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RSEAT RANI & ltir@S GIekWirB SafenYiA T A Y St SNRAY | NJFaPyR
AYaly RIFEGNIYPOPYP GF1tAG SGYS 2tYHqRIEMRPMNI YL G S

Yapay Zeka, kokMatematik olan bir € AP PRS a A J Sapay Ekat E NP R? RI
kariyer yapmak veo I 6 I NPt P 2 PYIS]Y S A a OARERHAB W EAP] el f PO
gerekmektedd NJT a4l RSOS o06AfAY | dzNHdz &PBINapaPZekdt Y I
1F NR& & 8 N sidiwg GZaydiSiR SYISR Sy & | hEkededeRehiz: MRagematikle
FN]lFRIFIG 2f dFRNy &l WEBYS 3 & R § & [ B m&dmhtikcPvgapayzeka

dzl Y lolArek, yapay zekadS Y I G SYIF GA1 | NI aPygimleldh @ HIN@ Wi N

istiyorum.

Yapay zekaroblemleriA { A ISy St 1 F0GS3A2NARS 2f dzddzNJT ! NI Y
PNRBOf SYE SNA O CSauyeSIONER S NE dz fy fi IPNE | NJ @S | €f F NJ 3
araclar takip eder. Hepsi cok matematiksel konular.

LFLI e TS1FYPY O0ANRYOAE YFEOPS Ayaly Fyfl@PoF
bumodellerml G SYIF GAEAY ESAEBHSHY RIAGANNIBGRIAGNI §S2Af
YSYRA 1SYRAYS FARSY IINIoltFNP RNONYNYT I Yl cef
AYal ytF N FVYISNP Y HINRPNID S | £ 3Pt @POPE I NRFEY | (|
denizinin igcnde yiizecek bir arabBld Ny.Ndy @ NI 6 F £ I NPy | NsureclerPy Rl YA
@S ASNR e ePftPY o6S{1ftAyRilSna¥d IISIYNRBKPY & NIRIPSXRO &
bilinen geleneksel yontem ve teknikleri kullanarak zorlu derin soyut problemleri ggzmelerine

8 NRPYOP 2f dzNX

Makh Y S | ENBYAYA YNKSYRA&AASE OSNA oAfAYOAAA O
AalGA@2NRBFYPI T YIFGSYFGAT(GS gapay kekddd HayatR dnefi y P
GroPety FylFrftAGA] RNONYYS 06SOSNARfSNR ISt AG0GAN

Yapay Zeka'da ne tir matematik kuifaP t P NK

CNY | ySYEA AfSNISYStSNRAY ¢tebdnateRafikRdyunYebrisiS Y I (A |
2 TRPAPIFrGAAGATT ASEAOYAD t22Aa0GA1 NBINBaezy
OAfAYAYAY GSYSt RIF&Fyl1ftFNPRPN®



al GSYIFUGAT1Z YNJY&BeAI OSIt PNPYI BE H NI R &3 NIRPEY Dy
&1 P ftGPYRIF RNONYYS &8S0SyS1tSNAYyAT A 23St Ao
al GSYF{iA14aSt 1FONFYEIFINE JFNBRlFI&@PYalt @Seél &aly
&8l LIPef I BREAKSHNRYY3A O0ANI RSEAOGATEA]l &l LkalyPIl
ilgilidir.

Yapay zekad¥ | G4 SY I G A € A yheeNambir}hgskp R {{PP fWedi BEX PGP (PN

1. Cebir

Cebir bilgisi belki de genel olarak matematik igin temeldir. Topla®®,1 | N I £ ocel NLJIY

ol £t YS 3IA0A YFHGSYFLGA1aSt A0t SYESNRY &FyP &aPNI
w Usler

Kokler

Faktoriyeller

Toplamlar

Bilimselgosterimler
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2. Lineer Cebir

Lineer Cebiryapay zekazl Y| yf | NPy Py 2y adz &lole&lyYlealOlFEgP
mail SYIF GA1 FEFyYPRPNP .dz FfFyRI dzZl YEYEIFIO3YFREY |
{1@€ft SN {LISI]YLige8rPgo REBRACGHMPIARNAREPHPY YIGSYI GA

LineerCebirin skaler, vektorlerensorler, matrisler, kimeler ve dizilgeni fikirler Gretmeye

& NRPYOP 2 fyaprNdzekaduwdmad®ii RSyl NI 6 G PN OPf I NP A Ay
gereken bit- f | yTBpBIdjiJoyun teorisi, grafiki S2 NRA aA X F2ylaraez2yftl NE R
| TRSESNI SNJ @S | 1T @S yelmodelleSdeyutjayaiiNgr.Yt || NP Af S GSN

Lineer Cebiro Af AY @S YRUKESSNIA & X NI2A YR dzE §zpal Rek&kia

OANRYOAE YIFGSYFGATa&aSE KSal LX FYlF | NeriOve RPN

ozelliklerit yf I Y yPT I SNB{ ANY

w Skaler buyuklukler{ @ P @S O6ANRY {dzf £ yPEfFNIF]1 06StANIA
RSYANY mNYySEAY W 13T HnNn Y BMN@SS | 0 &R | { R]2ES
0 A NJoadiliePNGEf S St S{TGNR]1aSt &NlxX aPoOrltP|l O
L2 GFyaAedStA ailtSNI yAOSt A1t SNRANXY o o2eédzif
FIL1Fd 0ANAYRSY RAESNRAYS 2ftly &1y AFzifte 0 SN} o
| f eNYN &FLIPtlyYy olo6f POl AlA ouNedi|if Nl @I NRPNJ

w Vektorel buyiklikler:. N@ N1 f NENX ol 6f | gk3Rom def dikléndilaa P> &1
bayukltklere vektorel buyiklik denir.

w Matematikte matriss  RA {1 RI NI 3Sy o6ANJ al&PfFN GFof 2adz
G2LIX Iyl oAt AN O Snikiarlacshbibuiur. Madridler R INK |14 2 @241 R2 € N
RSY1tSYtSNRA GlFyPYEFYlF]1Z R2ENHzaI T RIYNONYE S
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1dzNF YPYPY (G4SYSE {F@ONIYP 2t YFfFNPYP &l €t YP
w Matematikte, tensér, e2 { o02&dzif dz OSNAYAY aAYIStSYySoAaft
Skaler denilen yonsiuz nicel buyuklukler, vektér denilénlly blayuklukler ve matris
RSYAfSy AlA o2eédzifdz ySayStSNI oANBNI G§Syal NR
KFft ARANI @S 2] o02&dzifdz OSNA {NYSESNR Acwiy
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aNKSyRAaAtALGS aP] aPl (FINDBPEIFIOPELY LINRoOf S
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| Tdd ez FteyP I TRSESNSE &l KAL) GNY |1 @S701 NI
YFGNRAT SNE @S101 Nt SNI @S R2€e€NMzal f RIYNONYE S
w Taldl EA &0SGNSIES 0 At Soosy] oy & dill fAdz odel. &R { A 06 A NJ
02edzifdz 0ANI dzil @ AT RNONYNYNZ @I NEBIYAP YI°
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analiziyapmak ve kestirimsel modell@r t dzd ( dzNX I 1 0 P NJp



A

O«

G¢SYSt A Syt SN 'yl ftAT Aég 2ty t /! ary
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verilerde en vyiksek varyanseilveri setini tutmak ancak bunu yaparken boyut

AYRANBSYSe@A areftryYl|l 2ty o6AN 0S1yAldGAND
odzf I NI} 1 o02eédzi alePaPyPy FilfaPtyYlFaPyPz @S
oFT P 11T St A1 Sy fakatr amackrak,f b8 G&/Bokan dgefiklerin

L2 LINf a2y KIFI11PYRI @21 T oAf3IA AceSNRE2N
RSEAOG|ISYEfSNRA O0AN) FNIX&F 3ISGANBNB]1>X OSNR{ S
OAf SOSYfSNE 2fF NFREPRRf BYRPRPRISEARRBY RNYSa

3. Matematiksel Hesaplama

5AFSNIyaresSt KSal Ll 421 RSE€EAO1SYfA KSal Ll Ty
YAYAYAT [ aé2ydz @S 2LIWiAYAT F&de2ydzZ [AYAGlGf SNE DS
Y2RStf SYSRS {dzZ tFyPtly GNY 11 @NF YT NRPNID

Matematik, parametrelerdeki, fonksiyonldrd] A = KI G f I NRF{ A @S &l 1€l 0

RSEAOA] T A YapSyNEKSda dok EyulludgsapNidalarda, sapma bulmada, yoriinge

| v3I NY¥SRS (dAtFyPftly YIFIGSYFrGAa1asSt KSal L)X | YIR

birlikte):

w ¢ NNBG{1SIMNT £ £ ENIoed NRIBYEY T AYOANI 1 dzNI £ P @06 0 >
@go PO @S {PavYA (GNNB It SNP

w +S1T01I NkaldNRAN] SAFOWPNE G 2LISNIF G1 NY¥ SNA O DNJ R
Laplacian)

w DN} RelYy o0SE€AWOE SNENAMLXYGIE T NPF 1 &AYdzyYt I NJ @S
nol GFfl NPX RPOON{Se F2ylarez2yfl NE @PEPYf I NJ
LISNF2NXYIFyYya {FNDOPEIFOSOPNYI AP



4, TadrdAradAa]l 9 htlaPtPl] YIFGONI Yl NP

L e 1TS1IF RNyelaPyRIF w21 FLEifl azédzi LINRO
bicimded | 6 @ 6 Af ANBAYAT & htl aPtP|l G§S2NR&AZT 06Sf
2f 1 8Py YSeRIyl 3StYS aPlitPeEPYP ylLtAl SiYS$S|
GFyPYt I YRPEP AcAy 2flaPtPl 1F DN YEFNP {dz !

CANI w2020 RNOSNYISYE RIY®H . GASND ANRIOAZ (6 A NJ ANNB A f SNJ
YSal ¥SeS 3AARSYSI & . AftAY FRFEYEFINP NRoOo2Gdz At S
1dzf £ FyPe2NIP ! @8NPl NIad3asStsS RSEAO6]1SYtSNE &NN
Y2NXI £ SO yASNONS 5O SFOMENI NJ HEZANT YE | NPt 0ANIATGS
1dzZA fFyPELy 61T P 2fF&aPtP1 {1 FONI Yl NPRPNID

.dz 12Yydz YdZKGiSYStSy T FYFYPYPI Py I ySYEA O0ANI O
1 2NJ RSEAt X 0dz @NIT RSy o6dz 1 setEhyk | NRI dzadl f1 06
w ¢SYSt TadhNIaZGA YT ENIYSReIFYI Y2RXI @O NEBlIya:x
whtl &PePletlNRF 006 EPYEP @S o6 EPYAPI 0T | NyS
kurallar.
wwlaidasSt S tRSINNS|IISWE SN | NP1 =X 0SS 1 8YdA E d PN,
w.lFreSa ¢SANBYaet  NPY ISeSNIAfAEAYA KSal LJ I NX
1TFHEPLIEFNP GFYyPYFEaPYlF @S {1FNFN OSN¥YSaraysS el
wal 1aAYdzy htlFoAfdNIIANI ¥$KNB yRl 6] WYHP ¢ SYSE
KF1{1PYRI 0RNBEA{1IGNERPERANWDSE 2fF&f | NPY o €1
w h NI ] 5t SPEYPHYI NIJ2A&daz2y> o0SNy2dz t AX Al dzaax

p® . Af3IA ¢CS2NRAA YI ONI Y NP

.dz 12ydzZ 'L @S 5SNAY mENBYYSeS | ySYftA {01 Pt

OATAYYSeSy | ySuzZ X 68XNI GALFRPADI GAZIGA] @S 2t

RNONY Ny ®

W OYUINRPLKIgY@NRBLAAA 2fF N1 RI FRflYRPNP{ PN
1dzf £ yPf PN

W4 LINFT T9O(UNRRIAT &P Pl RI EPf PYPY Poerizdr NB Pt | 6 G T
2f RdzEdzydz al @ f SN

w YdzZZ o O]l [SAORASNI RAXPERAPYORI EPE PYPYPY VyS
bir dl¢usu.
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al TAYS | ENBYAYA @S RSNRAY | ENBYYS aAaGSYtSNAY
1F NI YEFENPYF RFEFYYF{GFERPNY al GdSYFdA1asSt Af]
a2RStAY GSYSt oehloRreadki adS (ABN0 HaB S0PAND SR RS y=f A
APNIfP NBINBaezy @S RAESNISNR IAOA O0ANE2] Yl
e3Py 2t FNI 1 YINRBY 2tFNF1 FREFYRPNPEIY GSYS
1F OGN YPY I O®REGHBYRRA O8S | EPNI PEP A®SNBY ol NLIPY
{AIY2ARZI wS[! @S RAESNISNAR 3IAOA | 1GAQlFaez2y 7
2 f dzo (0 dzNHzf Y dzd G dzNIb

Bunlar,Yl {AYyS | ENBYAYA @S RSNAY | ENByavd@gkh y (SYSH
icin temel matematiksel alanlBR P NJY
W Lineer Cebir.
Vektor Analizi.
alGNR&a ! @NPOOGPNYI
htl aPt Pl @S 51 EPtPYL I N
Analitik Geometri.

€ e ¢g¢g

al1TAYS mMENBYAYA @S 5SNAY mMENBYYSRS [AYSSNI /S
[ AYSSNI OSO6ANE @S101 NI SNRAY VYSkataRnedeyleA S @S]
YFTAYS | ENBYAYAYRS ISNBII ENBYRNIYRNE RS2 &FENI dz]
gSel NBINBaezy LINRPofSYESNAYyA StS fPe2NHd &S
RSESNB {1 RIFNJKSalFLX Yl &l LBRHA I KIP&R NWA ¥ 2 Y Hzel
RFKIF | yOS o0FKaASRATSY KS&al LJX I YI & SReNtBayFA A 0O f
OSOANE oNeN]l YALGFINRI @GSNAREeA AOfSNI gSel ol 01
YFEOGSYFGAEARANE @
al TAYS | ENBYAYNBYHESRS OSdZRISNERPERBYPI fAYySSNI O
odzy f I NRPNY

w Vektor ve Matris.

w Lineer Denklemler Sistemi.

w +S{TOINIIElIYyPO

W Temel (Basis).

! NJPOIZ f AYSSNI OSOANI 81l yiGSYt SNAYA dz23dz I RPEF
Ff1yfFrNP O6dzyf I NRPNY

wsaNJSé‘ézy 52&NbHzadzydzy ¢NNBGAf YSEAAOD

| SRST RSESNA (FKYAY SGYS] AwAy 52&Ndzl f
55aiGS1T S1TGI NI allAySaAr {PYPFfl yRPNXYI &P
Boyutsal kiigulme.

hNIGFEFYEF YIENB 1FGF @Sé&l YIFI@PLl F2ylairézyq
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21. [AYSSNI5Sy1fSYf SNJ
The linear equation is the central part of linear algebra by which many problems are

formulated and solved. It is an equation for a straight line.
We represent the linear equation in figure:

y=4x-5

Exampley=4x5 linner denkleminde =0 icin y=4*(0%5, y=5 bulunur. Denklemde y=0 icin
x=5/4 bulunr.

52&NHzAlf wSaANBaez2yRI 52&eNHzalf 5Sy{1fSYf SNJ
wSaINBae2y>s RNIT oAl 3A Ay RSYy{1fSYA OGSNBYy 0AN
bulmayacel f PO PNX 5NI oAl 3AYyAYy RSy(1fSYAZI R2ENHAL ¢
y=Ix+a

a=Bubiy] SAA0AYARAWS |GESS yRRVENHIySIZyGAEA y210leP 0Sft )

~

0 I' .ANJI SEAYRANI @S R2ENHzydzy Se€AY &l yNyN @S R

52 € NYza I f NEIANB & e 2 yRNID {!Fyed [ YRESHINIR SyeSi 09 NGR/A N N.R
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Y2NBfl de2y IylIfATAZ O0OAN F2ylarézydzy RSEAOG]S
onemini ortaya koyan istatistiksel yontemd5.SE€A 61 Sy f SNJ | N} aPYRI 1A 7
RSNBOSAAYA 0S8t ANLSY (lGalaPel 12NBflasgz2y {Fd

Y2NBf Il aez2y (ragalrePaP 1 NeNIA NS K WIFIANIAE BBy R aRiSS
NJ RSESNAE I { PY RSESNI $MI APHFRE NIy SEHS IRFE BRI YRSBEES
I f P82NJ A4S LRTAGAT @1 yRS 0ANI AfAO1A 2f Rdz&dz ¢
AlA RSEAB1SY IINI&PYRI O6ANIAftAOG]A 2fYIFIRPEP a2z
Y2NBflaez2y 1FdalePamPYRII GIASINBA aAS AAO]IM  RZA SNARGP|N
OANR FNIFN]SY RAESNAR [T FEYIF1TadFRPND RSYAN VY
FNIOFN]SY RAESNARS FNIYIF{GF RPN @2NMzYdz & LIPf F

421 ale@&@PRI {1 2NBflaezy Iyl f iahKorelxsfod ahdiialgridzNId | y C
wtSFENAR2Y o NLIPY Y2YSyid {1 2NBflaezy {lddale&Pa
w {LSIENYIYUPY aPNIfFYlF {2NBftlFaezy 1l 0alePar

+SNAESNAY y2NXYIf RFEEPEPYF alF KAL) 2f Yl &P RdzNHzY
Y2NXYIFE RIFEEPEYFRPEP RdzZNHzYREFE A&S {LIBrNXYIY wlyj
12NBflae2y (lFGalePaPyPy e@2NHzYt Iyl oRIPYSAA A A
gerekir.

t I NE2Y 4F NLIPY a2YSyid Y2NBtlaez2y Yl iGal&aPaPy

. (L aiw) — (L) (S w)
Yr(Z ) - (Caa)? \/n(S6d) - (Sw)?

Y2NBflaegz2y ({+FGalrePaP oNbL yPy &2 NdzydzT

T NFnouw A&S 21 TFePF AfAO1A @IFRI 1 2NBftlagzy @:;:
f 02ndn I NFaPyRI AasS TFePF (12NBflaegzy

T 04ndc I N} &PYyRIF A&S 2NIl O0ARRSGGS 12NBflaezy
 06ndy I NI aPykielasyora S @ N1 &S]

T ndyph AaS 2] &NjasS|y 12NBflaez2y 2f RdzEdz &2 NHzYdz



Ornek:

GLUCOSE
SUBJEC| AGE X | LEVELY | XY X Y

1 43 99 4257 1849 9801
2 21 65 1365 441 4225
3 25 79 1975 625 6241
4 42 75 3150 1764 5625
5 57 87 4959 3249 7569
6 59 81 4779 3481 6561
1 247 486 20485 | 11409 | 40022

The answer i9=2868 / 5413.27 = 0.529809
From our table:
T 1E ' HnT
T 18 I nyc
T 1TE&@ ' HnZnyp
7 1 £ 11,409
1 1 8=40,022
T nisthesample sizen =6
The correlation coefficient = 6(20,485) H N T R ny c 0 ¢ RAPIPK[6ADOZ2M M Z n 1 O
4867]]
=0.5298
The range of the correlation coefficient is frefinto 1. Our result is 0.5298 or 52.98%, which
means the variables have a oherate positive correlation.

Ornek:
1E ' cn 18 I cnZ 1 E& I naAanZ 1 Ewnw [ nnns 18&u

n¥Xaxy - (Zx)E ¥)

\fﬂ Y x© - (T .\']Sv"n R i R }:

r =

NImMZ 21 @&N1&asS] 12NBfl aegz2y 2f Rdz€dz @2 NHzYdz &l L


https://www.statisticshowto.com/probability-and-statistics/find-sample-size/

Ornek:

I 5 EPRI A

BSNRAE SN AceAy (1 2NBflraegz2y (FdalePar

X ¥ Xy x2 72

1 -3 -3 1 9

2 —1 -2 4 1

3 0 0 9 0

4 1 4 16 1

5 2 10 25 4
>x =15 |[Zy=-1 Sxy =9 >x2=55 | Ty =15

nY xy - (Zx)(E ») _ 5(9) - 15)(-1)
Josxl- @) Yoy - r) B(55) - 15%4/5(15) - (-1)°

r =

_ 60
~/5 0 ~/T 4

@S & I NoANylRa T ANk NR2 € Nbza I f

0.986

12NBtlaezy @I N

{ LIS NYIFYyUPY aAaPNIfFYlI 12NBtlaezy (rdalrePaPy
Btatistik bilim dalRda, Spearmafid siPalama korelasyon kats&Pismi verilen istatistiksel
Olciyl ilk ortaya atan Amerikan istatistk Charles Spearman'a atfen adlaihPt®.
Matematik notasyonolarak2 { RS Tl Sal1A ,dzyly KI NFA 0 NK 2
Parametrik olmayan istatistikdlgisidir ve iki d&€idken arafdaki b& PR, yani
korelasyon,6lgisii olarak bulunup kullaf®RJXP . dz RS Y S G A NXkatbadBPik§ LIS | NIV |
de€icken gin cokluluklar d&|®PhakikiAda hibir varsaf yapmayarak, bu iki dken

araddda bulunan b8antR® herhangi bir monotonik fonksiyon ile ne kadar iyi
betimlenebilinec€ini deCerlendirmek amagRncelemedir.

v

1 2NBf kndomenty 1 (4
OANJ KI f ARANID

APNI £ Y
1FG&r@PaPyPy 11 8¢

Prensip olarak{ LIS NXI y U Py
12NBflagzy

AeAYRS I NYyS1tSY OSNRAESNAYAY &PNIflYlI RNITSyA
verf SNA A oAy o0dz 1206dz dz23dzy RSEAT RANI @S GSNA
| f eS1tA @881 FNIfPlAFE | feS1tA ©S&F APNI &l ¢
APNIfFYF BNTSYA KEfAYS a2 dz dzNI lvégbormeKieint $ OS5

GSNRAE SNR (dzZ £ yPt PN



{2YyN}r A1A RSEAO1SY Awiy (FINBPEPLEP OSNAR St SY
AT MZIPOPY 2F | NI |1 o6dzf dzydzN¥P . dz GNY 1FNBPEPLEP

' NI & Py RISNEAMad 0eSNJaok = - RSESNAYA o6dzf YIFI] Ay
oB 1Q
P Tt o
Burada

di=xie AY A SEFYFYP - A AfS A &PNI ydzYk N}t F NP |
Y Y Al1A RSEAG61SYEA INYS1ESYRS G2Lf Y 31 7¢8Y

Ornek:

! 6F EPRI1TA GFof2RE MMy RYINOIBlYl - SYDSKI &Pt P

{LISFNYIYUPY &APNIEFYlI (12NBtlaez2y (FitalrePapr -
©w. 8 aNddzyt I NPYRlI odz AlA RSeA61Sy - @S . A
ANGdzyt I NPYRIF f SO0k Vi | DSNRISIEINN SK Ay @8NP | @8NP
ydzYlF NI £ F NP E @S- 8A @Xy NBG NIKSNIR S Ad GRBEA O A ] 0 8
Mn® .dz YSRSYfS A1A GSI{NINIP o Aceiy OSNAf Sy
0SSt MR ST NINIP mn AcAy &PNI ydzYENFfFNP T3Ip

H OSNIOGSNIA]l ©OS p AeAY H OSNIYOSNIA] odzf dzy Y
GSNRAE YAOUAN® { Nildzy ©98RS &PNJI |]\idevundalfdrke NP  F I
kareleridK S&al LI I yYI 1 G} RPN

[A] | [B] | [C] [D] (E] (Fl

X |Y |x:Xicinsiralama | y ;Y icin siralama 4 - Siralama d? : Farklann karesi
farklan

p 191 2.9 -1.5 2,25

3 1.9 2,5 2.5 0 0

3 |4 |25 5] -2.5 6,25

5 |3 |4 4 0 0

55|1 |5 1 4 16

8 |5 |6 6,5 -0.5 0,25

10 |5 (7.5 6.5 1 1

10 (95|75 8 -0.5 0,25
Kareler

Toplami



L9

TR

“T'ndc 06 dzZ dzy dzNXp

.dz "T'ndc RSESNA aPFPNI} &l 1Py LRITAGAFIAND { PT
61 2NBfFaez2ydzyo 1 2f RdzEdzydz 3dAZISINAING yaPS/ v § 3l
2f Rdz€Edzydz ATFIF RS SRSNJoélyA - &aAPNIEFYFAP | NI N
.dz OSNAE SN AceAYRS O0OSNIOSNIA{ESNI odzf dzy YIF {1 G RT
a2ydze GSNYS@SOAf AN 51 KIF dzyazzy NER NFe bozh Yl
el NWPYSy (G 12NBflaez2y {FGalre@PaP odzZ dzyYIFI aP G ¢

Omekt S NE2Y N F2y 1 aAraeéz2ydzydz AceS {GFNhoAt AN @S
1rdarePaPyP KSalLX I &loAfANRT @

#create two arrays

x=[3,4,4,5,7,8, 102, 13, 15]

y=[2,4,4,5,64,7,8,19, 14, 10]

from scipy.stats.stats import pearsonr

#calculation correlation coefficient andvalue between x and y
r=pearsonr(x, y)
print(r)

sonug:(0.8076177030748631, 0.004717255828132089)

4Pl GPEP ly&lad € RYRMHzYIE O EPRIE | Pl f Il YYPO G PNY
t SI NBR2Y (2NBtlaegzy (lFdalrePaP 6NOY ndyntc
T1{A 1dz2NMHzZl fdz LI RSESNRY ndnnanrt

Y2NBfl aez2y (ldalePaP mudS &l 1Py 2ftRdz€dz AmwAy
2f RdzEdzydz &l 8f SN

YINBPEt Pl 3IStSYNL REBEBHzy RPnyHGSYA I R&EAG]ISY |
FytFYfP O0ANI AfAO]1A 2f Rdz€Edz a2y dzOdzyl @ NPNPIT @



23. wSaANbkaezy

9y 1 N@N{ T1FNBftSNI&lyidSYAZ O0ANDANRYS o0l EfP 2f NI
ol €t yiPePI YNYNWRYERtRAEdZ Od AN RSy 1fSY 2t F NI @&t
NEINBaez2y el yiSYARANIY . AN OISl RSeAo0fS o6dz &l yiiS
BYNY{ Ny 2fRdzZdz { I RINJ&F{Pyb 3ISaSORgkowdTedEnife2y | aA & 2
gore en kiguk kareler yontemi, regresyon icin optimal yontemdir.

The variance of {z,...,: N} denul.ed by Jf._, 18

1
f:rf_ = Tg(.r'l 7)%:

the standard deviation o, is the square root of the variance:

N

- %Z(.;-; 7)2.

n=1

The simplest secondegree curve is expressed by:
Its graph is a parabola, symmetrical about

The yaxis and existing only fgnk  y=@&¢ gives a thinner parabolad> 1 and a flatter parabola if
0 <a< 1. The general secomlggree curve is:

y=ax +bx ¢

wherea, b andc determine the positioryidthand orientation of the parabola.



Linear Regression: Y(x) =ax +b
Polynomial Regression: y(x) = apx™ + a;x" ' + -+ a,_1x + a,
1.order (linear): y(x) =ax+b

2.order: y(x) = ax®*+ bx + ¢

2.3.1. Interpolasyon

TYGSNLRtlFaez2ys dz23dzZ I YFHEP YFOASYFGAEAY 0AN RI
FIEN] P ROSEISNINBS A YSeSy o0ANI y21aGFRFETA 21 &
@FNIely &l yiaSYtSNAY GNYNyS @SNAtSy 3ISySt A
RSESNI SNA {(dzEfFyYyIFINFX{= 0206 y21u0lFltFNRF{A RSES
TurkSRS ol 1 Sy (2ftle&ftP| 2ftadzy RAES bAYUSNLRT I 2
1dzf € 1 yPEYEF G RPN

TYGSNLRflFaez2y 3ASySt RS yaYKSgERXEBESE NS BISe RSB Sé ¢
RFEEfFNPYRFEZ G2LIX FYyFYy @GSNRA{ SINKIYOBAINI F2d#1 talAyRRRE
TYGSNLRtlaez2y (F@ONFYPE OSNATSY o0AN F2ylarez
y210FaPYRIY 3S85eS50S1 6S1AtRS 0ANI @TLIEUV F2Vy] 4
02edzifdz SYiSNILRfI A2 ARUSYRY EL ENBYYSERP A 4S3
8L LIPE LY (dA tFyPY &az2yNraP 2NIlel ePlly Kl
| ENBYYSAAYRSET KFGFEFNPY YAYyRGTIRSYy SR34d YSEARTY
8L 1tFoP] RSESNI SN KA SRNIF NBPY S 0 SIMWNHEIS N&$ LIPS o |
al ctpr yAPRSNIA GE A SESYLFYyEFNPY {1IFNF{GSNRAGALTE SNAY
RSEAOAYESNAYAY ATESYYS&AA &t LIPEYFEPRPNWP TI ¢
Ff32NRGY | ENBY YSed® (i Bz8RHzZ dz SRENBE X & 2RI 1T A
RSEAOGALTEALESNR &I LJ OF 10PN

Bir fonksiyonunxi (i=0,1,...Nb y 2101t I NDRiyOR).N 60 ARESAEYSINE SNAY RSY F
herhangi birxo NIy 2 1 GFaPYRIO & NI AWRSESSWA YAY o0dzf dzy Y I
ini SN1LJ2f Faez2y GST{YyA{fSNR eyP T LFYlIYyRI ale&Pal
RAFTSNIyaaresSt RSyl1tSYEtSNARYy aleéePalt cl i NYN 3IA
eder.

TYGSNLRtlFaez2y &l yidSYtSNA 3ISySttAPSE&SlI YSONWAS

dz8 RdzNXzf Yl &P @2f d2f | dzé 3dzf Yy PN . dz | YI cef |
F2yl1airez2ytl NP RSYAN®



TYGSNLRtlaez2y F2ylairezzydz 2f | NI e2&€dz T Yl
LI2f Ay2Yf I NI {dzZf £ yPf PNXD pdoyadslydl, higetbdliPgibkdahia 6z8INR S £
F2yl1aArez2yt I NE LISNAE2RA] DSNRA RSESNISNRA AcAy

+SNA y210FEFNP S6AG FINIXEP1EP 2t N1 RIEPEYPO

F N} f Pl P RSERA fasydh, LRgeaSgNIrrpolasydny b §dnleiflér daha uygun
olur.

TYGSNLRtIaez2y LREAY2Yf | NPY

Xi 3.2 2.7 1 4.8

yi 22 17.8 14.2 38.3

gecirmek mumkindir. Herbyf 2 {1 G F Yy PY (1 22NRAY I Gf F NP o6dz RSy {f ¢

a, +(3.2)a, +(3.2) a, +(3.2) a, =22.0
ay+(2.7)a, +(2.7Va, +(2.7 a, =17.8
a, +(1.0)a, +(1.0)a, +(1.0) a, =14.2
a, +(4.8)a, +(4.8Va, +(4.8) a, =383
1 32 1024 32.768 1[a,] [22.0
1 27 729 19683 ||a;| _|I7.8|
] 1.0 1.00 1.000 ||la,| |14.2
1 4.8 23.04 110.592||la,| [38.3

Ax=Db, linner denklem sisteminde, XA
ap=24.3499: &16.1177 &6.4952 g=0.5275

Yani interpolasyon fonksiyonu,
& 06 E 0 ' Hnodondle bOMe®dmMTCE b cdndpHE

dzy b 31 NS3WWRBIEEARPY RI | ¥=20.24ZkldeRSEIE SNI A Ay

al

1AYS | ENBYYSaAYyRSET OSNRAtSYy OSNA &aSiAyRSy
RAf SN

SNBE] LI SNF2NXIYAP I NIPNPtPNWP t SNF2NXYIFya |

(0p))



2.3.2. 52ENHzaA Lt O[ AYSSNL wSaIAINBaezy

Datapoints
Regression

0.2 04 0.6 0.8 1.0

YPNYP{®FHEFNI I feNYES StRS SRAfYAO OSNRA y21dl f
AfS o0dzf dzy Ydzdo GS2NR{| ol c€flyadPeP AFTI RS SRSN®

42€dz TFHYFYy @SNR {Glof2adzyt GFrY 2tFNF{ dz&2ly
tablosuna en iyi uyan fonksiyon belirlenth& cel £ PO Pt PN . ANJ OSNA
fonksiyonu bulma sirecineegresyon analizidenir. Regresyon analizi yaparken en ¢ok

1dzf £t L yPEly &l yiuSYt SNRSY o0ANAR Sy (NeN{ 1FNBfS

Belli 6lctimler sonucundai=1,2,...,nignyx @S NAf SNA St RS SRAfYAQS 2
VOV IR SE 0L €t P 2f 1 N} |1 RSEAOAGAEA OF NEFEPE Y| al B
2. .., nicinEf(w 2t O0F] 0AAYRS 6ANI F2ylaArezydy O

YSRSYABMIS Aoldz SN\ y o 1T Pt NP @Sel KSLWAAYAYy &l €
olcilen yYRSESNA Ay &l 1t o6P] RSESNI {odxZ SRAf SNE
2f Rdz€Edz @ TF2ylaArez2ydz 6StANISYyYSeS oceufuPrPf PNIP
GF1PY LI NFYYSGNBEEtSNE oF&€tP O06ANI AFI RSAA 0dz dz
LI NI YSGNBE SN 0St ANISyYSeS ol t POPEt PNP mNYySEA
2f Rdz€Edz IA0A O0ANI R2ENHzAF £ bx F 2 fat@saayereSy 24 Sedee d2 3
karesel fonksiyon olabilir ki bu durumda belirlenmesi gereken parameterelera, b, ¢, m dir.

9y 1NNl (FNBftSNI 8l yiSYAYRS IINIyly TF2ylarez
1FNBESNR G2LX I YP 2F Yy

n n

a(y-%) =a&

=1 I3



AFTIRSAAYA YAYAYdzy &t LI OF | 0S1TAft RS o0SfA
2fYFAaP AwAy KSNI 0ANI BYaGvy®ENy] (YN@EBT SRE YYIa
(SSE) en aza indirBym of the SquareDifferences: SSE)

Z

ISy
i

®

Ornek:
CANI YETAYSRSY NNBGAEfSY NNNyfSNAY (G(Fof2adz 6d

2. ayda 4 adet
5. ayda 6 adet
6. ayda 7 adet
9.ayda 8 adet

.
,./
F:J/'
ta,?),,_/’ (9.8)
,/(?,6]
/’ (2.4)
ed
’d’
- s
ad x
/,
fx) =mx+b
yi=f(

S0, = LX) = (= S+ + (0, = f(x,))
=l

2. ayda 4 adet , yi(x1)=42m-b
5. ayda 6 adet, yfx2)=65m-b

6.ayda 7 adet, y3(x3)=#6m+b
9.ayda 8 adet, y(x4)=89m+b



F(m,bY=(4-2m-b)2 + (6-5m-b)2 +7-6m-b)2 +(8-9m-b)".
9EAYE SNAYA odzf  6AfYS] AcAy | PaAYA GNNBSEt SNRA

Fn(m, by=2(4-2m-b)(-2)+2(6-5m-b)(-5)+2(7-6m-b)(-6) +2(8-9m-b)(-9)=0,

Fy (m, b)=2(4-2m-B)(-1)+2(6-5m-b)(-1 }+2(7-6m-b)(-1) +2(8-9m-b)(-1)=0.

{F RSt SOGANNSEt SNRSY a2y N} o6l EPRF1TA RSY1fSYf S
146m +22b=152
22m + 4b=25

Bu iki bilinmeyenli ikilenklemin ¢6ziminden m=0.58, b=3.06 bulunur.
f(x) = 0.58x + 3.06

Y @S 06 YAY R2ENMzRIY KS&l LX FyYlFIaPyP aletlelro
elde edilir.

F(m,b) = Z{_}g —mx, —=b) = (y, —mx, =b) + -+ (y, —mx, —b)’

i=1
,dzZl F NPRIFTA RSY1fSYRS Y @S o6 &S 3l NBakil PaYa
denklemler elde edilir.

F (m,b) = iZ(yf —-mx, —b)(-x,) = —E(EIJ:JFH - E{ixl.]b + E(Z":.rl.};} =1
Fb:(m,b} = ;2( ¥, —mx, —b)(~1) = —z(z X, ]m - z{z I}b + z{z Y, ] =0

i=l

va da
[ixf}m | (Zﬂlxl}h = iIJ’:
=1 i=l i=l
[ixl.Jm+ nb =Zﬂ:y,
=1 i=l

denklem sistemi ¢ozilerek bulunur.



.dz RSy 1€S8Y a8A8GSYAYAY REAYE (81 6ANI el 1 NYN

(Y ) -y Sy -m(Yx)
m=—t = , b= TR
n{Z.rf]—(Zx.)J B

Ornek:

on X c®dnvX OM X H®PcUOXZ O6H X nNndpuvLX 60 2 ndco
denklemini bulunuz.

> x, =0+1+2+3+4=10 , 33 =64+26+05+06+03=104

ix.y. —0-(6.4)+1-(2.6)+2-(0.5)+3-(0.6)+4-(03)=2.6+1+18+12=66

Sx=0414449416=30 ,  (Xx)Xy)=10-(10.4) =104

. n[zxx};}— {z""*}@y"] _5:(66)-104 33-104 -71_ .,
so0

H(fo}—(z_r* ) 5-30-100 50

o 20 mmN) 104 (-142)-10 1044142 246
- n - 5 5 5

=492

y=-1.42x+4.92



233, T1AYyOA

fX)=axX’ + a X + a
O B Ccwow O O &

O B 0w 0w O ®

O B ¢ 0o 0O ©

W =

w =0

I
o

Y



2.3.4. Genel Polinom Regresyon Modeli

Genel polinomNBE INBa&2y Y2RStAX Sy { NeNJ
T NeN] {(FNBftSN 81l yiSYAS LREAY2YRIY
RSESNISNI I NFaPYRFE1{A FIENYIP Sy |11

1 NSt SN @&l

GFr KYAY SR
AYRANXYS&A |

The coefficients of the polynonliaegression modefay,a u& a1, @) may be determined by
solving the following system of linear equations.

N N i, B N 7
N Zz’ 1 Li Ei 1L ag Zi 1Yi
N N 9 N _ k+1 N
Zi \Ti ) i T Y i1 T ai > i1 Tili
N _k N _kt1 N _ ok ak N k.
_Zi 1 L4 Zz’ 1 L i Tio | LOk | D i1 TiVi
Ornek:
1 6 EPRIFTA OSNR {NYSAAYS dz23dzy HP RSNBOSRSY
gosterin.
x-3 -2 -1 -021 3

y 0908 0402 010

Bu veri kimesinde N = 6 ve 2. dereceden bir polinom i¢in k = 2 dir. En kiuguk kareler

81 YGiSYAYAY d&23dA FyYF&P | 6FEPRF{A R2ENHzALFE &A
6 —2.2 24.04 agp 2.4
—2.2 24.04 —8.008 a; | = | —4.64
24.04 —8.008 180.0016 a9 11.808
{A8G§SYA @ TYS] AcwAy / NIYSNJ {dNIfPYyP (1dz tfF yl
ANGdzydzyt @SNISOGGANBNB] aA YIFGNRAE SNAYAY KSNJ



2.4 —2.9 24.04
My=| —-464 2404 —8.008
11.808 —8.008 180.0016

6 2.44 24.04
M, =] -22 —-464 —8.008
24.04 11.808 180.0016

6 2.44 2.4
My=1|-22 —464 —4.64
24.04 11.808 11.808

det(Mp)  2671.20
% = Tee(M) 1166127 22t
_ det(M;)  —1898.46
~ det(M)  11661.27
o dEt(Mg) - 323.76

~ det(M)  11661.27

aj — —0.1628

as = 0.0278

y = 0.0278z% — 0.1628z + 0.2291



Ornek:
ikinci dereceden en kicuk kareler ve Matlab ; p = polyfit(x,y,n), n=2

clear all

close all

x =[5.435 4.635 3.835 3.035 2.325 1.435 0.635];
y=[1.00 128 170 220 297 435 7.50;

p = polyfit(x, y, 2) % Quadratic Function Fit
v = polyval(p, X) % Evaluate
TSE=sum((v - Yy)."2) % Total Squared Error
figure(1)

plot(x, y, 'bp" )

hold on

plot(x, v, 1)

hold off

grid

titte(  'Plot of Data (Points) and Model (Line)' )

p= 0.3582-3.3833 9.0748
v= 1.2664 1.0877 1.3674 2.1056 3.1447 49573 7.0708
TSE= 0.8110

Plot of Data (Points) and Model (Line)

or
b



Ornek:
ikinci dereceden en kicuk kareler ve Matlab ; p = polyfit(x,y,n), n=2

clear all

close all
t=[00.30.81.11.62.3];

y =[0.6 0.67 1.01 1.35 1.47 1.25];
figure, plot(t,y, ‘0" )

title(  'Plot of y Versus t' )
p = polyfit(t,y,2)

t2 = 0:0.1:2.8;

y2 = polyval(p,t2);

hold on

plot(t,y, ‘0" ,t2,y2)

title(  'Plot of Data (Points) and Model (Line)' )

p=-0.2942 1.0231 0.4981
f(x) = -0.2942% + 1.0231x + 0.4981

Plot of Data (Points) and Model (Line)

1.6 T T [ ! L
1.4 - —

1.2

0.6% /

0.4 : ; :
0 0.5 1 15 2 2.5



Ornek:

L 8dzY TOESOAYA YdA £ FyENF|] «&iSt

clear all

close all

x = (0:0.2:5);

y =2*exp( - 0.2*x) + 0.1*randn(size(x));
f = fit(x,y, '‘expl' )

plot(f,x,y)

f = General model Exp1:
f(x) = a*exp(b*x)
Coefficients (with 95% confidence bounds):
a= 2.103 (1.999, 2.208)
b= -0.2222 {0.2464 -0.1981)

T

T

data

fitted curve

1.8 °

1.6

141

1.2

0.8




52&ENHzalf wSaNBaez2y
.ANI SOAY FARIFOGPYP GFKYAY SGYS]y AeAy O0ANRSY
RSESNA oO0FA@FGOU AES FIEINJEP SOt SNRAY (Gl o6f2adz
No. of Rooms (x0) Size (Square feet) (x1) Year Built (x2) No. of Floors (x3) Price (y)
2 1434 2010 1 8500
3 1534 2019 2 2600
2 962 1996 3 25880

S {Fiydt tahmini igin evlerin ézelliklerini gostergablo.

Where,

STAtY miSttA1tSNI @S KS
Therefore, to calculate the hypothesis:
x0 60
x1 01
X= =
x| & °% |2
x3 03
h_(x) = 60x0+81x1+ +

O Xn



24, +S1 01 NI SNJ

S1T301 NI b2NXE I NP

STGI NI y2NXYEI NP 60AN @S10G1 NNy oNeNlfNENYN I|fo
boyutu, onun normu ||x||ile G SY&Af SRAf SoAf AN OS y2N¥:z E @S
mesafeyi temsil eder ve |py|| ile temsil edilir.

Vektér normunun genel denklemi:

+

B Py
IXI] = (2 Ix")"™

Where,
p = class of p-norm

Bunlar,py 2 NXY f I NPy Py 3ISy St APYPTEl NPRPNY

w [M Y2NXdz @gSet alyKFaGdlFy b2 N)Ydzo
w [H Y2NXdz gS&F mlftAR b2N)Ydzo
5NT Syt SYSRS [m @S [H yY2NX{INP (dzZ fFyPtYI]1dl R

L1 norm or Manhattan Norm
The L1 norm o*nis defined for X R™M as shown in figure:

n
Xl = (2 Jx,)

As shown in figure, the red lines symbolize the set of vectors for the L1 norm equation.



L2 norm or Euclideahlorm
The L2 norm ofWR*n is defined as:

n 2,1/2

IXIL= (2 Ix])
i =1

g lelb=1

As shown in figure, the red lines symbolize the set of vectors for the L2 norm equation.

Regularization in Machine Learning
Regularization is a process of modifying the loss function to penalize specific oflhes
weight on learning. Regularization helps us avoid overfitting.

It is an excellent addition in machine learning for the operations below:
To handle collinearity.

To filter out noise from data.

To prevent overfitting.

To get good performance.

=A =4 =4 =4

Theseare the standard regularization techniques:
1 L1 Regularization (Lasso)
1 L2 Regularization (Ridge)

Regularization is the application of the norm.



L1 Regularization (Lasso)
Lasso is a widespread regularization technique. Its formula is shown in:figure

N
IXIl, = (2 x|

L2 Regularization (Ridge)
The equation of L2 regularization (Ridge):

2 n
N2||X]] =A/2iZ:1X!_2

2 KSNB=Z < I /2yiNRf&a GKS (NI RS2FF 2F 0O2YL} SEA

mi StEftA]l 4P1LFNXYI &S miStftAl {SceiYAh

mi yAGSE Al Pl NYI @S |3dBYARITHIAY]R RNEA YIAS/NRYY fGASEY
Sy dz23dzy RNON] o62edzifdz I TYyAGSEATESNI {NYSaAyYyA
LINRPOf SYAYAY f1FySGAyA StS fPNWP miSttA]l aSewAY

Feature Extraction
mi yAGNVAIRIEPOH TP A0f SO St SYSESNR &2t daf Y
buluruz.
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Feature Selection
Ozellik seciminde, orijinal dzelliklerin bir alt kiimesini segin.

o
x2 —x m
x."q
X = > y=
X,
L K]
| Xy K<<N
Lyl 1T TSEEA]1 PlFNYF @1 yaSYtft SNA odzyf I NRPNY

1 Principal Component AnalygiBCA)
1 Linear Discriminant Analysis (LDA)

A dAjq (‘))\NJITS fA]l @P{FNXYI &1l YUGSYARANI @S
I T @ST01 NI SNJ 1F@NF YTl NPYP o0Af

Covariance Matrix
The covariance matrix is an integpart of PCA derivation. The below concepts are
important to compute a covariance matrix:

1 Variance.

1 Covariance.

Variance

n
— 1 =\ 2
=& =D
=1

or

1

= i=1(x; — ) (x; — x)

The limitation of variance is that it does not explore the relationship between variables.



Covariance
Kovaryans, ikirastgeléSdE A 6 { SYAY 2NIF 1 RSEAGISYEtAEAYA | f o

. 1 B -
Covariance(x,y) =~ Xit1(x; — X)(yi — )

Covariance Matrix
A covariance matrix is a squared matrix that gives the covariance between each pair of given
random vector elements.

cov(xy,x1) cov(xy,xy) o cov(Xy, Xm)
Cov (5) = | 0VC2)  covliax) o covla )
cov(xXpm, x1) cov(Xp,X3) - COV(Xp, Xm)

The equation of the covariance matrix:
X1
1 = =1 Xy
Cov (}) = ;(X - X)X —-—X)';whereX = .

Xm

Orthogonality

Twovectors v and w are called orthogonal if their dot product is zero.
v.w =0

Example:

Orthonormal Set
If all vectors in the set are mutually orthogonal and all of the unit lengths, then it is called an
Orthonormal set. An orthonormal set that formsasis is called an orthonormal basis.



Span

LetVis a vector space and its elements ale sy Xd®> @

Any sum of these elements multiplied by the scalars representing the equation shown in
figure 53, a set of all linear combinations is calleel $pan.

Example:

Span (v1, v2, v3) = avl + bv2 + cv3

24 0 —C 2a — ¢
=l a |y 2b|*| —c |F| a+2b-c
—a 2b —C —a+2b-c

Basis
A basis for a vector space is a sequence of vectors that form a set that is linearly
independent and that spans the spa&.[

Example:

tKS @SO0i2NNa asSljdsSyO0S o6St2¢ Aa |

2 1
— 1

(@]}
QX
>
QX
<

It is linearly independent as given below:


https://en.wikibooks.org/wiki/Linear_Algebra/Basis

Scalar Product of Two Vectors

If A& Bare vectors, theiScalar Producis defined asAT. I, Oz a
A In terms of vector components & unit vectdrgk are along thex,y,zaxes:

A=Ai+Aj+ Ak B =Ri+Bj+Bk

ATB = ABc+ AB, + AB,

UsingiTi = = Kk = 1,

And = ifk = fk = Ogives

Dot Productclearly aSCALAR

To To Do I

Vector Addition. Adding vectors is easy, just add each

corresponding component! If v and w are complex vectors written explicitly as:

- V] = Wi
V= and w=
1 }3 ‘1'2

adding them gives:



25 al 0NRMa

AN YFONRAS fAYSSNI OSOANRY
RSy1fSY arxadSYAyAy @Sel R2ENHzaALl f
| ESTSNRAY O0ANI YFY RSYSOARAND

| ySYt A 0ANJ LI Nkel &
SOt SYSt SNAY

(1 dy

A3 Ay Whereaij €R

S1TAf oY aldNARa 3l AGSNAYAOD

{FGPNJ #8 aNidzy &Fe&PaPyl YIFGNR&AAY o62&dzidz RSy A

Vektor
[ AYSSNJI OS60ANRSET O0ANI @STGI NI OGANI YFM YIFGNRAARA

460 |
430
480

=

.
L -

S VEkt6ivgdsterimi.

al ONRA 41 NLIPYP
al GNAR A o NLIPYPS YIUONR &GNy dAE O PERPWNPIPt RIPE P O8A K

ANGdzyt I NPY o06ANI y21i0l ocel NLJPYPRPNX

123*518O =[52 64]
456) |91 127 154
Where,

[1,2,3]*[8,10,12]=1*8+2*10+3*12=64



Matris carpmaya drnekler

Satir vektdr ve siitun vektér

Asadidaki gibi Ikl matris verlisin. A — (o b ¢), B:(

e B

) ?
Burada matris carpma islemi sdyle:

@ xza zb xc
AB=(a b ¢) =ar+by+cz, Benzersekide, BA= |y (e b ec)={ya yb ye
z za zb zc

AB ile BAnin cok farkl matrisler olduguna dikkat edin. ik matris 1 = 1 boyutlu matris iken, ikincisi 3 * 3 boyutlu matristir,

T ar + by +cz
y|=| prtayt+rz
Z ut + vy + wz

W B

Kare matris ve sutun vektoru

Asafidaki gibi iki matris verilsin;

a b e @ a b
A=|p qg |, B=|y}|, AB=|p ¢
u ovow z wou

Bu drnekte BA tanimli degildir.

Transpose Matrix
ForAN R"'m*n the matrixBN R™M*m with bij =aij is called transpose &. It is represented
asB=A"T.

Example:

Inverse Matrix
Consider a squammatrix AN R™*n. Let matrixB¥ R™*n has the property tha®B= In =BA,
Bis called the inverse & and denoted byA™-1.

121 —7 76
A=14 45 B=| 2 1 -1
6 77 4 5 4

-7+4+4 -28+8+20 —42+14+28
AB=|-7+2+5 -2844+25 -42+4+35
6-2—-4 24-4-20 36-7-28
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Birim Matris
A ANRY YIFGNRE O6ANI YFGNREAS SG1A SGadArer T1FYL

GNY 11 6SASYRASNISE W IystSINSym RPOPYRIF{1A StSYlyt
A _ANI1FNB YFONRAAY So0tSyAe€AR AfS o NLJPYP 0A
F NRPYRIFIY 12YLX S$14&8 HTARSESNRSS FbAo &8§NPYS$
elde edilir.)
A Bir kare matrisin quantum Idji 1 F LJPAP 2t 0Aft YSAA AceAy YI {N
AfS @ NLJPYP OANRY YIFONR& 2tYIF1 | 2NdzyRIFIRPN

A 006 o
p E m
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A AN GSTOGI NI OGANRY YFEGNRE At S o NLIJPt RPEPYRI
p Em ®
A 8 E & €= ¢
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Orthogonal Matrix
BrARM™N]{ F NB YIFONR&GAZ FyOl]1 @S |yOF( aNddzyt | NP
ortogonal bir matristir:

AAT =1=ATA

T

Where, A ' = A



Example:

-1 0 T |1-10
A‘[o 1], A‘\o 1]

Consequently,

T [EDED O] 10
AA‘[ 0)0) (1)) ‘lo 1]

Diagonal Matrix

A square matrix AR™M*n is a diagonal matrix where all the elements are zero except those
on the maindiagonal like:

Aij=0forallil=j

Aij =0 forsomeoralli=j

Example:

>

]
O O =
o N O
_ O O

Transpose Matrix and Inverse Matrix in Normal Equation

The normal equation method minimizéby explicitly taking its derivatives concerning theta
j and setting them to zerdNe can directly find out the value bfwithout using Gradient
Descent.

T -1
0= (X X) Xy
Where

T
X = Transpose of X
y = Prediction

LYLX SYSyGlrGA2y o6& GF1Ay3a GKS RFEGF FNRY GKS



2 1434 1 8500
x=|3 1534 2| vy=1| 9600
2 962 3 258800

Adjoints

Associated with any linear operator A is its adjoint A" which
satisfies

(v|Aw) = {_'—l'i'f‘|u'>

In terms of matrices, A" = (A")"

where # denotes complex conjugation and 7" denotes transposition.

A" - complex conjugate of matrix A4.
. 1 6i 1 —6i
“A[y 2+4i]mm“11—y 2—«]

AT - transpose of matrix 4.

. |
1t.-1:[

3 2+4i] then 4* = [ ]

6i 2+ 4i

A" - Hermitian conjugate (adjoint) of matrix A.
Note 47 = (47)"

1 61 then AT — 1 —3i
3i 244 | 04 T —6i 2—4i
AN YFONRAAY (12y2dzZASaArAs YFONRARY PYYYRPERPAIDSE

CANI YEFONRAAY ONIFyalLRaSaiazx YFEONRAAY aNldzyt | NF
| SNX¥AadaeSy (12yedzaSaAis YIOGNRAAY (GNI¥yalLl2aSaar Af

if4 =




Matris yorumu:

al 1AYyS | €ENBYAY hiply§uBR RiBaPatgbrinlaid BTOESIH YSR P NIY-F {1 A ceA
YI GNR A ool NLIRK®YU v tektdid Y| NN 3 Sy St f SOGGANBY 0 | dz
@S dza Gkt Pl 3ISNBJOGANANIX® ! yOI1 3INeef N fAYSSNI OS
yorumlanabilmelidit BunedenleR 2 € NHzaNRES {GAS @A T P (G S YnSilmelive NI Y |
RFEKF @21 @2NHzik TP&EMN2 RAYHAINY P € -V INIPNROR | celyNALUFOW
TAYOANRO 3IAOA O0FTP YF{AYS | ENBYAYA f3IA2NRAGY!

: = 2 1 0
Example with N = 2 (2-dimension): { 2z—y=0 _ [ } [I] = [ }
r+2y=23 1 2 Yy 3

. dzz @dzZl F NPRBPAT PLA I RS ¢ NHASBUkaYdl sadeBe|iki cizgfiel RA NI H
el TNYZ y210GFryPy KSNJI AlA il 3IA NI SNAYRS 2fVYl a



26. mMI RSESNI SNI S ml S 1 ul NI S
mi RSESNISNE |1 @S10G1I NY¥ SNI @S 1l dd et NE O0ANI Y
bilgiler GSNA NI al GNR&T SNAY ol NLI vyt NPyl | &NPEfYIl &
FfFyftlNPYRI 2fRdz€dz 1FRFENI FAYLyYya @S (dz2 yddzy Y
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a4 RSOS oNeN{ftNENYN RSEASUGANANE R2ENHz §dzf || NP
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Eigenvectorsare the vectors with when multiplied by a matrix (linear combination or
transformation) results in anotherector having same directiobut scaled (hence scaler
multiple) in forward or reverse direction bymaagnitude of the scaler multiplevhich can be
termed asEigenvale. In simpler words, eigenvalue can be seen assttaing factorfor
eigenvectors. Here is the formula for what is cakégenequation

| EIT<E! ET <E

In the above equation, thenatrix A acts on thevector xand the outcome is anotherector

Ax havingsame drection as original vector Yut scaled / shrunk in forward or reverse
direction by a magnitude of scaler multipke,< ® vettér Ris called agigenvector of

Aand< ¢s called iteigenvalugp [ SGQa dzy RSNEGFYR ¢KIF G LIAOG2NR
matrix A acts on a vector x. Note that the new vector Ax has different direction than vector
X.

Ax

Fig. Matrix A acts on x resulting in another vector Ax

When thematrix multiplication with vectorresults inanother vector in the same /

opposite directionbut scaled in forward / reverse direction by a magnitudescdler

multiple or eigenvalued < <0 X G KSYy (i K Sige@vSc@infzhdmatdx. Heleist SR | &
the diagram representing the eigenvector x of matrix A because the vector Ax is in the same

/ opposte direction of x.

Ax

Ax

Fig. x is eigenvector of A

Here is further information on the value of eigenvalues:



A€R, A>0: vand Av point in same direction

A€R, A< 0: vand Av point in opposite directions

A €R, |A| < 1: Av smaller than v

A €R, |\ > 1: Av larger than v

Many disciplines traditionally represent vectors as matrices wiingle columrrather
than as matrices with a single row. For that reason,dh2 N&genvectoé Ay (KS
matrices almost always refers taight eigenvector namely acolumnvector.
How to Calculate Eigenvector & Eigenvalue?
Here are the steps to calculate the eigenvalue and eigenvector of any matrix A.
T Calculate one omore eigenvalues depending upon number of dimensions of square
matrix
1 Determine the corresponding eigenvectors

O«
N
<

For calculating the eigenvalues, one needs to solve the following equation:
| ET <<EE Eqxd !0 ET n¢<EEM gIIEE T n

For nonzeroeigenvector, the eigenvalues can be determined by solving the following
equation:
Ac<LTlcull T n

In above equation, | is identity matrix ardss eigenvalue. Once eigenvalues are
determined, eigenvectors are determined by solving the equathagx L 0 E€)x=06 !
When to use Eigenvalues & Eigenvectors?

Whenever there is a complex system having large number of dimensions with a large
number of data, eigenvectors and eigenvalues concepts help in transforming the data in a
set of most important dimensions (peipal components). This will result in processing the
data in a faster manner.

Here are some learnings from this post:
1 Eigenvector is a vector which when multiplied with a transformation matrix results in
another vector multiplied with a scaler multiplating same direction as
Eigenvector. This scaler multiple is known as Eigenvalue
1 Eigenvectors and Eigenvalues are key concepts used in feature extraction techniques
such as Principal Component analysis which is an algorithm used to reducing
dimensionalitywhile training a machine learning model.

[a=tN

f N



71 Eigenvalues and Eigenvector concepts are used in several fields including machine
learning, quantum computing, communication system design, construction designs,
electrical and mechanical engineering etc.

Thedefinition of Eigenvalues:

[ SG Y 0SS Iy YFY YIFIGNRE® ! &O0FfF N <zebod OF f f SR
vector xinRyy &dzOK (KId YE I <E®

and for Eigenvector:

tKS OSO02NIE A& OIfftSR Iy SA3ISygdSOiG2N 02 NNBa

Calculation of Eigenvaes & Eigenvectors

Let m ben*n matrix with eigenvalues and correspondingeigenvector x. Sanx =< EThis
equation can be written as below:

mxT < EO

So, the equation:

(m-Al)x =0

Example
Calculate eigenvalues and eigenvectors of given matrix

Solution:
Here, the size of the matrix is 2. So:

| -4 -6 10
m-)\l2— 3 5 -)\[O 1]

3 5-A



2
|m-AB|=(4-AM5—M+18=A—A—2

2
A-A-2=0

(A-2)A+1)=0

A=2or-1

Here, the Eigenvalues ofare2 and-1.
There are multiple eigenvectors available to each eigenvalue.
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Schrédinger equation Observable in quantum mechanics

Fundamentally, many systems can be modeled as

du
— =AU or u = Au

Schrédinger equation: ih%ml, t) = H(t)|¥,t).
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Markov matrix

05 0.1 0.7
A=1030502
0.2 04 0.1

all column values add up to 1.0
Aij = Pr(nextpage=i | page = j)

Given a specific page, if we sum over all the possibilities of the next page, it equals 1. i.e., all

columns ofA sum up to 1.0 andhis kind of matrix is called th&ochastic matrix transition
matrix or Markov matrix.

Pr(1 | page=1) + Pr(2 | page=1) + ... + Pr(n|page=1) = 1

Markov matrix has some important properties. The resulrbr A x always sums up to
one with its columns. The rigiitand term is the chance of being on page2 and 3
respectively after each click. So it is obvious that it should sum up to one.

05 0.1 0.7 0.2 0.42
03 05 0.2 0.4 = 0.34
0.2 04 0.1 0.4 0.24
sum up to 1
05 0.1 0.7 0.42 0.412-
0.3 0.5 0.2 0.34 = 10344
0.2 04 0.1 0.24 0.244

sumupto1

Any Markov matriXA has an eigenvalue of 1 and the absolute value of otheroms
eigenvalues to be smaller than one. This behavior is very important. lexamnple,

).,1=1 i1=01 /1,=0

11 37 -2 -3
1= gl 31 | 27| 1 W= 1
22 1 2

sumupto1

For a Markov matrix, we can choose the eigenvectokfdrto have elements sum up to
1.0. So vectors0 can be decomposed using the eigenvectoraafith O squals to 1 below



Vo = gy tcu, .. tcu,

=wtcau t.. tcu,

Vi = Myt alrut.. t e, M,
=1
approach 0
=~ U (MF=1, otherwise Ak — 0)

Sincedzs iz X dXUharé gigBnvectorsh’ can be replaced by . Except for eigenvalue L,
the power of the eigenvalue<() for a Markov matrix will diminish. So the system reaches a
steadystate that approaches the eigenvectdzeegardless of the initial state0. The
steadystate will equal the eigenvectalzasshown below

2,1 = 1
7| 37 1|37 3% 37] 1 37 0.41
Uy = 74l 37 Ak — —=| 31 31 31 V—> — = | 034
1 20 29 90 22 22 22 g 20 0.44
sumupto 1

From our example, the chance we land on pages 1, 2 and 3 are about 0.41, 0.34 and 0.44

respectively. This concept has many potential applications. For instance, many problems can
be easily modeled witMarkov processesnd a Markov/transitio matrix.

L 1 \012
/ T 07 05 01 0.7
o o \ 03 0.5 0.2
\ | o 02 04 01
0'5/_‘) 2 «—0.2 )
L

Markov process and the transition matrix



Google PageRank

Robot crawlers first retrieve the webpages, and then index and catalog them by assigning
Page Rank Values. The credibility of each page depends on the number of links t@that pa
The rank r (P) of a given page P is assumed as,

r(Q)

)= ZW

Q€Bp

Where,

Bp = all pages pointing to P

|Q| = number of outlinks from Q.
P is the matrix with the terms,

pij— {% . if Pilinks to P

0 ,otherwise.
To find the convergence and convergence rates, the matrix P is adjusted. When the row
Google matri¥P reaches the sum to 1, then it is called a row stochastic matrix. The Page
Rank iteration represents the evolution of a Markov Chain in which the web directed graph
is represented as a transition probability matrix P.

0.2

It shows the probability of a ramin surfer at each of the three pages at any point in time.
First, a binary Adjacency matrix is created to signify the link structure, then it is transformed
into a probability matrix by normalizing it.

To compute the Page Rank, it is essential to solmgigenvector problem for the linear
system,

VI(1—-P)=0
¢tKS SA3ISydlLtdsSa 2F {(i20KFaGdAO YFGNRE t OFy o
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After the process of convergence, the dominant eigenvalue of matrikPdzf R 6S <I'm
satisfy,

VT =vTP
With,
Vle=1

which is the steady state distribution of the Markov Model.
The process of PageRank convergence is shown in this graph,

Convergence of PageRank Computation
100000000 1

& 322 Milion Links
< 161 Milion Links

10000000

1000000 4

100000

10000
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lotal Ditterence trom Previous lieration

100

10 v r T v T Y
0 75 15 225 30 375 45

Number of lterations

This is how Google automatically characterizes the Page Rank value of each site.

The core idea cabe conceptualized as the following. PageRank outputs a probability
distribution of pages that you may land on by following links on a web page after many
many clicks. This probability will act as the ranking of a Web page. When many pages link to
your Webpage, Google will rank it higher considering it as a good indicator of popularity.

In our previous example, we have not discussed ways to derive the values in the Markov
matrix. For page rank, we compute the values as the sum of other page ranks lirtkésl to
page divided by its total number of outbound pages.



page rank

PR(2) , PR(3)
1

total number of

PR(page 1) =

outbound pages from page 3

e e

Mathematically, PageRank tries to solve the PageRank vR¢tor eigenvector) in the
following equation. It initializes R with equal probability at the beginning and performs the
calculation iteatively until it reaches a steaebtate.

I(pi, pj): the ratio between number of outbound from page j to page i
to the total number of outbound page of j.

(1-d)/N £(p1,p1) L(p1,p2) £(p1,pnN)
1-d)/N Fie :
i - (i, ;)
A=A/NT - Lpw,p) - (o pw)
0.85 in the Brin & Page 1998 page All columns sum up to one: A markov matrix

to reflect we don’t random walk forever.

The matrix elemenk above is the ratio between the number of the outbound page from
page j to page i to the total number of the outbound page of j. Each colurhadafs up to 1
and it is a Markov matrix. Thegjuation has an enormous similarity with the example we
discussed before if we ignore the damping faaof his factor is introduced because we will
not have a random walk to take forever steps.

For Google, they do not compute the eigenvectors direatlydr previous example, the
power of Aconverges very fast which the columnAsfconverge to eigenvectaizalready

05 01 07 042 038 0.44 041 0.41 041 )
5 0.1 0. ;

A =103 05 02 A =1 034 036 033 A3: 034 035 034| = A
02 04 0.1 024 026 023 024 025 024

The PageRank paper has demonstrated that with 322 million page links, the solution
converges to a tolerable limit in 52 iterations. t8e solution scales unexpectedly well.
The Markov matrix leads us to the equation below which the stesidie depends on one
principal component.

0
Vk = )\,1]( MM

principal component



In machine learning, information is tangled in raw data. Intelligence is based on the ability to
extract the principal components of information inside a stack of hay. Mathematically,
eigenvalues and eigenvectors provide a way to identify theigenvectors identify the
components and eigenvalues quantify its significaea preview, the equation below
deconposes information irAinto components. We can prioritize them based on the square
root of eigenvalues and ignore terms with smallalues. This reduces the noise and helps

us to extract the core information iA. (Details on a later article.)

eigenvectors of AAT can be ignored if it get too small

A= 07 Uy V1T+ O Uy V1T+ s T a,,unv,,T

\/ eigenvectors of A4

square root of eigenvalues of AA™

Solution
| hope you can see the beautylofE F28NEYy26d [ SGQ& asSS Kz2g Oly
and eigenvectors can be calculated by sol\ing< L 00. T hdve a solution other
thanv=0 for! E [the mairix A- <)lcannot be invertible. i.e. it Eingular. Its determinant
is zero. det(A <)L= 0 is called theharacteristic polynomiabnd the eigenvalues are the
root of this polynomial.
Av = Av if (4 - A1) is invertible,
A-Ay=0 v=(4-AD"0 = 0.

= det(A—Al) =0 So for v to have a solution other than 0, it

has to be not invertible. Its determinant equals 0.

Example
A= 2 1
1 2
The eigenvalues are:
det |A-M| =det| 272 1 ] = 3—-+X =0
1 2—A M
characteristic polynomial
A=1lor3
Apply! @ Twe solde&s
Ui = ! s Vg = !
| =1 1
[ SG§Qa RSGFAT (GKS adeSamples A G K | Y2NB O2YLIX AOF (S
[1 -3 3
A=|3 -5 3
6 -6 4




To find the eigenvalue Z

det(A — ) = 0
-2 -3
35—\ =0
64—
—5-1 3 303 3 —5-2
R R RN
-6 4-1 6 4-2 6 -6

16+122-23 =0

A —120-16=0
The possible factors for 16 are 1, 2, 4, 8, 16.
whenA =4,A° —12A - 16 = 0

SoA> =124 —16=A—-HMN* +4r+4) =0

By solving the root, the eigenvalues are 4, -2.

[ SG§Qa OF f Odzt I § S G KS< Sthran§hfold EetuctdNI F2 NJ SAISy I f

-3 -3 3
A-4=]3 -9 3
6 -6 0

Doing row reduction to solve the linear equation (A — Al)v = 0

-3 -3 3 0
3 -9 3 0
6 -6 0 O

Appending 0




Perform R; = —%Rl

I 1 -1 0
3 -9 3 0
6 -6 0 O

Perform row subtraction/multiplication:

After many more reductions:

1 0 —-172 0
o1 -12 0
0 0 0 0
XI—EX:;:O
1
XQ—EX3:0

We have three variables with 2 equations. We [Séirbitrary to 1 and compute the othe
two variables. So fot T, the eigenvector is:

1/2
172
1

We repeat the calculation for 2 and get

=htr=0

2 0K o QOFNAIFof Sa

Py R

M

Slidzt GA2YS

S KI @S

value to one in one of the degrees of freedom while other(s) tce0settingE i ' m =
Ei lfandk i I' n Sepéardtelythe calculated eigenvectors will be:

Note that the solution set for eigenvalues and eigenvectors are not unique. we can rescale

1
L,

=]
0
1

the eigenvectors. We can also set different valuessar Bbo¥ei Heneit is possible and
desirable tochooseour eigenvectors to meet certain conditions. For example, for a
symmetric matrix, it is always possible to choose the eigenvectors to have unit length and

orthogonal to each other.

H

R



In our example, we have arepeat&dh 3 Sy @léfddzS Ga ISYSNI 1Sa (62 RAT
eigenvectors. However, this is not always the casthere are cases where repeated
eigenvalues do not have more than one eigenvector.

Diagonalizable

[ S0 Q& | & aAhasStwd eigdhlaludéariEigenvectors.
Ay, = 4y,
Av, = 1y,

We can concatenate them together and rewrite the equations in the matrix form.

alin] = D] = D63

We can generalize it into any number of eigenvectors as
AV =V A

since
| | 4 | |
¥ o= Vg S - AV, .. Ay, - AV, . Ay, = AV
| {0 4 | | | |

whereVO2y Ol G4SyFdSa Fft GKS SAISY@SOG2ZNER | YR

matrix containing the eigenvalues.

R

Vi V2 0 Vp :
AN -y
Vv Diagonal matrix A
A square matriA isdiagonalizablef we can convert it into a diagonal matrix, like
-1
V'AV = A
i.e.,
A0 ..o 0
0 X ... 0
P lAP =
0o 0 ... M\
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Eigendecomposition
If Ais a square matrix witN linearly independent eigenvector&3i Xnaad
corresponding eigenvalues,s<¥ X )/3ve can rearrange

VIAV = A
into
V= AT 4 -
For example,
eI
A=| v, v, V; o A& O ¥ ¥ ¥
/ ‘ 0 0 4 ‘ ’
square matrix o

the inverse exists only if
eigenvectors are linearly independent

However, there are some serious limitations@gendecomposition. Firsf needs to be a
square matrix. Second, may not be invertible. As a preview, SVD solves both problems and
SVD decomposes a matrix into orthogonal matrices which are easier to manipulate. But for
matrices like symmetric matricethis is not a problem. The power of a diagonalizable
matrix Ais easy to compute.

AX = IRV
This demonstrates the power of decomposing a matrix that can be manipulated easily.
To recap, for states that can be expressed as

w,, = Adu,

A can be computed with eigenvalues.

Properties of eigenvalue & eigenvectors
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Ozvektore sahip olabilir veya olmayabiliriz.
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Akx = Akx,
A x=A"x
(A+cDx=(A+0)x
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This article is organized &slows:
1. Derivatives
Integration
Gradients
Gradient Visualization
Limit
Mathematical Optimization

A e

Calculus is important because in order to optimize a neural network, we use variations
of gradient descentthe most common of which is stochastic gradidascent.

weights
inputs

Xy

activation
functon

X net inrput
- net.
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transfer
: function
0

threshold



3.1. Derivatives

The definition of a derivative can be understood in two different ways. The first way is in a
geometric perspective, where the derivative is the slope of a curve. Essentially it is how
much a curve is changing aparticular point.

The second is a physical perspective, where the derivative is the rate of change.
As we can see both of these perspectives are related to change.

Differentiation

\ . N uy' v —ut'
(uv)' = u'v +uv', -] = ——

Fy i

i) (m) (m—1)..(1) —~ _(n—r).,.(r) (m)
(ur)™ = u™p 4+ Vo) oo 4 1Cu ) L 4 e

ne _ (MY _ !
where "Cr = (r) orl(n —r)!

E(sinx] = cosx %(sinhxj = coshx

%{cosx] = —sinx %(cashx] = sinh x

E{ranx} = sec’x ﬁ(tanhxj = sech” x

%(sec x) =secxtanx % (sechx) = —sechxtanhx
a(cotx} = — cosec’x % (cothx) = — cosech®x
;—x(cosecx} = —cosecxcotx E(cosechx] = —cosechx cothx
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%{cf(r)] =¢f"'(x). c is any constant. (f[:x]ig[x))’ = f'(x)xg'(x)

i{ x" ) =nx"", n is any number. i{ ¢)=0, ¢ is any constant.

dx dx

(fg)r =f'g+ fg" —(Product Rule) [i ZM — (Quotient Rule)
g g

d RS ) , .

E{f(g(\x])_] =f'(g(x))g'(x) (Chain Rule)

d g(x) / 2(x) d It g '(:-‘f)

— — g ) —(Ing(x))=

d_\( ) g'(x)e dT{ g(v)) g(x)



Derivative Notation
The derivative operatais written as: ddxddx
This could read as the derivative with respeckio

Scalar Derivative Rules

This is not an exhaustive list of the rules, but let's review a few of the basics.
Constants the derivative of any constant is O.

dxc=0

For example: dx80
This makes sense when you think about change, because the constant 5 is not changing at
all.

Power Rule this is how you deal with variables in derivatives. If we have a derivative
of X" with respect toxx, we calculate this as follows:"dxx > "
Forexample: d%=4x

Multiplication - this is how we deal with multiplication of derivatives:
dxcX=cnX' * "

The Sum Ruleif we have two functions and they are added together we can take the
derivative of them both indivually:
dx(f(x)+g(x))=dxf(x)+dxg(x)

The Product Rulemultiplying two functions together is a bit more complicated, we take the
derivate of the first function times the second plus the derivative of the second times the
first: dx(f(x)g(x))=g(x)dxf(x)+f(x)dxd(x)

The Chain Rulethe chain vle is important for machine learning because when we have
multiple layers in a neural network we need this calculate the derivative of earlier layers. If
we have a functiog(x)g(x)nside another functiori(x), we take the derivative of the

outside functon T times the derivative of the inside functich Y
REOFOIOEOCOIFT O03I6EV0I OG6ELD

These are just a few important rules, but let's move on to partial derivatives.

Ornek: Matlab
syms f(x)

f(x) = sin(x"2);
Df = diff(f,x)
Df(x) =H x cosk?2)



Partial Derivatves

Partial derivatives are used for equations with more than one variable.

If we have two variables we have the partial with respecttand the partial with respect
to yy: ddxddyddxddy

Now let's move on to integrals, which are essential to probatihigpry.
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3.3. Integration
Let's now discuss integrals in the context of machine learmirtggration is used to find
the area under a curve. The integral is the oppositedifferentiation, and is often
referred to as the antiderivative.

AY

- f(x)

>
a b x

There are two types of integrals: definite and indefinite.

Definite integralk S f AYAUO &> FyR OFy 06S gNROGGSY

Indefinite integralhave no limits, so we'reaking the integral from negative infinity to
L2&AGADBS AyFAYyAGEeY kFOEORE

As mentioned, the integral can be understood as the-dstivative as it reverses
differentiation. In the equation below we have the integrafof ié dfual taf(x), so if we
take the integral of a function we get back the original function.

kT OEORETFFOEULDLI/

The constant of integratioand is there because the derivative of a constant is 0, so we
don't know if it was there or not.

The Rules of Integration

Let's review a fewfathe rules of integration.

The Power Rulethis is the reverse of the power rule in derivatives:
K Ex=X"1/(n+1)+C

Constants these follow the power rule:



k1 RET'1Eb/

Evaluating Definite Integrals

If we have limits on our integralandb we evaluate hem as follows:
kol FTOEORE

This is the same as saying the (valu&>jf+ Cat x=Db)- (value off(x) + Cat x=a). Since
the C's are going to cancel out we're left with:

kO FOEOREIFOO00ULTFOI O

K 0FOEOREIFO00LTFOI O

This can also be written as:
KOl F0EORETOTOOVELOUFUOOE O K F 6 FOEORETI FOEO ML OT Foo0bLTFOI

We'll discuss integrals more in our article on probability theory, but let's now move on to
the concept of gradients.

Integration
o i — Irr-I N
./l N forn # —1
~ 1 ~
/;d,\' =Ilnx+c¢ /1nxdx =x(lnx —1)+c
/ e dx = 1 e™ 1 ¢ / xe™ dy = e™ (i a l?) +c
; i i a ac
- 2
/xlru dx = % (lru ——) +c
roo 1 1 e
/ e dx —;tan (E)'FL
roo1 1 /X 1 a+x i s
/ p— dx —;tanh (;)+L—Eln(ﬂ_xj+t forxl < a
roo1 D N 1 x—a - s
/ = dx = Fu:;lh (Ej+c_ﬂln(,\'+n) c for x2 = a
/' x dy — -1 1 L p ,
) (}.1 + ”2}” - 2[” _ 1] (IE + {12:,1"_1 ’ orn #
roox 1 2
/ mdr zzln(r:nz}—l-c
r~ 1 . _1 x
/ N = dx = sin (E) +c
r 1
/ ———dx=1In (x + \m) +c

3/ xz 4+ ﬁl



3.4. Diferansiyel Denklemlerin Faz Duzlemleri
bir diferansiyel denkleme 6rnek olarak
W 00 TO M COEO®

verilebilir.

Bir diferansiyel denklemde en yiksek mertebeli tirevin mertebesi diferansiyel denklemin
mertebed A YA GSNANIP mNYySe€AYy NaddS{A RSyl1ftSY oo Y.
YSNI SoSetS aPlcel 1ldkkPDad PNREI ESB8EAWNY St ORENS AN
denklemde bulunan en yiksek mertebeli tirevin Gssine, bu diferansiyel denkikrenesi

denecektir.

AN RAFSNIyaAreSt RSyl1tSYRS1A oFE€EPYEP RSEAOGTS
diferansiyel denkleméneer diferansiyel denklem denir.
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clear all
close all
x = linspacet.5,1.5,15);
y = linspaced,4,15);
[M1,M2]=size(y);
[X,Y] = meshgrid(x,y);
u=Y,;
for i=1:M2
for j=1:M2
V(i,))=8*X(1,j)*Y (i.));
end
end
figure(1),quiver(X,Y,U,V,'r"
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clear all
close all
x = linspace(,1,20);
y = linspace,4,20);
[M1,M2]=size(y);
[X,Y] = meshgrid(x,y);
u=Y;
for i=1:M2
for j=1:M2
F(i,)=40*X(i,)+4*Y (i,));
end
end
figure(1),quiver(X,Y,U,F,'r")
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To find thecritical points, we need to find every ordered pair of real numbers (X, y) at which
020K E I yR @& FNBE TSNP ¢KAAa YSIya |f3ISoNI A

nf mMnE b pEe®@
n I oé?b E& b od

5x(2y)=0 denkleminden x=0 ve y=2 elde edilir.

Ern RS E&denNdemde yeling KbAulursa, By°=0 elde edilir. Burdan 3y{1)=0
denkleminin kokleri y=0 ve y=1 bulunur.
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The Jacobian Matrix of a System

Associated with the regular system

X = fey)

!

yo= g,y

is the Jacobian matrix of the system. also called the Jacobian matrix of f and g with respect
to x and y, or the Jacobian matrix of the vector-valued function F = [f, g]". This is the
matrix-valued function of x and y . normally denoted by either J or a{f-%"x}“_r_‘.]_ given by

oy = U9
J&x.y) = a(x,y)
EQr-sxy E
8 Qr o-®ybES
f(x,y)= 1056xy
g(x,y¥ 3y+xy3y’
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Bu durumda, kritik noktalar tatmin edilebilir.
1-y=0, y=1

X qy’=0,X= ¥

Kritik noktalar A{,1), B(1,1) olarak elde edilir.
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2) Tam kritik noktalar bulunur.
3) Her kritik noktaicin (%, Yo) :
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lineer sistem icin matristir.
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3.9. Directional Derivatives and Gradient Vectors

9€AY ODNYRASYGO
Gradients are extremely important in machine learning because this is how we optimize
neural networks.

To understand gradients we need to return to partial derivatives, which we can reorganize
into a vector as shown below: ddxandddyddxandddy

n TRRRE =

dyn =dx,

R&

wheren is the gradient.

Let's look at an examplaf we have the gradient fdi(x,y)this is the same as writing the
partial of ff with respect toxxand the partial with respect tg:
NFOEZEUITHRTOEZEOREZ RTOEZ&@ORE®

Understanding the Gradient
Asyou may have guessed, like the derivative, the gradient represents the slope of a
function.

The gradient points in the direction of the largest rate of increase of the function, and its
magnitude is the slope in that direction.

This is very valuable becseiwe can determine the direction to change our variables that
will have the greatest impact. In the context of machine learning we take the negative
gradient direction to minimize our loss function.



Gradient Vectors

It's important to note that gradierst are not restricted to two dimensions like we've seen,

and are often expanded into higher dimensions. In the context of machine learning we
rarely stop at 3 dimensions, so gradient vectors can be organized as partial derivatives for a
scalar function. Ithere are multiple functions, we use tlicobianwhich is a vector of
gradients.

Let's now look at convex optimization and see how we can use gradients to minimize the
loss function in our machine learning algorithm.

Ornek:

[X,Y] = meshgrie:0.25:2;1:0.2:1);

Z = X.*exp¥."2- Y .12);

[U,V,W] = surfnorm(X,Y,2);

Display the vectors as al3 quiver plot. Then, display the surface in the same axes. Adjust
the display so thathe vectors appear normal to the surface by callxgs equal.
quiver3(X,Y,Z,U,V,W)

hold on

surf(X,Y,Z2)

axis equal

Ornek:

spacing = 0.2;

[X,Y] = meshgrie:spacing:2);

Z = X *exp¥."2- Y .12);

[DX,DY] = gradient(Z,spacing);

Display the gradient vectoes a quiver plot. Then, display contour lines in the same axes.
Adjust the display so that the gradient vectors appear perpendicular to the contour lines by
callingaxis equal.

quiver(X,Y,DX,DY)

hold on

contour(X,Y,Z)

axis equal

hold off

Ornek:

[X,Y] = nashgrid{pi:pi/8:pi,-pi:pi/8:pi);
U = sin(Y);

V = cos(X);

quiver(X,Y,U,V,r")


https://en.wikipedia.org/wiki/Jacobian_matrix_and_determinant

Gradients, Gradient Plots and Tangent Planes

Visualizing Gradients of Functions of Two Variables

CAN] Fee RSEAOGISYEA O0ANI F2ylaAaezydzy INI ReFYPI o0Af S
fonksiyondur.

syms xy z
f=((x"21)+(y"24)+(X"21)*(y"2-4)) (X2 +y"2+1)"2
f=((x"2- 1)*(y"2 - 4) + X2 + y"25)/(x"2 + y"2 + 1)"2

FUYAY TIANIARCISERSE | NI} e 1 dzidzadzy R 1A 21 020ALYy A0t SO
FNANYFYP 2Tt N1 O0AfSoSyft SNRA RSEAO]SY 2fly O0ANI @€
AN} RElIY | RPYRIF O0ANJa! ¢[!. (2Y24iAd] RoAKI NRRKERS § Ot
AceAy &abePalt o0ANI&F1fFOPY NNBGANWD

gradf=jacobian(f,[x,y])

gradf =

[ (2%x + 2*x*(y"2- 4)) (X2 + y"2 + 1)"2 (A*X*((X"2 - L)*(y"2 - 4) + x"2 + y"25))/(x"2 + y"2 + 1)"3,
(2*y + 2*%y*(x"2- 1))/(X"2 + y"2 + L)N2 (A*y*((X 2 - 1)*(y"2 - 4) + X2 + y"25))/(x"2 + y"2 + 1)"3]

vdzZA @SNI 1 dzf € FyI NI §FARNKY Y . SANIIRFIUYRYP | @V 11 8aNA I NI FAE)
AfAAY@iIAND | SY GAGNBYS KSY RS 12yGdaNE | yOS YSakK:
SGYS] AceAys 3ISYyStftA{1tS 12yGdNI AeAy 2f RIANS I &1 | Py
AKGARLF OPYPI 2t Rdz& dzydz dzydzii YI @ Py @

[xx, yy] = meshgrie:.1:3;3:.1:3);

ffun = @(x,y) eval(vectorize(f));

fxfun = @(x,y) eval(vectorize(gradf(1)));
fyfun = @(x,y) eval(vectorize(gradf(2)));
contour(xx, yy, ffun(xx,yy), 30)

hold on

[xx, yy] = meshgpi(-3:.25:3;3:.25:3);
quiver(xx, yy, txfun(xx,yy), fyfun(xx,yy), 0.6)
axis equal tight, hold off
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Behavior Near Critical Points

Bunun gibi bir ¢izim, fonksiyonun kritik noktébar K { { PY Rl 0 Af 3A GOSN¥ S| AceAy
y210Ff I NE INIRelIYy @S{101I NNYNy {(l&o62f Rdz&dz y21 a4l € F N
ATAYOA GNNBOEtSNI GFNFFPYREY 12yGNREf SRAfAB2NEL 68
dejey SNBE 2t F N¥ 1 FRfFyYyRPNPEPNP T|{A RSEAOG|ISYtA F2yla
@ NRPNX . dzyt NP o6FE€PRITA Nee GNNJI NSBaAYRSy (I yPel

f1 = x"2 + y"2; gradfl = jacobian(f1,[x,y]);

flfun = @(x,y) eval(vectorize(fl));

fixfun = @(x,y)wl(vectorize(gradf1(1)));

flyfun = @(x,y) eval(vectorize(gradf1(2)));

[xx, yy] = meshgridl:.1:1;1:.1:1);

contour(xx, yy, fifun(xx, yy), 10)

hold on

quiver(xx, yy, fixfun(xx, yy), flyfun(xx, yy), 0.5)
title('local minimum’), axis equal tight, hold off
set(gca, "YTick'1:.5:1)



local minimum

1;7 oo oo 5 T v T Ty rr s Q;
R T e R B e S N S
B T = S T B R o S e S
R N R W Y L e Y Y T Y
T T T A s A iy
D.Eh e A A
fF= e e R |
P P Conl L Ly |
|:| N - —a
T S P T "
o -~ T T T
'I:IE S A Cm T R el T
e T S S N L T T
N o L L T
E e LR, T T e e I T ]
rxsz;.f:alaxxxxxx
-1 A T S S S N N W W T
-1 05 a A
contour(xx, yy;f1fun(xx, yy), 10)
hold on
quiver(xx, yy;fixfun(xx, yy);flyfun(xx, yy), 0.5)
title('local maximum'), axis equal tight, hold off
set(gca, 'YTick'1:.5:1)
local maximum
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f2 = x"2-y"2; gradf2 = jacobian(f2,[x,y]);

f2fun = @(x,y) eval(vectorize(f2));

f2xfun = @(x,y) eval(vectorize(gradf2(1)));
f2yfun = @(x,y) eval(vectorize(gradf2(2)));
contour(xx, yy, f2fun(xx, yy), 10)

hold on

quiver(xx, yy, f2xfun(xx, yy), f2yfun(xx, yy), 0.5)
title('saddle point"), axis equal tighold off
set(gca, 'YTick'1:.5:1)

saddle paint
1
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1SYRA 1SYRAYS (1 SaA00GAEAYS RARYVRSE BfRRABPz{ BY SYINRA W
AAYSGNR] 2tFNF 1 SGONI TPyl @SNISOGANRE RAEA &2y dzOdzy
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Problem 1:
1 (a) Obtain a simultaneous contour and gradient plot of the function
xd + 223y — 6x%y° +
4yl 41
defined inProblem 1 of the previous lesson.
1 (b) Explain what information the plot conveys regarding the location and nature of the
critical points of the function.

glx,y) =



Gradients of Functions of Three Variables, and Tangent Planes to Surfaces
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together with its tangent plane at the point (2,4,2). We begin by checking tlesinificated point
satisfies the equation.

g = 3*2732*x"2-y"2: subs(g.[x,y,z],[2,4,2])
ans= O

Next we determine the gradient of g at (2,4,2).

gradg=jacobian(g, [X,Y,z])
planenormal=subs(gradg, [X,y,z], [2,4,2])

gradg =[ (-4)*x, (2)*y, 9*z"2]
planenormal = -8 -8 36

Next we write the function that determines the plane.
realdot = @(u, v) u*transpose(v);
planeq = realdot(planenormal, & y-4,22])

planeq =36*z- 8*y - 8*x - 24

Then we solve for z in terms of x and y to make ¢hisier to plot.
planefun=solve(planeq,z)

planefun =2*x)/9 + (2*y)/9 + 2/3

Finally we plot the surfacg = Oand add a plot of the plane so we can see the tangency.
implicitplot3d(g, 0;5, 5,-5, 5, 0, 3, 20), hold on

plot3(2, 4, 2, 'xr")

ezmesh(plaafun, [5, 5,-5, 5]), hold off

set(gca, 'YTicks:5:5, 'ZTick', 0:3)

title '3z"3- 2x"2- y"2 = 0 and its tangent plane at one point'



373 - 22 - "2 =0 and its tangent plane at ane point

oy

Note that there is another way we could have done this. We could have instead sohzasfar
function ofxandy in the equationg(x, y, z) = @nd represented our surface as the graph of a
function of two variablesz = h(x, y). Then we could have gotten the equation of the tangent plane
from the gradient oh. Here are the details:

h=solve(g,z)

(BN2/3)*(2*x"2 + y™2)N(1/3))/3
(BN213)*(2*x"2 + y"2)NL3)*((3MN(A/2)*i)/2- 1/2))/3
-(BN(2/3)*(2*x"2 + y"2)NAI3)*((3N(1/2)*1)/12 + 1/2))/3
Since h should be real, we want the first solution.

h=h(1)
h = (3M(2/3)*(2*x"2 + y"2)(1/3))/3

The equation of the tangent plane is then given by:
z = Vh(2,4) + h(2,4) - (z — 2,y — 4).

gradh=simplify(subs(jacobian(h,[x,y]), [X,y], [sym(2),sym(4)]))
planefun=simplify(subs(h,[x,y], [sym(2),sym(4)]))+realdot(graehyp4])

gradh =[ 2/9, 2/9]
planefun =(2*x)/9 + (2*y)/9 + 2/3

This is the same answer as before. Again we can produce a plot:

ezmesh(hb,5;5,5]), hold on, ezmesh(planefusg|5;5,5]), hold off
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Problem 2:
Obtain a plot showing the hyperboloid together with its tangent plane at the point (3,4,5).
Additional Prodems:

! 1. Obtain simultaneous contour and gradient plots for the function
flz,y) = (@* +v°)F — 2% + .
What information does your plot give you regarding the location and classification of the critical
points of in the regionl.5 <x,y < 1.5?

1 2. Obtain a plot showing the ellipsoid
v
1 a
together with its tangent plane at the point (2,3,1).

T 3. Find the equation of the tangent plane to the surfacgz = &t the point ¢€2,-2, 2) in two
different ways: by thinking of the surface as a graph of a function of two variables, and also
by thinking of the surface as a level surface of a function of three variables. Check that your
two answers agree. Then plot the surface (in a vicinity of this point) along with the tangent

plane, so that the tangency is visible (you need only do this once).

b [}
=3



3.10. The Potansiyel fonksiyon
Konservatif bir sistemin potansiyel enerjgk)a NNB 1t ARANI S E fbm AcAYy
MEU Xm Aceiy aPTPNI BS EBH M AcAy (1S&arAytAaites i
RA&FANI YPYP Al Ay d

V(x)potansiyeli olan bir sistem gecerli denkleme sahiptir.

Q ww
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quiver(X,Y,U,V) plots arrows with directional components U and V at the Cartesian
coordinates specified by X and Y.

The Potansiyel fonksiyon:

0
U
E &S & RSEAGIAWEBNAYAY ADYSESNAZ
6
0

Potansiyel bir fonksiyon bu ivmeleri verir.

O  no o "O ¢f FO oo oh



4. C2y 1 arB2aAYARl a8 2ydz
4.1. Veri biliminde cebir vadiferansiyel hesaplama
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Tarev Formdlleri
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fAAGSE SYYAOGANY

d/dx (k) = 0, burada k herhangi bir sabittir.
d/dx(x) = 1

d/dx(X") = nx*

d/dx (kx) = k, burada k herhangi bir sabittir.
RKRE OKEO I' MKHKE
d/dx (1/x) =-1/x

d/dx (log x) = 1/x, x>0

d/dx (€)= &

d/dx (&) = dlog a

=A =4 =4 4 4 -4 -4 A -

CNAI2Yy2YSOGNR] C2ylarez2yftl NPy ¢NNBJf SNRY
d/dx (sin x) = cos x

d/dx (cos x) =sin x

d/dx (tan x) = se€x

d/dx (cosec x) =tosec x cot x

d/dx (sec x) = sec x tan x

d/dx (cot x) =coseéx

=A =4 =4 4 A A
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Limitler ve Turevler:
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fonksiyonunun tirevi ile tewsil edilir.

h(t) = 2200 4,9¢

h'(t) = 0¢ 4,9 (2t) =9,8 t

n A4RSTA FytP] RSEAR
h'(t) =¢ 9,8 (4) =39,2
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Derivative of tan x

Let f(x) tan x

We know that tan x = sin x/ cos X

Let us take u = sin x and v = cos X

As we know,

d/dx (u/v) = [v(du/dx); u(dv/dx)])/ V2

d/dx (sin x/cos x) = [cos x(d/dx)sirg in x(d/dx)cos x]/ cOx
= [cos x . cossin X . {sin x)]/codx = (co&x + sifx)/cosx
Using the identity sifA + co$A = 1,

= 1/co$x= sebx [since 1/cos x = sec X]

d/dx (tan x) = s€x

Therefore, the derivative of tan x is $ec

Derivative of 1/x

The derivative of 1/x can be derived as given below:
d/dx (1/x) = d/dx (X)

We knowthat d/dx () = nX¢*

Here, n =1

d/dx(1/x) = d/dx () = ¢1)red

=-x?=-1/x?

Hence, the derivative of 1/x i&/x°.
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constant

line

exponential

exponential of e

square root

logarithm base e

logarithm base a
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suIm

difference
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reciprocal
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matematik ve diferansiyel denklemlerdeki problemlerin ¢6zUmu icin temeldir. Genel olarak
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Importance of derivatives in data science:
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Gradient Descent:
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400 —

300 — ‘/"

6
4 5
www.fred park.com 2 a

¢CS2NA] 2fFNI{1 0dzZ ANFRElYy AYAOA AAMIRANE Iy C
YIEOGSYFOGA]T ISNBLOGANRANI @S I NIP]l YFE1AYS | ENBYAY
myOStAl1tS o6dz Iyl 1FTRFENIOGAERAEAYAT (12ydzRIYy 0ol
f AYSSNI OSOANR @S F2NN¥NENYN (dzA tFylFfPYD



lteration = 0

10 T

.dz Y2RSt RS (dzf £ y¥NofA {85 O'S EVAFYR 1b aiUSRASNID FordkNI R X
x=girdi,b=3y S&YS y210l aPo®

(@]]
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Error,, ,, = N Z;‘ (v, = (mx, +b))*
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Line has slope P (a,b)
Graph of f(x.,b)
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4.2. Fonksiyon optimizasyonu igintek boyutdi M RO GSad F2y 1 ar
(OneDimensional (1D) Test Functions for Function Optimization)
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Convex Unimodal Function
A convex functions a function where a line can be drawn between any two points in the
domain and the line remains in the domain.

For a onedimensional function shown as a twadimensional plot, this means the function
has a bowl shape and the line between two remains above the bowl.

Unimodalmeans that the function has a single optima. Awex function may or may not
be unimodal; similarly, a unimodal function may or may not be convex.

The range for the function below is bounded-80 and 5.0 and the optimal input value is
0.0.

# convex unimodal optimization function
from numpy import arange
from matplotlib import pyplot

1

2

3

4

5 # objective function
6 def objective(x):
7 return x**2.0

8

9 # define range for input

10r_min, r_max =5.0, 5.0

11# sample input range uniformly at 0.1 increments
12 inputs= arange(r_min, r_max, 0.1)

13# compute targets

14 results = objective(inputs)

15# create a line plot of input vs result

16 pyplot.plot(inputs, results)

17 # define optimal input value

18x_optima =0.0

19# draw a vertical line at the optimal input

20 pyplot.axvline(x=x_optim, Is=-, color="red")
21# show the plot

22 pyplot.show()

Running the example creates a line plot of the function and marks the optima with a red
line.


https://en.wikipedia.org/wiki/Convex_function
https://en.wikipedia.org/wiki/Unimodality
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Line Plot of Convex Unimodal Optimization Function

This function can be shifted forward or backwardtba number line by adding or
subtracting a constant value, e.g. 5 + x"2.
This can be useful if there is a desire to move the optimal input away from a value of 0.0.

Non-Convex Unimodal Functions
A function is norconvex if a line cannot be drawn betweewo points in the domain and
the line remains in the domain.

This means it is possible to find two points in the domain where a line between them
crosses a line plot of the function.

Typically, if a plot of a ondimensional function has more than onéllor valley, then we
know immediately that the function is neconvex. Nevertheless, a naonvex function
may or may not be unimodal.

az2adald NBIf FdzyOliAizya (KIG oSasB AYyiSNBAGSR Ay

The range for the function below is boundem-10.0 and 10.0 and the optimal input value is
0.67956.



1 # nonconvex unimodal optimization function
2 from numpy import arange

3 from numpy import sin

4 from numpy import exp

5 from matplotlib importpyplot

6

7

8

9

# objective function
def objective(x):
return -(x + sin(x)) * expx**2.0)

11# define range for input

12r_min, r_max =10.0, 10.0

13# sample input range uniformly at 0.1 increments
14inputs = arange(r_min, r_max, 0.1)

15# compute targets

16 results =objective(inputs)

17 # create a line plot of input vs result

18 pyplot.plot(inputs, results)

19 # define optimal input value

20x_optima = 0.67956

21# draw a vertical line at the optimal input
22 pyplot.axvline(x=x_optima, Is=; color="red’)
23 # show the plot

24 pyplot.show]

Running the example creates a line plot of the function and marks the optima with a red
line.
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Multimodal Functions

Amulti-modal functionY S+ ya& | Fdzy Ol A2y mad& i @ NY 2NE AWK | o SabyA
valley).

Multimodal functions are noftonvex.

There may be one global optima and one or more local or deceptive optima. Alternately,

there may be multiple global optima, i.eultiple different inputs that result in the same

minimal output of the function.

[ SGQa 221 |4 | -mdddléunchoRs: YLI Sa 2F Ydzf (A

Multimodal Function 1

The range is bounded t@.7 and 7.5 and the optimal input value is 5.145735.

# multimodal function

from numpy import sin

from numpy import arange
from matplotlib import pyplot

# objective function
def objective(x):
return sin(x) + sin((10.0 / 3.0) * x)

©O© 00 ~NO Ul WN P

10 # define range for input


https://en.wikipedia.org/wiki/Multimodal_distribution

11r_min,r_max =2.7, 7.5

12 # sample input range uniformly at 0.1 increments
13inputs = arange(r_min, r_max, 0.1)

14 # compute targets

15 results = objective(inputs)

16 # create a line plot of input vs result

17 pyplot.plot(inputs, results)

18# define optimal input value

19 x_optima =5.145735

20# draw a vertical line at the optimal input
21 pyplot.axvline(x=x_optima, Is=; color="red’)
22 # show the plot

23 pyplot.show()

Running the example creates a line plot of the function and marks the optima with a red
line.
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Multimodal Function 2
The range is bounded to 0.0 and 1.2 and the optimal input value is 0.96609.

# multimodal function

from numpy import sin

from numpy import arange
from matplotlib import pyplot

# objective function
def objective(x):
return -(1.4- 3.0 * x) * sin(18.0 * x)

O© 0O ~NO Ol WN P

10# define range for input

11r min,r_max =0.0, 1.2

12 # sample input range uniformly at 0.01 increments
13inputs = arange(r_min, r_max, 0.01)

14 # compute targets

15results = objective(inputs)

16 # create a line plot of input vs result

17 pyplot.plot(inputs, results)

18 # define optimal input value

19 x_optima = 0.96609

20# draw a vertical line at the optimal input
21 pyplot.axvline(x=x_optima, Is=; color="red’)
22 # show the plot

23 pyplot.show()

Running the example creates a line plot of the function and marks the optima with a red
line.
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Multimodal Function 3
The range is bounded to 0.0 and 10.0 &nel optimal input value is 7.9787.

# multimodal function

from numpy import sin

from numpy import arange
from matplotlib import pyplot

# objective function
def objective(x):
return -X * sin(x)

O© 0O ~NO Ol WN P

10# define range for input

11r_min, r_max = 0.0, 10.0

12 # sample input range uniformly at 0.1 increments
13inputs = arange(r_min, r_max, 0.1)

14 # compute targets

15results = objective(inputs)

16 # create a line plot of input vs result

17 pyplot.plot(inputs, results)

18 # defne optimal input value

19x_optima = 7.9787

20# draw a vertical line at the optimal input
21 pyplot.axvline(x=x_optima, Is=; color="red’)
22 # show the plot

23 pyplot.show()

Running the example creates a line plot of the function and marks the optima with a red
line.



Line Plot of Multimodal Optimization Function 3




Discontinuous Functions (NeBmooth)

A function may have discontinuity meaning that the smootkhange in inputs to the

function may result in noismooth changes in the output.

We might refer to functions with this property as namooth functions or discontinuous
functions.

There are many different types of discontinuity, although one common exaimplgump or
acute change in direction in the output values of the function, which is easy to see in a plot
of the function.

Discontinuous Function

The range is bounded t@.0 and 2.0 and the optimal input value is 1.0.

# nonsmooth optimization function
from numpy import arange
from matplotlib import pyplot

# objective function

def objective(x):

if x> 1.0:

return x**2.0

elif x ==1.0:

10 return 0.0

11 return 2.0- X

12

13 # define rangdor input

14r_min, r_max =2.0, 2.0

15 # sample input range uniformly at 0.1 increments
16inputs = arange(r_min, r_max, 0.1)

17 # compute targets

18 results = [objective(x) for x in inputs]
19 # create a line plot of input vs result

20 pyplot.plot(inputs, results)

21# defineoptimal input value

22 x_optima = 1.0

23 # draw a vertical line at the optimal input
24 pyplot.axvline(x=x_optima, Is=; color="red")
25# show the plot

26 pyplot.show()
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Running the example creates a line plot of the function and marks the optima with a red
line.


https://en.wikipedia.org/wiki/Classification_of_discontinuities
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Noisy Functions

A function may have noise, meaning that each evaluation may have a stochastic component,
which changes the output of the function slightly each time.

Any nonnoisyfunction can be made noisy by adding small Gaussian random numbers to the
input values.

The range for the function below is bounded-80 and 5.0 and the optimal input value is

0.0.

# noisyoptimization function

from numpy import arange

from numpy.random import randn
from matplotlib import pyplot

[ —

# objective function
def objective(x):
return (x + randn(len(x))*0.3)**2.0

© 00 ~NOo ol WwN

10+# define range for input

11r_min, r_max =5.0, 5.0

12 # sample input rage uniformly at 0.1 increments
13inputs = arange(r_min, r_max, 0.1)

14# compute targets

15results = objective(inputs)

16 # create a line plot of input vs result

17 pyplot.plot(inputs, results)

18 # define optimal input value

19x_optima =0.0

20# draw a vertical line at theptimal input

21 pyplot.axvline(x=x_optima, Is=; color="red’)

22 # show the plot

23 pyplot.show()

Running the example creates a line plot of the function and marks the optima with a red
line.



30 A

25 A

20 A

15 4

10 A

P Y ST (USSR USSRy Sy USSR S ——

Line Plot of Noisy Optimization Function




4.3. Two-Dimensional (2D) Test Functions for Function Optimization

Function optimization is a field of study that seeks an input to a function that results in the
maximum or minimum output of the function.

There are a large number of optimizatiatgorithms and it is important to study and

develop intuitions for optimization algorithms on simple and etsyisualize test functions.
Two-dimensional functiongake two input values (x and y) and output a single evaluation of
the input. They are amoniipe simplest types of test functions to use when studying

function optimization. The benefit of twdimensional functions is that they can be
visualized as a contour plot or surface plot that shows the topography of the problem
domain with the optima andamples of the domain marked with points.

In this tutorial, you will discover standard tvebmensional functions you can use when
studying function optimization.

Tutorial Overview
A two-dimensional function is a function that takes two input variabled aomputes the
objective value.

We can think of the two input variables as two axes on a graph, x and y. Each input to the
function is a single point on the graph and the outcome of the function can be taken as the
height on the graph.

This allows the faction to be conceptualized as a surface and we can characterize the
function based on the structure of the surface. For example, hills for input points that result
in large relative outcomes of the objective function and valleys for input points thattriesu
small relative outcomes of the objective function.

A surface may have one major feature or global optima, or it may have many with lots of
places for an optimization to get stuck. The surface may be smooth, noisy, convex, and all
manner of other prperties that we may care about when testing optimization algorithms.
There are many different types of simple tglomensional test functions we could use.
Nevertheless, there are standard test functions that are commonly used in the field of
function optimzation. There are also specific properties of test functions that we may wish
to select when testing different algorithms.

We will explore a small number of simple tlonensional test functions in this tutorial and
organize them by their properties witlvo different groups; they are:
1. Unimodal Functions



1. Unimodal Function 1

2. Unimodal Function 2

3. Unimodal Function 3
2. Multimodal Functions

1. Multimodal Function 1

2. Multimodal Function 2

3. Multimodal Function 3

Each function will be presented using Python code wifimn&tion implementation of the
target objective function and a sampling of the function that is shown as a surface plot.

All functions are presented as a minimization function, e.g. find the input that results in the
minimum (smallest value) output of tifanction. Any maximizing function can be made a
minimization function by adding a negative sign to all output. Similarly, any minimizing
function can be made maximizing in the same way.

| did not invent these functions; they are taken from the literatusee the further reading
section for references.

You can then choose and cepgste the code one or more functions to use in your own
project to study or compare the behavior of optimization algorithms.



Unimodal Functions

Unimodalmeans that the function has a single global optima.

Aunimodal functionmay or may not be convex. A convex function is a function where a line

can be drawn between any two points in the domain ahe line remains in the domain.

For a twedimensional function shown as a contour or surface plot, this means the function

has a bowl shape and the line between two remains above or in the bowl.

[ SGQa t221 F4d | FS¢ SEIYLXSa 2F dzyAY2REE Fdzy
Unimodal Finction 1

The range is bounded 5.0 and 5.0 and one global optimal at [0.0, 0.0].

1 # unimodal test function

2 from numpy import arange

3 from numpy import meshgrid

4 from matplotlib importpyplot

5 from mpl_toolkits.mplot3d import Axes3D
6

7

8

9

# objective function
def objective(x, y):
return x**2.0 + y**2.0
10
11 # define range for input
12r_min, r_max =5.0, 5.0
13# sample input range uniformly at 0.1 increments
14 xaxis = arange(r_min, r_max, 0.1)
15yaxis= arange(r_min, r_max, 0.1)
16# create a mesh from the axis
17 x, y = meshgrid(xaxis, yaxis)
18# compute targets
19results = objective(x, y)
20 # create a surface plot with the jet color scheme
21 figure = pyplot.figure()
22 axis = figure.gca(projection='3d")
23 axis.plot_surface(x, y, results, cmap='jet’)
24 # show the plot
25 pyplot.show()

Running the example creates a surface plot of the function.


https://en.wikipedia.org/wiki/Unimodality

Surface Plot of Unimodal Optimization Function 1



Unimodal Function 2
The range is bounded t40.0 and 10.0 and one global optimal at [0.0, 0.0].

1 # unimodal test function

2 from numpy import arange

3 from numpy import meshgrid

4 from matplotlib import pyplot

5 from mpl_toolkits.mplot3dmport Axes3D
6

7

8

9

# objective function
def objective(X, y):
return 0.26 * (x**2 + y**2)-0.48 * x *y
10
11# define range for input
12r_min, r_max =10.0, 10.0
13# sample input range uniformly at 0.1 increments
14 xaxis = arange(r_min, r_max, 0.1)
15yaxis =arange(r_min, r_max, 0.1)
16# create a mesh from the axis
17 x, y = meshgrid(xaxis, yaxis)
18# compute targets
19 results = objective(X, y)
20 # create a surface plot with the jet color scheme
21 figure = pyplot.figure()
22 axis = figure.gca(projection="3d")
23 axis.plot_surfae(x, y, results, cmap='jet’)
24 # show the plot
25 pyplot.show()

Running the example creates a surface plot of the function.



Surface Plot of Unimodal Optimization Function 2



Unimodal Function 3

The range is bounded t40.0 and 10.@nd one global optimal at [pi, pi]. This function is
ly26y a 91az2vyQa FdzyOliAizy o
1 # unimodal test function

from numpy import cos

from numpy import exp

from numpy import pi

from numpyimport arange

from numpy import meshgrid

from matplotlib import pyplot

from mpl_toolkits.mplot3d import Axes3D

O© 00 NO Ol WDN

10# objective function

11 def objective(x, y):

12 return -cos(x) * cos(y) * exp((x- pi)**2 + (y- pi)**2))
13

14 # define range for input

15r_min, r_max=-10, 10

16 # sample input range uniformly at 0.01 increments
17 xaxis = arange(r_min, r_max, 0.01)

18yaxis = arange(r_min, r_max, 0.01)

19# create a mesh from the axis

20 %, y = meshgrid(xaxis, yaxis)

21 # compute targets

22 results = objective(x, y)

23 # create a surface plavith the jet color scheme

24 figure = pyplot.figure()

25 axis = figure.gca(projection="3d")

26 axis.plot_surface(x, y, results, cmap='jet’)

27 # show the plot

28 pyplot.show()

Running the example creates a surface plot of the function.



Surface Plot of Unimod@&ptimization Function 3



Multimodal Functions

Amulti-modal functionY S| y&  Fdzy Ol A2y mad&€ il B NY 2NE AWK | o SapyA
valley). Multimodal functions arson-convex. There may be one global optima and one or
more local or deceptive optima. Alternately, there may be multiple global optima, i.e.
multiple different inputs that result in the same minimal output of the function.

[ SGQa t221 I 4 utimoBSfanct®risl YLI Sa 2F Y

Multimodal Function 1

The range is bounded .0 and 5.0 and one global optimal at [0.0, 0.0]. This function is
knownad O] f SeQa TFdzyOlAzy

# multimodal test function

from numpy import arange

from numpy import exp

from numpy import sqrt

from numpy import cos

from numpy import e

from numpy import pi

from numpy import meshgrid

from matplotlibimport pyplot

from mpl_toolkits.mplot3d import Axes3D

O© 0N Ol WN P
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# objective function

def objective(x, y):

return -20.0 * exp€0.2 * sqrt(0.5 * (x**2 + y**2)))} exp(0.5 * (cos(2 * pi * X) + cos(2 *
1Y) +e+20

6 , .
17# define range for input
r_min, r_max =5.0, 5.0
19# sample input range uniformly at 0.1 increments
xaxis = arange(r_min, r_max, 0.1)
1yaxis = arange(r_min, r_max, 0.1)
22# create a mesh from the axis
X, Y = meshgrid(xaxis, yaxis)
# compute targets
results = objective(x, y)
# create a surface plot wittine jet color scheme
27figure = pyplot.figure()
axis = figure.gca(projection='3d")
axis.plot_surface(x, y, results, cmap='jet’)
# show the plot
pyplot.show()

Running the example creates a surface plot of the function.


https://en.wikipedia.org/wiki/Multimodal_distribution
https://en.wikipedia.org/wiki/Ackley_function

Surface Plot of MultimodaDptimization Function 1



Multimodal Function 2

The range is bounded .0 and 5.0 and the function as four global optima at [3.0, 20], [
2.805118, 3.131312];3.779310;3.283186], [3.5844281.848126]. This function is known
asl AYYSEofl dzQa Fdzy QUuA2y

1 # multimodal test function

2 from numpy import arange

3 from numpy import meshgrid

4 from matplotlibimport pyplot

5 from mpl_toolkits.mplot3d import Axes3D

6

7

8

9

# objective function
def objective(x, y):
return (x**2 +y-11)**2 + (X + y**2-7)**2
10
11 # define range for input
12r_min, r_max =5.0, 5.0
13# sample input range uniformly at 0.1 increments
14 xaxis = aange(r_min, r_max, 0.1)
15yaxis = arange(r_min, r_max, 0.1)
16# create a mesh from the axis
17 x, y = meshgrid(xaxis, yaxis)
18# compute targets
19 results = objective(X, y)
20 # create a surface plot with the jet color scheme
21 figure = pyplot.figure()
22 axis =figure.gca(projection="3d")
23 axis.plot_surface(x, y, results, cmap='jet’)
24 # show the plot
25 pyplot.show()

Running the example creates a surface plot of the function.


https://en.wikipedia.org/wiki/Himmelblau%27s_function
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Multimodal Function 3

The range is bounded t40.0 and 10.0 and the function as four global optima at [8.05502,

9.66459], {8.05502, 9.66459], [8.05508.66459], {8.05502-9.66459]. This function is

1y26y a | 2t RSNRa (Flo6fS FdzyOlA2y d

# multimodal test function

from numpy import arange

from numpy import exp

from numpy import sqrt

from numpy import cos

from numpy import sin

from numpy import e

from numpy import pi

from numpyimport absolute

from numpy import meshgrid

from matplotlib import pyplot

10 from mpl_toolkits.mplot3d import

11 Axes3D

12

13 # objective function

14 def objective(x, y):

15 return -absolute(sin(x) * cos(y) *

16 exp(absolute(t (sqrt(x**2 +

17y**2)Ipi))))

18

19 # define range fomput

20r_min, r_max =10.0, 10.0

21# sample input range uniformly at 0.1

22 increments

23 xaxis = arange(r_min, r_max, 0.1)

24 yaxis = arange(r_min, r_max, 0.1)

25# create a mesh from the axis

26 X, y = meshgrid(xaxis, yaxis)

27 # compute targets

28results = objective(x, y)

29# create a surface plot with the jet

30 color scheme

31 figure = pyplot.figure()

32 axis = figure.gca(projection="3d")
axis.plot_surface(x, y, results,
cmap='jet)
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# show the plot
pyplot.show()

Running the example creates a surface plot of the function.
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4.4. Optimization algorithms: the NewtorMethod

Predictive Statistics and Machine Learning aim at building models with parameters such that

the final output/prediction is as close as possible to #utual value. This implies the

optimization of an objective function, which might be either minimized (like loss functions)

or maximized (like Maximum Likelihood function).

The idea behind optimization routine is starting from an initial random valueiofarget

Fdzy QlA2yQa QGFINAFIO6ESET YR GUKSY dzZLJRFGAYy3a (KAA
stops when the distance between two values is approaching zero, or maybe after a

maximum number of iterations arbitrarily decided.

Ly GKA& IndibpravideSan intuitiverexpmBation of the Newton method,

proposing a geometric interpretation. The assumption behind this method is that our target
Fdzy OiiA2y FOoEOZ GKS 2yS 6S 4yl (2 2LIGAYATISE
zero. Herewe will be working with a smooth and regular polynomial:

fx) = x3 —6x%+4x + 2

import numpy as np
import math
import matplotlib.pyplot as plt
def f(x):

return x**3-6*x**2+4*x+2
X = np.linspace, 1)
fig, ax = plt.subplots()
ax.plot(x, f(x), label="target’)
ax.grid()

3

- farget

-100 -0.75 -0.50 -0.25 000 025 050 075 100

Now, the idea of Newton method is that, in order to find the optimum (in our case, the
maximum) of our target, we have to start by approximating our curve in a random starting
point with a second order Taylor extension, then compute the maximum of thaheion



(that means, taking its first derivative and setting it equal to zero). The maximum of the

guadratic approximation will be the new value of our x. Then, with an iterative procedure,

this is repeated and the resulting series of x, xn, tends to agevwards the maximum of

the target, x*, as n tends towards infinite.

| 26 SOSNE fSGQa LINPOSSR adSLI o adSLIE yR S
function at a given point x0:

1
fx) = flxo) + f(x0)(x —x0) + Ef”(xo)(x — Xo)*

Now, we want the first derivative of this quantity to be eqt@ml, since we want to
compute the optimum of this new curve. More specifically, we want to differentiate with
respect to (xx0), which is the increment needed to reach the maximum of the
approximation. Hence:

0 [£ o) + £/ Ge)Cx = x0) + 3£/ Cx) Cx = x0)?

d(x — xq) =0
f'(xo) + f!”(xo)(x —Xo)"* =10
= F
This formula can be generalized with theldaling updating rule:
/
Xt+1 = Xt — fu(—xO)
1 (xo0)

[ SGQa aSS AdG 3AS2YSGNAROILffey

Optimum
f(X) Quadratic approximation P

/ h T~ ,__,/( 1

Target function

x0 x1 %2 x3=x*




As you can see, as xn approaches x*, the distance between two x values approaches

towards zero. As anticipated, since it might be possible that xn and x* never perfectly

match, one might impose a stopm criterion when, for example, the updating factor is less

than an arbitrarily small epsilon.

b2g tSGQa AYLIESYSYyd AdG Ay teldKz2ys>s dzaAay3a | &
proceed with Newton method, we have to define three further elements: &irsd second

order derivative, and the quadratic approximation:

1 def fprime(x):

2 return 3*x**2-12*x+4

3 def fsecond(x):

4 return 6*x-12

5 def quadratic_approx(x, x0, f, fprime, fsecond):

6 return f(x0)+fprime(x0)*(30)+0.5*fsecond(x0)*x0)**2

[ SGQa FTANRG KIFI@S | 221 Fd GKS X230 2F GKS

X = np.linspaceg, 1)

fig, ax = plt.subplots()

ax.plot(x, f(x), label="target')

ax.grid()

ax.plot(x, quadratic_approx(x, O, f, fprime, fsecond), color="tedel="quadratic
approximation')

ax.set_ylim{2,3])

ax.axhline(y=0, color='k")

ax.axvline(x=0, color="'k’)

plt.legend()

- target
-~ guadratic approximation

-100 -0.75 -0.50 -0.25 000 025 050 075 100

b2g tSGQa RSTFAYS 2dzNI bSéi2y YSUK2RY
1 def newton(x0, fprime, fsecond, maxiter=100, eps=0.00(

2 x=x0



for i in range(maxiter):
xnew=x(fprime(x)/fsecond(x))
if Xnewx<eps:
return xnew
print(‘converged’)
break
X = Xnew
10 return x
[ SGQa L2003 GKS NBadzZ i sAGK GKS Ewpadl NY
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x_star=newton(0, fprime, fseca
fig, ax = plt.subplots()
ax.plot(x, f(x), label="target’)
ax.grid()
ax.plot(x, quadratic_approx(x, x_star , f, fprime, fsecond), color="red’, label='quaratic
approximation')
ax.set_ylim{2,3])
ax.axhline(y=0, color='k’)
ax.axvline(x=0, color='k’)
ax.axvline(x = x_star, color='green’)
plt.legend()
3

- farget
- quaratic approximation /—
2 .

-2

-100 -0.75 -0.50 025 000 025 050 075 100

As you can see, now the maximum of the linear approximation coincides (approximately)

gAGK GKS YIFEAYdzY 2F 2dz2NJ GF NBSG® h¥ O2dzNBSE
from a x0 pretty closea the real maximum of the function. Nevertheless, this is the exact

procedure whatever the starting point is.

Newton method is extremely powerful, yet it can be applied only under the assumption of

twice differentiability, differently from other optimizatin methods as gradient descent



(which only requires first differentiability). Hence, you might want to use this method only
Ay Ol a9 SK¥ QWIQf Fdzy OlA2y s tA1S

Newton method attracts to saddle points

2dzNJ L2t ey2YAlL

saddle pointsare common in machine learning, or in fact any multivariable optimization.

Look at the function: f=ky?

1 1

If you applymultivariate Newton methodyou get the following.

Xni1 = Xq — [Hf(xn)] l'ﬁ'_f(xn]

Let's get the Hessian:

dzr, Oz,

9% f a’f
dz? dx, Oz,
9% f a’f
dxq Oz, dz3
af af
| Oz, 0z, Oxp Oy

a%f

A% f
dzs Oz,

a*f
oz



https://en.wikipedia.org/wiki/Saddle_point
https://en.wikipedia.org/wiki/Newton%27s_method_in_optimization#Higher_dimensions
https://i.stack.imgur.com/EX5lC.png

Invert it

et the gradient:

Get the final equation:

LBl el B

)L

So, you see how the Newton method led you to the saddle point at x=0,y=0.

In contrast, the gradient descent method will not lead to the sagimt. The gradient is
zero at the saddle point, but a tiny step out would pull the optimization away as you can see

from the gradient aboveits gradient on yvariable is negative.



5, C2dzNA SNJ ¢NJF yat2z2N)¥Y
C2dzNA SNJ RI y NO N Y Nesa A&yl NRaS QISS YaSiiy Mo @883t SNA  { dzf £
sinyalleri analiz etmek icin yeterlidir.

SNy &l RF{A O0ANbe2] 06S&3 0AN RIEYIIY IF 2NV dz yI NI SBR§
O0ANI RSEAOGISYAY F2ylarez2ydzd nirS&yogal &aSa RIf 3
RAYESRAEAYAT YNI A1 KA&daasS aSySGitSNAyA T FYFyL

C2dzNASNJI 51 yNONYNS 0AT S o6dz RFf 3l F2NXYE I NPYP R
@2fdzydz adzy Rdz€Edz AcAy | ySYt A 0 hdkntilanalizizey !l Y14l
I NNYGN FAEGNBESYSS 3II NNYyGN NBl2yadNN{arezyd
dz& Jdzf F YI £ F NRF {1dzf £ yPf PN

AN CNYyaPl YFGSYFGA]leA @S FAT Al e WSEHYy . I LI
Periyodik sinyalinuygut SceA t YA &aAy NI 2ARFf RFE3IFEFNPY G2L
12ydzadzy R GFNGIPOYLFEEP 06ANI ARRAIF@I Al KALWGA® . d
[ FANI y3IST aNNBl1aAl SEAYESNI IA0A 11 6StSNR 2¢
1dzEtE - WIPe I OF €EP {2y dzadzy R PaNI NI SGdA® [F3ANFy3IS
eNYy 1N aPFPNI SySNEBA&S &l KALI A1A &AYNI2ARIFf A0
[ FANI y3IS | §tRN{TGSY a2y Nl &l @&Pyf !l yRPO® 202RIARKRAIS NI
2NI el ePlal REFEX ad2ydzef I NP INYNYNTS {IRIFNI RS
gegcirdi.

C2dzZNASNJ RI yYNONYN FAT Al @S YNKSYRA&AEA]l Lt yPy
RI YNONYRNNI C2dzZNA SN ASNA{ GNA I RENRA{ SYPANAIRYZE
denklemleri iceren birgok 6nemli problemi ¢ozebiliriz.
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The Fourier transform

we'll be interested in signals defined for all ¢

the Fourier transform of a signal f is the function
F(w) :/ f(t)e=I«tat

e F'is a function of a real variable w; the function value F'(w) is (in
general) a complex number

F(w) = f f(t) coswt dt — j/ f(t)sinwt dt

e |F(w)| is called the amplitude spectrum of f; /F(w) is the phase
spectrum of f

e notation: F' = F(f) means F is the Fourier transform of f; as for

Laplace transforms we usually use uppercase letters for the transforms
(e.g., 2(t) and X (w), h(t) and H(w), etc.)

Fourier transform and Laplace transform

Laplace transform of f

F(s) :/[; f(tye =t dt

Fourier transform of f

G(w) = f f(t)e I« dt

very similar definitions, with two differences:

e Laplace transform integral is over 0 < t < o¢; Fourier transform integral
is over —o0 < t < o

e Laplace transform: s can be any complex number in the region of
convergence (ROC); Fourier transform: jw lies on the imaginary axis



rectangular pulse: f(t) = L —r=t=1
gularpuise: JI =1 0 > 1
T : 2sinwT’
Fw) = / eIt df = —— (e79eT — i) = 220
-T Jw W
1 2T - R
S 3
-~ 3
1] —————————— ' i

Fourier transform of periodic signals

similarly, by allowing impulses in F(f), we can define the Fourier transform
of a periodic signal

sinusoidal signals: Fourier transform of f(f) = coswgt

1 [, . . .
Fw) = 5/ ((-?3""0* + f:-'-_-"‘""“t) e Iwt dt
1 [~ . 1 [°° .
I ,—J(w—wg)t - ,—J(w+wp)t
= 2/ & d?‘-—l—gf € dt
—o0 — oo

= 7mo(w — wp) + TO(w + wo)

F(w)

—Wo Wo



Fourier transform of f(f) = sinwgt

=L — 00
1 [ 1 [
= — G_j{w_wo}tdf 4+ —— {___,—j(wg—l—w)t{_it
oy 9.
2] J—o Y Y

= —jmé(w — wp) + jTé(w + wo)

F(w)

EL
‘ .‘)U i
—wp \ hadt

Examples
-
sign function: f(t) = { _} iz 8

write f as f(t) = —1 + 2g(t), where g is a unit step at £ = 0, and apply
linearity

~ N 2 2
Flw) = —2mo(w) +2mo(w) + 7= = —=

sinusoidal signal: f(#) = cos(wot + ¢)

write [ as
£(t) = cos(wolt + ¢/wp))
and apply time shift property:

F(w) = med“?/%0 (§(w — wo) + 8(w + wo))



0 |t >10

pulsed cosine: f({) = { cost —10 <t <10

1f ' N A
| [ |
I|I | f Ill I| I|I
[ [ [
[ [ I
0.5} 0 O O R
[ [ [
[ [ [
:_‘_';. 07____1.__1__1___1___|___L ___________
i ! f | | | [
| | | | |
A O R T
-05 | |I | | I| [
|I || . I|
| | | P \
| | | |
¥ ¥ ! |
1 v \ . W
-10 0 10

write f as a product f(t) = g(t)cost where g is a rectangular pulse of
width 20 (see page 12-7)

, y _ 2sin 10w
Flecost) =md(w—1)+md(w+ 1), F(g(t)) = —
The inverse Fourier transform
if F'(w) is the Fourier transform of f(%), i.e.,
F(w) = / f(t)e=I«t dt
then | oo
_ = Y edwt g
f(t) = o f_mF(w)c, dw
let's check
1 > f Jwt g, o 1 > - g —JjwT jwt g
g o F(_w)(.'"} dw = g . ([r:_m f(T)f.‘. J ) 7 dw

1 [ - -
= — f(7) (/ t:-‘-'_j'*'('r_t}dw) dt
Nr=—x w=—0C

2m
= fx f(r)o(r — t)dr
f(t)



Fourier Transform:

F(jo) = j: f(t)ej“”dtl

[ e =—L e

1. Find the Fourier series for (periodic extension of)

1, tel0,2);
f{t]:{—l, te[2,4).

Determine the sum of this series.

2. Find the Fourier series for (periodic extension of)

_[t=1, t € [0,2);
m)_{g—t, t € [2,4).

Determine the sum of this series.

3. Find the sine Fourier series for (periodic extension of)

[ t-1, t € [0,2);
fm_{g—z, te[2,4).

Determine the sum of this series.

4. Find the cosine Fourier series for (periodic extension of )
1, te][0,1);
ro={,
. te[l1,4).
Determine the sum of this series.

5. Find the Fourier series for (periodic extension of)

flt)=1—¢% te[-1,1).

Determine the sum of this seres.



Soru:

The Fourier series for the function f(z) = sin’z is

flz) =sin’z = I_Eﬁﬂ

=0.5—-0.5 cos2z
flx) = Ay + Zﬂ-ﬂ cos nwy T+ bysin nwy T

n=1

+ - .
f(T} = sin“r is an even function so b, =0

Ap =05

—05, n=1
ady =

[U , otherwise
wp =20 — 2T _ 9

1 T



Sorul5:

Fourier Transform:

F(jo)= [; f(z)ef@’drl

Wik
_ /D
1 1 g
S1Af RS OFONRMUEQRARSY 2F2LdyNR SNJ RI Y NS NYNY N 6 dzf dzy dzl
1
1. 1 .
— jt — jot
J.ejmdt = e ’°

1 _]0)











































































































































































































































































