa +b)+iAb

whereR and| aretherealandimaginary partsof Iinl {@[(s- a)’ +b?]}, respectivy

b Q(s)
Aa+B=R
then.e _ . ,wherewecanget AandB, and
i =
POy oy AS ) (Aa+B) il comt+ 221 B ginped
Q9 (s- a)®+b 3 g
Question:
S
11
s +4
s° s° s°
Solution: — =5 —— = ——— >
ST+4 () +23°Q+2°-23°Q@ (s°+2)°- (29)
s __As+B  As+B,

(s +2s+2)(s* - 25+ 2) (s+1) +1 (s- )% +1
. S . -2 .
Jlrn+iW_A&.(-l+l)+BlY 2o CATBIIA

ﬁ_( AL+B)+|A_LY AL:-— B =0

M o= A B Y (A B HiA

8+8' = (A, +B,) +iA Y Az—— B,=0

s? | = [_4(S+1)+4+4(s_1)+4]

s*+4 (s+1)? +1 (s-D*+1

L g

e' e
= (- cost +sint) + " (cost +sint)



4. Q(s)=0 with repeated complex factorsf( a)?+b]?, whereb>0
P(s) . AstB . Cs+D
Q(s) I[(s-a)*+b’]* (s-a)*+b’

@[(s- a)® +b?)* = As+ B+ (Cs+D)[(s- a)* +b?]
Q(s)

J"Jlib{%[(s- a)? +b?]?} = Aa +ib) + B
R +il, = (Aa+B)+iAby {2 B=R

, whereA andB canbeobtained
Ab =1,

slirarlibdis %[(s- a)? +b’]’} = A+[C(a +ib) + D] &Iirﬂibdis[(s- a)? +b?]

R, +il, = A+[C(a +ib) + D]2ib = (A- 2Cb?) +i(2a I + 2bD)

- 2 =
Y { A- 2607 =R, , wherewe get C andD, hence
2a I +2bD =1,
4w P(S), _, .1 A(s- a)+(Aa+B) .,C(s-a)+(C+D)
L 1—F]=L +L
[Q(S)] { [(s- a)* +b*]° } | (s- a)* +b’ !
- a‘{[%sinbt +(Aa+ B)Z—tl)s(sinbt - btcosht)] +[C cosbt + (Ca + D)%sinbt]}
Question
°- 3s*+6s- 4
L 3 .
[ (s* - 2s+2)? ]
. §°-3°+6s-4_  As+B cs+D
Solution:

= +
(s°-2s+2)°  [(s-D*+1° (s-1*+1
Iirrl1_(s3 - 35 +6s+4) = A(1+i)+B

2i =(A+B)+iAY A=2B=-2

lim g(53- 3s® +6s+4) = A+[c(1+i) + D] Iir?_di[(s- 1)% +1]
s 1+ s

s 1+ s
O0=A+(c+ic+D)2i =(A- 2¢c)+2i(c+D)
c=1D=-1
L .1[5 -235 +6s-24]:|_ = 2(3-21) J+L Y s-21 |
(s°- 2s+2) [(s- D +]] (s- D +1

=¢ (2C"9t?:sint +cost) = €'(tsint + cost)



[1l. Series Method

L '1[sin1].
s
Solution: sin® = * - 1(1) 1(1) - l(1)7 +3 3
s s SIS
2 4 6
sin ]_1 L t—+33
23 453 a7
t2n
:1+é(-1)”

et (2n)!(2n +1)!

V. Differentiation with Respect to a Number
RPeswrvil

(s’ +W2)
. d 1 _ -2W o q d 1 _y o1 - 2w
SOlunon'dw(szw\F) (sz+w2)2Y L [dw(—sz+vv2)] L [—(2+w2)2]
- - 1 :i -1 1 - = i i l
2wl [(SZ+WZ)2] dWL [s +\/\/2] ( sinwt) = W2$|nvvt+wcosM
L ! =] = (Sinwt - wt coswt)

(s* +W)? 2vv3



V. Method of Differential Equation

L e .
s - s s
) . e e e
Solution: y=e s Y Vi=- —,
y Yi /s yii = 4s 4\/—

we gettheequatiordsyij+ 2yi- y=0Y 4L [g(tzy)]+2L [-ty]- L [y] =

4%(t2y)-2ty- y=0Y 4t?y'+(6t- )y=0Y dy bt- 1olt_o
3 1 . 3L
ny+=Iht+—=c VY y=ct2e#
y 2 4t @y
e -
7L[t?2]=—2 =#,andL [ty] = L [ct 2e 4]
s2 S
s 11 Vs

. e .
while L [ty] =-yj= Y L [ct 2e 4] =
[ty] =- Vi T [ ] e

11 e
2@ 4t |
Apply generalffinal valuetheoremim ct ? =lim 2/s Y c= 1
t- @ t-i s 0 ﬁ 2\/6
Js

\ y= e
y 2\/6t3/2

VI. Apply the Theory of Complex Variables

[F(g)] = Ziﬁ F(9)eds



4.5. Solve Differential Equations

Question:
el O0<x<3
y'+y+y=9(x), ¥(0) =1 y'(0) =0, whereg(x) =1~ _ ..
i
Solution: g(x) = u(x) +2u(x - 3)
1 e

[SY - sY(0) - y'(O)] +[sY- yOI+Y=_+2—

-3s

(s> +s+1)Y :s+1+§+2e

S
_ s+l N 1 N 2e %
s?+s+1 s(sz+s+1) s(sz+s+1)
=l yroed. St
s+s+1 's ¢ +s+1 s s°+s+1
143
+ )+ —
s+1 (S ) \/_ 2 ' -1 _ - \/é 1 . \/é
L 1= ] =e ?2(cos— x+ —=sin—X)
s+l \/§ s? +s+1 2 J3 2
(s+ ) +(
x3 U3 1 . /3
X) =u(X) +2u(x- 3{1- e 2 [cos—(X- ) +—=sin—(x- 3
Y(X) = u(x) +2u(x - 3)}{ [2()\/52( )]}

Question:
Y0 27" () +5Y (=0 Y(0) =0,y (0 =1 y(5) =1.
Solution: [s%Y - s?y(0) - sy (0) - y'"'(0)] - 2[s%Y - sy(0)- y'(0)] +5sY- y(0)] =

y'(0)=c
__s+c-2 _ A, Ps+Q
s(s*- 2s+5) s (s- 1)%+2?
I s+c 2 _c-2
- 2s+5 5
P(1+2))+Q= Iim_S+C' 2 _- 1+C-f-2| _C+3_ 4- Zci
s 1+2i S 1+2I 5 5
2-c 2c+1
P=—— =
5 Q 5

C- (,2-C c+3
t) = +e cos2t + ——sin2t
V() === +e (e, 1o Sn20)

Py _.v, ,_C-2 2-c 1 c+31
=)=1Y 1= +e8

y(s) 5 ( 5 V2 10 v2

\ y(t) =1+¢€'(- cos2t +sin2t)

—)Y ¢c=7



ll. Ordinary Differential Equations with Variable Coefficients
Question:

tyt+(1- 2t)yj- 2y=0, y(0)=1,yi(0)=2.
Solution: - dis[SZY - sy(0)- y'(O)] +{[sY - y(0)] +2dgs[sY- y(O]} - 2Y =0

(- S?Y'-2sY+1) +[(sY- 1) + 2(sY'+Y)]- 2Y =0
(- +29)Y'+(-2s+s+2- 2)Y =0
dy ds
S-2Y'=YY —=-—Y InY=-In(s- 2) +
- (s-2) y s 2 (s-2)+c,
Y=—C_¥ y(t)=ce®
s- 2

y(0) =1\ 1=c, y(t) =¢&*

lll. Simultaneous Ordinary Differential Equations
Question:
édx

Td——2x+y+2
i dy . x(0)=y(0)=0.
T2 = x+2y+3”
i dt
?sx x(0) = 2X+Y+i, Té(s- 2)X-Y:i
Solution: j 535Y i 5'35
TsY- y0)=X+2¥+— 1- X+(s-2)Y =——
i s-2 i s-2
_ 5 S- 2s” - 5s- 7
(s- 2) 1 (s D(s- 2)(s- 3)(s- H)
2
+(s-2)——
_s-5 ( )5-2: 3s-13
(s- 2)*- (s- D(s- 3)(5- 5)
X = 5/4+ -3 1 3/4Y x(t)——e 3e2t+e3t+§e5t
s-1 s- 2 S- 3 s-5 4 4

\(:-5/4+ 1 1/4 y(t) = - e+e +1e
s-1 s-3 -5 4




4.6.Dynamic Systems

X(t) input y(t) output
Dynamic

—

\ A processor which

processes the input
signal toproduce the
output

A 4

Satic systemy(t) = ax(t) =>xasy (simple processing)

Dynamic system:

dy™ (), dy™(t) dx™ ()
+ +...+a y(t) =b, +...+Db X(t
TR S 2 Y() o (t)
Ornek:
d ey 6d Z+lldy+6y 4%+2u
dt® dt dt dt

y(0)=yi(0)=yi(0)=0

%:O at t=0
dt

SY(s)#6 S Y(s)11 sY(8)6 ¥)s &2 sU(s)z U

4s5+2
S’+6s°+11s+6 s

Y(s)=

U(s)=§(unitstepinput)

S(S4+65+11s+6)=s(s+L)(s+2)(s+3)

(y(s):iJ,i 3 +5/§
33 s+1 s+ s

asv2 Q.G G
s(sHd)(s+2)(s+t3) s s+1 s+



1 5
l==+el-32+Zg
y(t) 3 5

1
t- o . =
y(t 3

1.L [1]:r'=£e-stdt:_ée.st o é

0

2.L [ta]:ﬁutae-stdt:fi(%)ae-ud_su: 1 ﬁ"uae_Udu:qa+l)

a+l a+l
S S

e—(s— a)t | 2 1

3L [e*]= & ete Sdt = _
i -(s-a), s-a

4L [€%]=—1_V L [cosat+isinaf] = —>— +i 2

+1
S-la SZ +a2 52+a2
\ L [cosat] =——— andL [sinaf] = ——>—
s?+a?’ S +a’
. eat_ e—at 1 1 1 a
5.L [sinhat] =L _1 i _
[sinha] =L [~————]=2("—- =5 o
etre* 1.1 1 s
L [coshat] =L [ 1==( + y=— 2

2 2's-a s+a s*-a



4.7.Uygulamalar

Soru:
Ghpn Ay [FLX I OSIBI¢gRBNYPRONG dzV R b 7 BINRIFIEEWRI 0 d.
I H
_J. L)
4y =— R=25
T
a) YANDKK2FTFT DSNAfAY | I al aGRFPEIPYRING R-SEINSHRRS 1A
St SYIYy RSESNISNAYA B8SNRAYS 12@FN}F{1 RSylfSY
di(t
L ()+RKQ:O
dt
di(t
()+25(r):0
dt

b) 5NT Syt SRAEAYAT RAFSNIyareSt RSy1fSYA [ LX
RI YNONYN2 i @&ztJi tzMIPy o0Af SOSyft SNAY [ LI OS RI

L{dﬁ(f) ; 23'(0} =L{‘ﬁ®} +2L[0] = 0
dt dr

L{‘ﬁ@ } _ sI(s)—i(07)
dt

L[i(")] = 1(s)
sI(s)—i(07)+2I(s)= ¢

i(07) =2
2f RdzEdzy I 31 NB Loauv ATIFIRSaAAYyA aaé¢ OAyaAyRSy
(s+2)I(5)-2=0



2

s+2

I(s) =

d) ¢ SNAE [ I LX I OS itRfadgdinsbNontey R Sy

_ 1
Lle ¥ =
[e™] sto

i(t)=2e"ut) 4

Soru
Lo EPRILEA OS iilgn k() forksiyonun Tefs I LI | ©S RI YNONYNY N
1 ]
X(s)= + ., —a<Re{s}<b, —a<hbh.
s—b s4+a

x (t) = e u (t) — bePtu (—t)

The unilateral Laplace transform of f(t) is N S

‘t’rii 1l f f * S’I + [: I ' . g et Lt :F)].!"L[: r
I.— 8 }]'E llIlll:LtEIﬁ I It e

Using s-domain differentiation property of Laplace transform.

If f(t) <=~ F(s)

L(t) L dF(s)

ds

_—d] 1 - 2541
SU._ ‘E[fflif}] o fj.‘i lls,:_|_ -‘i+1} o (.‘iE—F 5+ 1}3

)



Soru:
YANODKK2FTFQdzy F1{PY &lalaPyl 31 NB

Q1
>
Z
[
P
(0p))
&\
Z
&
X«
(0

in(t) = i1(t) 4+ ia(t)

y(t)

Ve  iy(t) = 22
alL) Rs

58y 1f SYf SNA & §t) dskihiid®yerdhad kbyBinua y(INGRrilih sinyali
:'.I_"e"[][f}
2f Rdz€ dz, 9 ikdunuz.

EampleRLC Circuits
An Example of the Application of Laplace Transforms

i L
—» e .
I *
C) R w1
v;it) .

Kirchoff's voltage law

vi(t)=i(t) R+ L d;—gr:'+ IE Ii[r’jdr’

Kirchoff's voltage law transformed

Vi(s)=RI(s)+s LI(s)—-Li{0_)+ :—Cf(sju

={R+3L+%} I(s)-Li{0.)

=Z(s)I(s)-Li{0_)
Z(s)=R+sL+ LC

where §
Example I A series RLC circuit excited by a unit impulse functidinat is to say
Vi(s) =1

(The unit impulsealways gives the "natural response” of any circuiNatural as compared
to "forced" response.)



This is to be compared to the transform pair

Flt)=+/c? +d* exp(—at) cos (m: —tan”! ﬁ]

cls+a)+dm
Fls)=
) (s+a) +a’
2L a R
1




Ornek:

8
Fls) = ———
TheLaplaceTransformof f(t) is given by, s(s +4) Find the final value of equation
using final value theorem as well as conventional method of finding final value.
5
Here, £flt)] = ——
f® s(s +4)
8s 8 8
o floc) =limsL () = lim ——— = lim =—-=2
fl[ ]I s—10 fl[ ] 5= 5[5 4 .:1] s—=0 5 1 4 4
8
Again, Fls) = ——
g (5) s(s +4)
That can be written as,
k1 ko . .
Fls) = —+ [(Where, ky & ky are two arbitrary constant]
5 s+ 4
sky + 4k + ska sk + ko) + 4k
N s(s +4) N s(s+4)

S8 =5k + ko) + 4k

=kt =0884=8=Kk=2&)k=-2
2 2

Now, F(s) = - —
5 s+4

S ETIF(s) =2 =274 = f(1)

©floo) = lim (2 =2 %) =2 2> =2
f() (

t—ro0


https://www.electrical4u.com/laplace-transformation/

Ornek:
2

Find the Inverséaplace Transformatioof function,

FI[S] _ 2 _ Jri.‘1_ N JrL‘g
(s +2)(s+8) s+2 s5+8
_ Fis+ 8k + kos +2ka (k + k2)s + 2(k2 + 4F1)

(s +2)(s+8) N (s+2)(s+ 8)

ok +Ee)s 4 2(ke +4ky) =2

= (kg + ho)s + 2(ko +4ky) = 0.5 + 2.1

1
.fL‘-l—|—.fL‘g=D&Z2UL‘2—|—-’-1.‘1L‘1:|=1:‘*f‘£1=§;§£ﬁ‘g=—§



https://www.electrical4u.com/laplace-transformation/

Ornek:

1
F(s) =
Find the Inverse Laplace transformation of s(s +1)(s +2)
1 I3 f ke
F(s) = == 42 ’

= + +
sls+1)s+2) s s+1 s+2

[Where, Iy, ky & Ey are arbitrary constants|

By solving this equation we get,

1 1
Fp ==, bo=—-1 &I =—
1=5: k2 3= 3
1 1 1 1 1
F = — _— -
() EXS s+1

LF(s) = f(t - — +
F(s) can be rewritten as, (s) = () 2 ‘

Ornek:
2
F(s) =
Find the Inverse Laplace transformation of s(s +1)(s +2)
2 ke ke .
F(s) = -1 2 2

= + +
sls+1)s+2) s s+1 s+2

[Where, Iy, ky & Ey are arbitrary constants|
By solving this equation we get,

ki=1, ke =2 &la=1

1 2 1
_|_
8 s+ 1 s+ 2

— -2
F(s) can be rewritten a§F[S] = f(t) =1—2e by et




Ornek:

Express the differential equation in Laplace transformation form
12. ; 1 ; '

% 1658 L8 =0 given (07 ) =0 and x (07) = 2

dt= dt :

£ [& 6% 4 81] — £0
dt? dt '
= £ [dz"} iy [d—I] +8£[z] =0
dt? dt

= s°X(s) —s #(07) — % (07) +6 {sX(s) — %(07)} +8X(s) =0

= "X (s) — 5.0 —24+6{sX(s) —0} +8X(s) =0

2
= X 2465+8]=2= X(s) = ———
(5) [S § ] (5) 52+ 654+ 8
Ornek:
Express the differential equation iraplace transformatioform
d2r dx

FroR 4E +a2=1given 2(07) = 0and £ (07) =0

£ @+4di+r = £(1)
dt? dte |

d2z dr
£ |— 4 | — £lr] = £11
= [dﬂ] - [dt] + £l (1)

= s2fr — sz(07) — 2 (07) + 4 {s£zx—z(07)} + £2 = £(1)
1

= s°X (s) + 45X (s) + X(s) = .

[As all inttial conditions are zero]

‘ B 1
= X(s) = s(s? +4s+1)



https://www.electrical4u.com/laplace-transformation/

Ornek:
Where, F(s) is the Laplace form of a time domain function f(t). Find the expiration of f(t).

1
Fls) = s(s+1)

£7F(s) = £7 G) — ! (Si 1)

= flt)=1—¢"
1 3—!—1—3_1 1

Now, F(s) = - =
ow, F(s) sls+1)  sls+1) s s+1

Inverse Laplace Transformation of F(s), is
6s% + 105 + 2

F = —
[3] s+ 352 + 2s

Ornek:
Find Inverse Laplad@ansformation function of
657 +10s+2 657+ 105+ 2

Fls) = P +3s2 425 s(s?+3s5+2)
65° + 10s + 2 6s% + 10s + 2
- s(s2 + 25+ 5+ 2) - s(s+1)(s+2)
ﬁl.,. ko koa 652 + 105+ 2

+ —
s s+1 s+2 s{(s+1)(s+2)
Fils+1)(s+2) +kais+2)s +hka(s+1)s _ 652 + 105+ 2

s{s+1)(s+2) Cos(s+1)(s+2)
ki(s? 4 5+ 25 +2) + ko(s? + 25) + ka(s® + 5) = 65% + 105 + 2

(k1 + ka2 + ."L‘;;)sg + (Bht + 2h2 + ka)s + 20k = 652 + 105 + 2
S 2 =2=k =114tk tkh=06&83+2n+k=10
=+ k=& 20+l =T

= (21‘[2 =+ jL‘;) — l:.ii‘g -|—."L‘;:| =T7T—=0>5

S+ 24+ k=0=k =3



67 +10s+2 1

2

F(s) = =—+

7+ 252 4+ 25 5 s+ 1

ENF(s)] = £ (1) op (

5

f(t) =1+2et 4372

Ornek:

Solve the differential equation

L "

& L 9r — 12 where r(07) =1
dt

:>[s—|—€l]£[.r]=§—l—1

12+ s fq ko
— —+

= £lz) = s(s+9) s 549

[ley & kg are two constant]
= k(s +9) +ls =12+
= (b +ky)s+ 9k =12+ s

12 4
fy+hko=1%8k =—==
= K 2 1 9 3

5+

1
) + 3L (
1

5+ 2

)



12 9—-12 3 1
:*-:L'J—]_——: —_ —- = —
9 9 9 3
1 1
. —+ = £(x)
3s  3(s+9)
8| 1 1 1
) =L =) g
3 5 3 s+9
41 g
) ==+ -
= z(t) s tge

4) Solve the differential equation,
1z dzx .
th; + Zd—; +rx=0given (07 ) =0andx (07) =1
d= flt + P
e _ 250~ 509~ 1 09

2
Ecil_t; = s £(x) —szx(07) —2'(07)
= s2E(r)—s0—1=s£(x)—1

M@]

= s£L f(t) — £(07)

Again, £
gain [ T

;£[$J=sﬂﬂ—xmj=sﬂﬂ—m=sﬂﬂ

2. .
Therefore, £ [i—t; + i—; + .r}

£ & + £ de + £z] =0
dt? dt o

= s2L(r) — 1+ sL(z)+ £(z) =0

= £(r) [Sz—l—S—l—l] =1

1

= A =



5) For circuit below, calculate the initial charging current of capacitor using Laplace
Transform

2K
/.l'/__.___p'_p'}l’ 4y L)
V=100Volt—— (_ i® , ——c=1004F

The above figure can be redrawn in Laplace form,

R
— '.IIIIIII.-""'I.I .-"rl"._.-' I"._,-'"ll-ll'..,.-'lllhl'l.f.-"lrl".t.-—
/..- —
Vis — | |{S) , 1/Cs
'\\a B ______/
YV, .
s 5Cs Ve
Therefore, I(s) = —2 5

T R+ZL  RCs+1 RCs+1
100 % 100 % 107°
2000 % 100 x 10765 + 1

. 107?
02511
el , . s107?
(07) =gt = T o) = I 5ot
1072 1072
= lim = =000 A=500mA

15002+1 0.2



6) Solve theelectric circuitby using Laplace transformation for final steadgite current

R 2{]0 D
V=100V I(s) | L 20 mH
Answer
The above circuit can be analyzed by usiinghhoff Voltage Laand then we get
- : la(t,
100 = 100 x i(£) + 20 x 107 x “1'} )
i

' ' : li(t
& £(100) = 100£ [i()] + 20 x 107% x £ {ﬂ fl} J]
s

100 . .
= =100 x I(s) +20 x 107% x sI(s) [As, i(07) = 0]
-
I, ] J.U[:]ll."f‘\
== 1l5] = ;
S 1004+ 20 % 1072 x s Final value of steady
N . . . , 100/s
tloc) = lim = lim sf(s) = lim s- —
t—oo 50 s—0 100 + 520 x 103
100 oo
) = lim —— = lim—— = 1. )
state current is s—0 100 + 520 x 10=% 50 100 7) A system is
12
X(s) = R(s) 20
represented by the relaon 52 + 5s + 10Where, R(s) is the Laplace form of
unit

d0SL) FdzyQiiA2yd CAYR (GKS @l tdz§ 2F Eo6GO dG G T
As R(s) is the Laplace form of unit step function, it can be written as

|
RI:.H'_] = —
-
1 120
CX(s) = - X 57—
s s +as+ 10

For final value,

1 120
lim z(t) =llmsX(s) =lims x — x

t—ro s—0 s—0 & '? T ."'\ - J.[.:]

120
= 10 = 14 UNILs


https://www.electrical4u.com/electric-circuit-or-electrical-network/
https://www.electrical4u.com/kirchhoff-current-law-and-kirchhoff-voltage-law/

8) Find f(t), ft) and f(t) for a time domain function f(t). The Laplace Transformation form of

Hs + 3
. . . Ef[t]:F[S]: 2 = . .
the function is given as 2s(s? + L‘]By applying initial value theorem, we
F(07) = lim f(#) = lim sF(s)
t—0 800
s(8s + 3) . 8/s+ 3]s

= lim ———— = lim
S—o0 23[32 — D]l s—oa 24 lﬂfﬁz

2
_ i 35 H3/8 _

Now, £f (t) = sF(s) — f(0%) = sF(s) —0

= sF(s) [From, above prove]

© f(07) = lim sF(s)

5—r2Q0
2
“(8s+ 3
= lim M
s—oo 25(s% +5)
I =+ 3;"{‘5
T e 2+ 10/82

Now, £f (t) = s2£f(t) —sf(07) — £(07)

=4 units

= SPLf(t) —s.0 —4=s"Lf(t) — 4

85+ 3
Now, £f(t) = ——————
ow, ££(?) 2s(s% +5)
" 2(8s + 3
e = S
25(s? +5) Applying Initial Value Theorem, we
3
o . o . 5 [83 + 3]
. [3s® — 404 . [3—40/s _
= lm | ————| = lm — | = 1.h unit
get, S—ro 23[3-‘ — .’_ljl s—o0 | 2+ 1(]; 5=



5 . Z'Transformation

5.1. Properties of theZ- transform

For the folbwing
z{t[n}=4 flnz"=F(2) {9} =& 9,2" =G(2)
n=0 n=0
1 Linearity:

Z(af, +bgy} =aF(z)+bG(z) and ROC B 1 R,
which follows from definition og-transform.

f Time Shifting
_ - 1 7 o
If we havef[n] U F(2) then In-noJU 2™F(2)
The ROC df(2) is the same a§2) except that there are possible pole additions or deletions
atz=0orz=no,
Let y[n] = f[n- no]then

Y(z)= & fln- nylz"

n=- «
Assumek =n- ng then n=k+ny, substituting in the above equation we have:

Y(2)= af [K]z™ =z"F[]

k=-

1 Multiplication by an Exponential Sequence

v :xéia
Let y[n]:z{)‘f[n] then (Z) ?%08

The consequence is pole and zero locations are scalegl bythe ROC d¥X2) isrr< |Z] <
r, then the ROC df(2) is
R< |Zzo| <ryie., |z rrR< |7 <|zo| rL

o ~ N o

Y(2)= &4 Z:nz"= & x[n]égog Xéiﬁz—o

n=- o n=- o

@ plel

The consequence is pole and zero locations are scalegl bythe ROC of(2) isrR4 Z| <rL,
then the ROC of(2) is
rR<|Zzo| <rL i.e., || rR<|Z < |z|rL



1 Differentiation of X(z)

nf[n]«1%- - zdF(Z)

f[n] u F(Z) then Z and ROCR

If we have

F(z)= a f[n]z "

n=- ©

de—(ZZ):-z'au"- nf[n|z ™= é nf[n|z "
dF( )« Y- nf[n]
dz

1 Conjugation of a Complex Sequence

If we have f [n] U F(Z) then f*[n]« %- F (Z*) and ROC R
Proof:

Lety[n] =f" [n], then

Y(2)= & f [z’ %f[n][z] g - e (7)

n=- o n_ o]

i Time Reversal

If we havef[n] U F(Z) then f*[' n]« - F*(]/Z*)
Lety[n] =f  [- n], then

V(@)= & [ nlz" =34 1) nl7] g - @af[k](z)

n=- o (;n_ o - gk_ o
ROC oH?2) isrr< |Z] < r|, then the ROC 0of(2) is
1 1
Vel oW T

When the time reversal is without conjugation, it is easy to show
1 1

_>|ZI>_

f[' n]« - F(]/Z) and ROC i{R g

=F'yz)

A comprehensive summery for tlzdransform properties is shown in Table 2

If the



Table:Summery of Zransform properties

Property Sequence z-Transform Region of Convergence
Linearity axin) + byin) aX(z)+ hY(2) Contains R, N R,
Shift ’ vin — ng) [ z X () R,
Time reversal v(—n) Xiz7" 1/R,
Exponentiation a"x(n) [ Xia'z) lee| R,
Convolution x(n) = vin) X(z)¥(z) Contains R, N R,
Conjugation x*(n) | X*(z") R,

- dXi(z)
Derivative l nx(n) —: ] R,

| dz

Note: Given the z-transforms X (z) and ¥ (z) of x(n) and y(n), with regions of convergence R, and
R . respectively, this table lists the z-transforms of sequences that are formed from x(n) and y(n).

Example Find theztransform of 31+ 2 x 38,
From the linearity property

Z3n+ 2 x 8 = Fn} + Z3"

and from the Table 1

Z{n}:; Zi3"t= Z
(z- 1) and { } (z- 3)
(r" with r = 3). Therefore
3z N 22

Z{3n+ 2 x g}:(z‘ 1)° (z- 3)

Example Find the zransform of each of the following sequences:
(@) x(n) =2"u(n) + 3(%2)'u(n)
(b) x(n) =cosfimp)u(n).
(a) Because(n) is a sum of two sequences of the foafiu(n), using the linearity
property of thez-transform, and referring to Table 1, theransform pair

4 13z
1 3 Y
X(Z):l 2 _l+ 1 = 02 1 ~
IS (1 22)@- ~7'8
2 C 2 =

(b) For this sequence we write
x(n) = cosiwg) u(n) = ¥¢™° +e"0) y(n)
Therefore, thez-transform is
1 1 1 1
X(z)==— += :
21- ezl 27- @Mzt
with a region of convergence |z| >Combining the two terms together, we have
_ 1- (cosw,)zt
X(z)= —
1- 2(cosw, )zt +z




5.2.The Inverse A ransform

Theztransform is a useful tool in linear systems analysis. However, just as important as
techniques for finding the-ransform of a sequence are methods that nia/used to

invert the ztransform and recover the sequeng@) from X(2). Three possible approaches
are described below.

i Partial Fraction Expansion
Forz-transforms that are rational functions af

g q
Zh[k}z‘* nfl — Bz
k=0

k=]

X(2)=— =C =
Za{k}z‘* 1_[{1 —az h
k=1

a simple and straightforward approach to find the inverdeansform is to perform a partial
fraction expansion oK(z). Assuming that p &, and that all of the roots in the denominator
are simplea;, axfori, k, X(z2) may be expanded as follows:
F A
k
X(z) = - Ea(3)
(2) ; 1 —apz!
for some constantéy for k= 1,2, . . . p. The coefficientéy may be found by multiplying
both sides of Eq. (3) by {laz !) and settingz= ay. The result is

Ap = [(1 =z DX(@D)] _,

If p ¢ g, the partial fraction expansion must include a polynomia fof order (-g). The
coefficients of this polynomial may be found by long division (i.e., by dividing the numerator
polynomial by the denominator). For multipeder poles, the expansion must be modified.
For example, iK(2) has a secondrder pole at z =&y, the expansion will include two terms,

B B,

T Ll
| —agz=! (1 =gz 1)
where By, and B, are given by

B, = akl:%[l — &'kz"']ZX{z}]

By = [{1 — ::ur;;z_]anf"i’liz}]z:mE



Example Suppose that a sequenaén) has az-transform

4 —
| —

AES TN TR T

"+ ;L S =) (=527
With a region of convergence]| > %2 . Becauge=(q = 2, and the two poles are simple, the

partial fraction expansion has the form
A Az
_|_

4-'~I--.l

Xiz)=

-l-'~|l.,- J—nl-ul

A(z)=C+

2
b ,-2 _ 3_-1 1.-2_ 7,
EZ — 37 +l 3< 3 +4
1.-2 _ 3.—
a2 — 37 +2
1,1
-5z +2
Therefore,C= 2 and we may writ&(z) as follows
2—2z-!
X(z

and

A= [(1 ==X @), =

.-: ]

Thus, the completgartial fraction expansion becomes
3

Xiz)=24 —7— —

|| 'I.__j
I — iz [

Finally, because the region of convergence is the exterior of the circle |zk@)lis the
right-sided sequence

x(m) = 28(n) + 3(3) u(n) — (1) un)



1 Power Series
Theztransform is a power series expansion,

X(z)= Z x(mz = (=2 =Dz x(O Fx(Dz xRz 4

where the sequence valuegn) are the coefficients of ™" in the expansion. Therefore, if we
can find the power series expansion ¥{g), the sequence valuegn) may be found by
simply picking off the coefficients af".

Example Consider the #ransform
X(z)=log(l +az™") Iz] = lal

Solution:
The powerseries expansion of this function is

(=)

|
log(l +az" )= —(=1ate

m= |

Therefore, the sequence x(n) having thisansform is

I

—{—1]"+I|5J'” n =0
xin) = n

0 n=10

1 Contour Integration
Another approach that may be used to find the inverdeansform ofX(z) is to use contour
integration. This procedure relies on Caushwytegral theorem, which states thatGis a
closed contour that encircles the origin in a counterclockwise direction,

| .T_kdlel k=1

2 Je 0 k#1
With

oo
X(z) = Z x(n)z™"

Cauchy's integral theorem may be used to show that the coefficinjsmay be found
from X(2) as follows:

|
x(n) = _56 X()z"dz
2nj Je

where Cis a closed contour within the region of convergenc&(@f that encircles the origin
in a counterclockwise direction. Contour integrals of this form may often by evaluated with
the help of Cauchy's residue theorem,



_ 1 et g, — . =1 T
x(n) = Y ﬁ X(z)z"" T dz = Z [resn:lues of X(z)z" "at the poles inside C]

If X(2) is a rational function of zith a firstorder pole atz= ay,
TW iy ap » — _ =y Yoyl
Res[X(2)" ' atz = o] = [(] —ewz” X (2)2""]_,

Contour integration is particularly useful if only a few valuesxgh) are needed.

Example:
Find the inverse of each of the followirgransforms:

(@) X(z) =4+ 3(z* +z77) 0 <|z| < o0

L l
O XO =TT+t
2 3
(©) X() | 2| > 2
C ) = Il =
14327 422
1
(d) X(z)= |z] > 1

(I =z —=z7%)

a) BecauseX(2) is a finiteorder polynomialx(n) is a finitelength sequence. Therefore,
x(n) is the coefficient that multiplieg™ in X(z). Thusx(0) = 4 an(2) =x(-2) = 3.

b) Thisz-transform is a sum of two firgtrder rational functions oz. Because the
region of convergence o{z) is the exteior of a circlex(n) is a rightsided sequence.
Using thez-transform pair for a rightided exponential, we may inveX{z) easily as
follows:

xi(n) = (IE) uln) + ’i(%) uin)
c) Here we have a rational function nfvith a denominator that is a quadratic in
Before we can find thenverse zransform, we need to factor the denominator and

perform a partial fraction expansion:
1 I

Xiz) = =
) | 43z "4+ 2272 (1 4+22""W14z"
B 2 ]
| 4221 ] 4271

Becaus&(n) is rightsided, the inverse-transform is
x(n) = 2(=2"u(n) — (=1"u(n)
d) One way to invert thig-transform is to perform a partial fraction expansion. With

] 1
X(z) = — =




the constantsA, B, , andB; are as follows:
A= (142X 0 = §

B = |10 -YX0) [ -
L dz ’ - =1 a (I +Z_I)2 H ]| N

By = [(1 = z7')X(2)]om1 = 3

Inverse transforming each term, we have

Laf—

x(n) = (=" + 1+ 2(n + D)u(n)

Example:

Find the inverse-ransform of the seconarder system
| 4 4zt

X(z) = : |z| = %

2
(1= 32
Here we have a secoratder pole atz= %. The partial fraction expansion ¥{g) is
A Az

X(2) = b o
(2) 1*3’.2"+(|_%z-f)2

The constand\ is

d 2
Aﬁ=%gﬂ]—?q)Xﬁﬂ =

=2

[_

|
L&'}
[
I|I—-_J
]
—
L]
il
|
b=

Fabf =

and the constanty, is

=037 x6),, =3
Therefore,
1 3
x ) = — 2 2
(2) i—%:"+(l_l5:-|)2
and

x(n) = —-(%)"Hu[n] +3(n + l}(%)“]u{n]



Example:

Find the inverse-transform ofX(2) = sinz.

To find the inverse-transform ofX(z) = sinz, we expandX(z) in a Taylor series abomt= 0 as
follows:

1X(z)| 22 d*X(z "d"X(z
X(z) = X(z L 2 § 2 EXE)
dz I:=U 2! dz? |, n! dz |,
L3 _,ﬁ =2n+1
Because
O
Xiz)= Z x(nyz™"

PP — ==

we may associate the coefficients in the Taylor series expansion with the sequence values
X(n). Thus, we have

|
) = (e ——1.-3 -5 ..
v =T LT

Example:
Evaluate the following integral:

i =1

I | +2z7"' —:2
¥ ry I o 2 - I'_
2mjJe (V=327 ")(1 = 527)
where the contour of integratiorCis the unit circle.

Recall that for a sequencén) that has a-transformX(z), the sequence may be recovered
using contour integration as follows:

|
x(n)= — ,%X{n:”"d:
2nj J.

Therefore, the integral that is to be evaluated corresponds to the value of the sequér)ce
at n =4 that has a-transform

1 +2270 —22

X(2)= — - -

(1= %:"){l - 2z71)
Thus, we may find(n) using a partial fraction expansionX{) and then evaluate the
sequence ah = 4. With this approach, however, we are finding the valuegrjffor all n.
Alternatively, we could perform long division and divide the numeratof(f by the
denominata. The coefficient multiplying ™ would then be the value of(n) atn = 4, and
the value of the integral. However, because we are only interested in the value of the
sequence ah = 4, the easiest approach is to evaluate the integral directly usinG#ushy
integral theorem. The value of the integral is equal to the sum of the residues of the poles of
X(@2)Z inside the unit circle. Because

qu




2242z -1
G-DE-

has poles at z =1/2 and z =2/3,

X(@2)2' =2’

[ 224+ 22— .
RCS[X(:}:JI:___: = :"'_____2_,__] — _'ﬁ
3 i -2 -
and
[ 2242:-
Res[X(2)z’).; = :1_?__.__ _w
L i—3 =3

Therefore, we have

I 3 112 k]
_.2?} g x[z}z dz = ?i— — l_‘h = IIQSZ



53.1 @ NP %I YI yZModefleki a G SYf SN
First let us consider a discretine system as an interconnection of only three basic

components: the delay elements, multipliers, and adders. The gguiput relationships

for these components and their symbols are shown in Figure 4.

The fairth component is the modulator, which multiplies two or more signals and hence

performs a nonlinear operation.

Delay Element X,(n) —— -1 —> Y{(n) =X4(n—1)

Multiplier X5(n) —»B:»—:- Y2(n) = KXy(n)

Xa(m) ~—
Adder d £ > Ya(n) = Xa(n) +Xy(n)
-
Xaqln) —
N
Modulator Xs(n) —x-f\; — Y5(n) = Xs(nmg(n)
mg(n)

FigureThebasic components used in a discrétee system.

A simple discreté¢ime system is shown in Figure 5, where input sig@!= (0), X(1), X2),
X(3)} is shown to the left ofp(n) =x(n). The signal;(n) shown on the left is the signa(n)
delayed byT seconds or one sample, sq(n) =x(nb 1). Similarlyy(2) andv(3) are the

signals obtained from(n) when it is delayed byPRand 3T secondsv,(n) =x(n b 2) andvs(n)
=x(nb 3). When we say that the signdh) is delayed by, 2T, or 3T seconds, we mean that
the samples of the sequence are pres@n2T, or 3T seconddater, as shown by the plots of
the signals to the left of1(n), w(n), andvs(n). But at any given time=nT, the samples in
vi(n), w(n), andvs(n) are the samples of the input signal that oc@y2T, and 3 seconds
previousto t=nT. For example, dt= 3T, the value of the sample x(n) isx(3), and the
values present imy(n), vo(n) andvs(n) are x(2),x(1), andx(0), respectively.

A good understanding of the operation of the discritee system as illustrated in Figure 4
is essential in analymj, testing, and debugging the operation of the system when available
software is used for the design, simulation, and hardware implementation of the system.
It is easily seen that the output signal in Figure 4 is



vin) = b(0)yv(0) +b(1yv(l) 4+ b(2)v(2) + b(3)v(3)

= b(O)x(n)y+b(x(n — 1) 4+b(2)x(n — 2y + b 3)x(n — 3)
whereb(0), b(1), b(2),b(3) are thegain constants of the multipliers. It is also easy to see
from the last expression that the output signal is the weighted sum of the current value and
the previous three values of the input signal. So this gives us ancioytptut relationship
for the sysem shown in Figure 4.

X(n)
x(0)
%(3)
x(1)
L
x(2)
[ { b(0)
A Vol —— >
0 123456867 n \

x(3) /

x(1) \
%(2) \\
I b(1) \
a e Vi) >
01 2 3 4 n ~ \
%(0) E_] Y
T S
®(1) '\Z —> y(n)
* x(2) /"_/
I b(2) -~/
— e V0 ] >
01 23 4567 n /
X(0) E‘] /
. . . » J

. x(1) /
BENREC
Lo ! b(3)
A >

012 34 5 6 7 N

Figure Operations in a typical discretane system.

Now we consider another example of a discritee system, shown in Figure 5. Note that a
fundamental rule is to express the output of the adders and generate as many equasions
the number of adders found in this circuit diagram for the discitetee system. (This step is
similar to writing the node equations for an analog electric circuit.) Denoting the outputs of
the three adders agi(n), y2(n), andys(n), we get



-0.1
. — z . Z
- \Y1(Zl -—./Z\? Ya(2) . ‘--,’KEN‘.EL)
e [ \_j\_/

X(z) _,._ 2-1 —;-D;—»- ® )

<y

-0.2
Figure Schematic circuit for a discretiene system

vitn) =03vi(n —1)—02vi(n —2) —0.1x(n — 1)

vaon)y=vin)+05vin —1) —0.4dva(n — 1)

vi(n) = va(n)+ 0.6va(n — 1)+ 0.8vi(n)
These three equations give us a mathematical model derived from the model shown in

Figure 5 that is schematic in nature. We can also derive (draw the circuit realization) the

model shown in Figure 5 from tleame equations given above. After eliminating the
internal variabley;(n) andy,(n); that relationship constitutes the third model for the

system. The general form of such an inpauitput relationship is
N M
Yy ==Y atk)y(n—k)+ Y bk)x(n —k) Eq(1)
k=1 k=0
or in another equivalent form
N M
Zu{k}y{n — k)= Zb{k}_x{n — k) a(0) =1 Ea(2)
k=0 k=0
Eqg(1) shows that the outpuyi(n) is determined by the weighted sum of the previdis
values of the output and the weighted sum of the current and prevMus 1 values of the
input. Very often the coefficierd(0) as shown in Eq(2) is normalized to unity.



6. Hilbert ZHuang Transform

¢CKS dzy RSNI@AYy3 LINAYOALX S 2F GKS Idzry3aQa 9a
frequency defined as the derivative of the phase of an analytic sigrmalr! Reference

ource not found. A monacomponent signal, by definition, has a unique wdfined and

positive instantaneous frequency represented by the derivative of the phase of the signal. A
signal, with multiple modes of oscillah existing simultaneously, will not have a meaningful
instantaneous frequency. Accordingly, a distorted signal must be decomposed into its
constituent monecomponent signals before the application of Hilbert transform to
calculate the instantaneous freeacy.

The essence of EMD is to recognize oscillatory modes existing in time scales defined by the
interval between local extrema. A local extremum point is any point on the signal where its
derivative is zero, and its second derivative framo. The termocal is used to differentiate
it from a global extremum point. For instance, within an observation window, there may be
several local extrema, however only one global maximum and global minimum point may be
present. Once the time scales are identified,FdMwith zero mean are sifted out of the
signal. The steps comprising the EMD method are as follows:

Al. Identify local maxima and minima of distorted signal, s(t),

A2. Perform cubic spline interpolation between the maxima and the minima to

obtain the envelopesgt) and g,(t), respectively,

()= &0+ es(0)
A3. Compute mean of the envelopes, 2 ,
A4. Extract g(t) = s(t)- m(t),
A5. ci(t) is an IMF if the number of local extrema afty is equal to or differs
from the number of zero crossings by one, AND the averaggipfreasonably zero.
If ci(t) is not an IMF, then repeat steps A% on ¢(t) instead of s(t), until the new
ci(t) obtained satisfies the conditions of an IMF,
A6. Compute the residue,ft) = s(t)g ci(t),
AT7. If the residue, {(t), is above a threshold value of error tolerance,rifrepeat
steps A1AG6 on (t), to obtain the next IMF and a new residue.
Ly LN} OGAOST 'y I|LIWNRLNRFGS & @A2INRyHE §5QKA (OS N.
that can lead to significant loss of informati&nror! Reference source not foundThe first
MF obtained, consists of the highest frequency components present in the original signal.
The subsequent IMFs obtained, contain progressively lower frequemtyponents of the
signal. If n orthogonal IMFs are obtained in this iterative manner, the original signal may be
reconstructed as,



s(h=a (9 (1) (20.1)

The final residue exhibits any general trends fo#d by the original signal.



7. Convolution

Given two continuous time signals z(t) = ¢ " and y(f) = ¢ " which exist for
t > 0, the convolution z(t) = z(f) y(1) is

x(t) = e
Laplace transformation
_ 1
X(s) = s+1
y(t) =e™
Y(s) = —
s+ 2

Convolution in time domain is equivalent to multiplication in frequency
domain.

2(t) = x(1) * y(t)
1 1
2(s) = X(s) Y(s) = (m)(m)
By partial fraction and taking inverse Laplace transformation, we get

1 1
48) =5rT1 552

() =e'—e™



8. Siug0Al 11T AIEU

Laws and Rules of Boolean Algebra

* Laws of Boolean Algebra

- The 12 Rules of Boolean Algebra
*cA+0=A

A+1=1

A-0=0

A-1=A

A+A=A

s A+A=1

*AA=A

« (A+B)A+C)=A+BC

Laws and Rules of Boolean Algebra

* Laws of Boolean Algebra

- Commutative Law
* Commutative Law of Addition: A+ B=B + A
* Commutative Law of Multiplication: AB = BA
- Associative Law
* Associative Law of Addition: A+ (B+C)=(A+B)+C
* Associative Law of Multiplication: A(BC) = (AB)C
- Distributive Law
* AB+C)=AB +AC



Sequential logic &smemory;the circuit stores the result of the previous set of inputs. The
current output depends on inputs the pastas well as present inputsLhe basic element in

sequential logic is thbistable latchor flip-flop, which acts as a memory element for one bit
of data.



















































