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1. ¸ŀǇŀȅ ½Ŝƪŀ ǾŜ aŀǘŜƳŀǘƛƪ 
¸ŀǇŀȅ ȊŜƪŀΣ ǎŀƴŀƭ ƎŜǊœŜƪƭƛƪǘŜƴ ƛǒƭŜǾǎŜƭ ŀǊŀœƭŀǊŀ ƪŀŘŀǊΣ ƘŀȅŀǘƭŀǊƤƳƤȊƤ ŘŀƘŀ ǀƴŎŜ Ƙƛœ ƪƛƳǎŜƴƛƴ 

ƎǀǊƳŜŘƛƐƛ ǾŜȅŀ ōŜƪƭŜƳŜŘƛƐƛ ǒŜƪƛƭƭŜǊŘŜ ƛǒƎŀƭ ŜǘƳŜȅŜ ōŀǒƭŀŘƤ. Yapay Zeka ŀǊŀœƭŀǊƤ ǾŜ otonom 

sohbet ŀƭƎƻǊƛǘƳŀƭŀǊƤΣ ƘƤȊƭŀ ƎŜƭƛǒŜƴ ǘŜƪƴƻƭƻƧƛ ŀƭŀƴƤƴŘŀ ōƛǊ ŀǘƤƭƤƳƤƴ ŜǒƛƐƛƴŘŜΦ Yapay Zeka sihir 

ŘŜƐƛƭŘƛǊΤ ǎŀŘŜŎŜ ƳŀǘŜƳŀǘƛƪtirΦ 5ǸǒǸƴŜrek karar veren ƳŀƪƛƴŜƭŜǊƛƴ ŀǊƪŀǎƤƴŘŀƪƛ ŦƛƪƛǊƭŜǊ ǾŜ 

ƛƴǎŀƴ ŘŀǾǊŀƴƤǒƤƴƤ ǘŀƪƭƛǘ ŜǘƳŜ ƻƭŀǎƤƭƤƐƤ ƳŀǘŜƳŀǘƛƪǎŜƭ ƪŀǾǊŀƳƭŀǊ ȅŀǊŘƤƳƤȅƭŀ ȅŀǇƤƭƳŀƪǘŀŘƤǊ. 

 

Yapay Zeka, kökü Matematik olan bir ŀƐŀŎƤƴ ƎǀǾŘŜǎƛ ǾŜ ŘŀƭƭŀǊƤŘƤǊ. Yapay Zeka ŀƭŀƴƤƴŘŀ 

kariyer yapmak ve ōŀǒŀǊƤƭƤ ƻƭƳŀƪ ƛǎǘƛȅƻǊǎŀƴƤȊ ǘŜƳŜƭ ǳȅƎǳƭŀƳŀƭƤ ƳŀǘŜƳŀǘƛƪ œŀƭƤǒƳŀƴƤȊ 

gerekmektedƛǊΤ ǎŀŘŜŎŜ ōƛƭƛƳ ƪǳǊƎǳ ƘŀȅǊŀƴƤ ƻƭƳŀƪ ȅŜǘŜǊƭƛ ƻƭƳŀȅŀŎŀƪǘƤǊ. Bir Yapay Zeka 

ƪŀǊƛȅŜǊƛ ƛƴǒŀ ŜŘŜŎŜƪsin ve uzaydaƪƛ ƳŀŘŜƴ ȅŀƐƳŀƭŀƳŀǎƤƴŀ hükmedecekseniz, matematikle 

ŀǊƪŀŘŀǒ ƻƭǳƴΣ ƎǀǊŜŎŜƪǎƛƴƛȊ ŘǸƴȅŀƴƤȊ ǎŀƭƭŀnmayŀ ōŀǒƭŀȅŀŎŀƪǘƤǊ. Bir matematikçi ve yapay zeka 

ǳȊƳŀƴƤ olarak, yapay zeka ǾŜ ƳŀǘŜƳŀǘƛƪ ŀǊŀǎƤƴŘŀƪƛ ōǸȅǸƭǸ ōŀƐƭŀƴǘƤȅƤ sizinle ǇŀȅƭŀǒƳŀƪ 

istiyorum. 

 

Yapay zeka problemleri ƛƪƛ ƎŜƴŜƭ ƪŀǘŜƎƻǊƛŘŜ ƻƭǳǒǳǊΤ !ǊŀƳŀ tǊƻōƭŜƳƭŜǊƛ ǾŜ ¢ŜƳǎƛƭ 

PǊƻōƭŜƳƭŜǊƛΦ .ǳƴƭŀǊƤΣ YǳǊŀƭƭŀǊΣ ÇŜǊœŜǾŜƭŜǊΣ aŀƴǘƤƪƭŀǊ ǾŜ !ƐƭŀǊ Ǝƛōƛ ōƛǊōƛǊƛƴŜ ōŀƐƭƤ ƳƻŘŜƭƭŜǊ ǾŜ 

araçlar takip eder. Hepsi çok matematiksel konular. 

 

¸ŀǇŀȅ ȊŜƪŀƴƤƴ ōƛǊƛƴŎƛƭ ŀƳŀŎƤΣ ƛƴǎŀƴ ŀƴƭŀȅƤǒƤ ƛœƛƴ ƪŀōǳƭ ŜŘƛƭŜōƛƭƛǊ ōƛǊ ƳƻŘŜƭ ƻƭǳǒǘǳǊƳŀƪǘƤǊΦ ±Ŝ 

bu modeller, mŀǘŜƳŀǘƛƐƛƴ œŜǒƛǘƭƛ ŘŀƭƭŀǊƤƴŘŀƴ ƎŜƭŜƴ ŦƛƪƛǊ ǾŜ ǎǘǊŀǘŜƧƛƭŜǊƭŜ ƘŀȊƤǊƭŀƴŀōƛƭƛǊΦ 

YŜƴŘƛ ƪŜƴŘƛƴŜ ƎƛŘŜƴ ŀǊŀōŀƭŀǊƤ ŘǸǒǸƴǸƴΤ ŀƳŀœƭŀǊƤΣ ǾƛŘŜƻ ƎǀǊǸƴǘǸƭŜǊƛƴŘŜƪƛ ƴŜǎƴŜƭŜǊƛ ǾŜ 

ƛƴǎŀƴƭŀǊƤ ǘŀƴƤƳŀƪǘƤǊΦ YŀƳŜǊŀƭŀǊŘŀƴ ǾŜ ŀƭƎƤƭŀȅƤŎƤƭŀǊŘŀƴ ŀƪŀƴ ǾŜǊƛ ƴŜƘǊƛƴŘŜƴ ōŜǎƭŜƴŜƴ ǾŜǊƛ 

denizinin içnde yüzecek bir araba dǸǒǸƴǸƴΦ .ǳ ŀǊŀōŀƭŀǊƤƴ ŀǊƪŀǎƤƴŘŀ ƳƛƴƛƳƛȊŀǎȅƻƴ süreçleri 

ǾŜ ƎŜǊƛ ȅŀȅƤƭƤƳ ǒŜƪƭƛƴŘŜ ƳŀǘŜƳŀǘƛƪ ǾŀǊŘƤǊΦ aŀǘŜƳŀǘƛƪΣ bilim adaŀƳƭŀǊƤƴƤƴ ȅǸȊƭŜǊŎŜ ȅƤƭŘƤǊ 

bilinen geleneksel yöntem ve teknikleri kullanarak zorlu derin soyut problemleri çözmelerine 

ȅŀǊŘƤƳŎƤ ƻƭǳǊΦ 

 

MakƛƴŜ ǀƐǊŜƴƛƳƛ ƳǸƘŜƴŘƛǎƛΣ ǾŜǊƛ ōƛƭƛƳŎƛǎƛ ǾŜȅŀ Ǌƻōƻǘ ōƛƭƛƳŎƛǎƛ ƻƭŀǊŀƪ ƪŀǊƛȅŜǊ ȅŀǇƳŀƪ 

ƛǎǘƛȅƻǊǎŀƴƤȊΣ ƳŀǘŜƳŀǘƛƪǘŜ ōŀǒŀǊƤƭƤ ƻƭƳŀƴƤȊ ƎŜǊŜƪƛǊΦ aŀǘŜƳŀǘƛƪΣ yapay zekada hayati önem 

ǘŀǒƤȅŀƴ ŀƴŀƭƛǘƛƪ ŘǸǒǸƴƳŜ ōŜŎŜǊƛƭŜǊƛ ƎŜƭƛǒǘƛǊƛǊΦ  

 

Yapay Zeka'da ne tür matematik kullaƴƤƭƤǊΚ 

¢ǸƳ ǀƴŜƳƭƛ ƛƭŜǊƭŜƳŜƭŜǊƛƴ ŀǊƪŀǎƤƴŘŀ ƳŀǘŜƳŀǘƛƪ ǾŀǊŘƤǊΦ [ƛƴŜŜǊ cebir, matematik, oyun teorisi, 

ƻƭŀǎƤƭƤƪΣ ƛǎǘŀǘƛǎǘƛƪΣ ƎŜƭƛǒƳƛǒ ƭƻƧƛǎǘƛƪ ǊŜƎǊŜǎȅƻƴ ǾŜ DǊŀŘƛŜƴǘ 5ŜǎŎŜƴǘ ƪŀǾǊŀƳƭŀǊƤƴƤƴ ǘǸƳǸΣ ǾŜǊƛ 

ōƛƭƛƳƛƴƛƴ ǘŜƳŜƭ ŘŀȅŀƴŀƪƭŀǊƤŘƤǊΦ 

 



aŀǘŜƳŀǘƛƪΣ ƳŀƴǘƤƪǎŀƭ ŀƪƤƭ ȅǸǊǸǘƳŜȅƛ ǾŜ ŀȅǊƤƴǘƤƭŀǊŀ ƎǀǎǘŜǊƛƭŜƴ ǀȊŜƴi ŀƴƭŀƳŀŘŀ ȅŀǊŘƤƳŎƤ ƻƭǳǊΦ 

.ŀǎƪƤ ŀƭǘƤƴŘŀ ŘǸǒǸƴƳŜ ȅŜǘŜƴŜƪƭŜǊƛƴƛȊƛ ƎŜƭƛǒǘƛǊƛǊ ǾŜ ȊƛƘƛƴǎŜƭ ŘŀȅŀƴƤƪƭƤƭƤƐƤƴƤȊƤ ŀǊǘƤǊƤǊΦ 

aŀǘŜƳŀǘƛƪǎŜƭ ƪŀǾǊŀƳƭŀǊΣ ǾŀǊǎŀȅƤƳǎŀƭ ǾŜȅŀ ǎŀƴŀƭ ǇǊƻōƭŜƳƭŜǊƛƴ ƎŜǊœŜƪ œǀȊǸƳǸƴǸ ǾŜǊƛǊΦ .ǳΣ 

ȅŀǇƤȅƭŀΣ ōƛƭŜǒŜƴƭŜǊŘŜ ƘŜǊƘŀƴƎƛ ōƛǊ ŘŜƐƛǒƛƪƭƛƪ ȅŀǇǎŀƴƤȊ ōƛƭŜ ŘƻƐǊǳ ƪŀƭŀƴ ƛƭƪŜƭŜǊƛ ƎŜƭƛǒǘƛǊƳŜƪƭŜ 

ilgilidir. 

 

Yapay zekada ƳŀǘŜƳŀǘƛƐƛƴ Ǹœ ŀƴŀ ŘŀƭƤ ƭineer cebir, hesapƭŀƳŀƭƤ ƳŀǘŜƳŀǘƛƪ ve oƭŀǎƤƭƤƪǘƤǊΦ 

 

1. Cebir 

Cebir bilgisi belki de genel olarak matematik için temeldir. Toplama, œƤƪŀǊƳŀΣ œŀǊǇƳŀ ǾŜ 

ōǀƭƳŜ Ǝƛōƛ ƳŀǘŜƳŀǘƛƪǎŜƭ ƛǒƭŜƳƭŜǊƛƴ ȅŀƴƤ ǎƤǊŀ ŀǒŀƐƤŘŀƪƛƭŜǊƛ ŘŜ ōƛƭƳŜƴƛȊ ƎŜǊŜƪƛǊΥ 

ω Üsler 

ω Kökler 

ω Faktöriyeller 

ω Toplamlar 

ω Bilimsel gösterimler 

 

2. Lineer Cebir 

Lineer Cebir, yapay zeka ǳȊƳŀƴƭŀǊƤƴƤƴ ƻƴǎǳȊ ȅŀǒŀȅŀƳŀȅŀŎŀƐƤ ōƛǊ ǒŜȅ ƻƭŀƴ ǳȅƎǳƭŀƳŀƭƤ 

maǘŜƳŀǘƛƪ ŀƭŀƴƤŘƤǊΦ .ǳ ŀƭŀƴŘŀ ǳȊƳŀƴƭŀǒƳŀŘŀƴ ŀǎƭŀ ƛȅƛ ōƛǊ ȅŀǇŀȅ ȊŜƪŀ ǳȊƳŀƴƤ ƻƭŀƳŀȊǎƤƴƤȊΦ 

{ƪȅƭŜǊ {ǇŜŀƪƳŀƴϥƤƴ ŘŜŘƛƐƛ ƎƛōƛΣ άLineer /ŜōƛǊΣ нмΦ ȅǸȊȅƤƭƤƴ ƳŀǘŜƳŀǘƛƐƛŘƛǊΦέ 

 

Lineer Cebirin skaler, vektörler, tensörler, matrisler, kümeler ve diziler yeni fikirler üretmeye 

ȅŀǊŘƤƳŎƤ ƻƭǳǊΣ ōǳ ȅǸȊŘŜƴ yapay zeka uzmanlarƤ ǾŜ ŀǊŀǒǘƤǊƳŀŎƤƭŀǊƤ ƛœƛƴ Ƴǳǘƭŀƪŀ ǀƐǊŜƴƛƭƳŜǎƛ 

gereken bir ŀƭŀƴŘƤǊ.  Topoloji, oyun teorisi, grafik ǘŜƻǊƛǎƛΣ ŦƻƴƪǎƛȅƻƴƭŀǊΣ ŘƻƐǊǳǎŀƭ ŘǀƴǸǒǸƳƭŜǊΣ 

ǀȊŘŜƐŜǊƭŜǊ ǾŜ ǀȊǾŜƪǘǀǊƭŜǊ ƪŀǾǊŀƳƭŀǊƤ ƛƭŜ ǾŜǊƛ ve modelleri soyutlayabilirler. 

 

Lineer Cebir, ōƛƭƛƳ ǾŜ ƳǸƘŜƴŘƛǎƭƛƐƛƴ ŘƛƐŜǊ ōƛǊœƻƪ ŀƭŀƴƤƴŘŀ ƻƭŘǳƐǳ Ǝƛōƛ yapay zekada da 

ōƛǊƛƴŎƛƭ ƳŀǘŜƳŀǘƛƪǎŜƭ ƘŜǎŀǇƭŀƳŀ ŀǊŀŎƤŘƤǊΦ .ǳ ŀƭŀƴƭŀΣ ǘŜƳŜƭ ƳŀǘŜƳŀǘƛƪǎŜƭ ƴŜǎƴŜleri ve 

özellikleri ŀƴƭŀƳŀƴƤȊ ƎŜǊŜƪƛǊΥ 

ω Skaler büyüklükler: {ŀȅƤ ǾŜ ōƛǊƛƳ ƪǳƭƭŀƴƤƭŀǊŀƪ ōŜƭƛǊǘƛƭŜōƛƭŜƴ ōǸȅǸƪƭǸƪƭŜǊŜ ǎƪŀƭŜǊ ōǸȅǸƪƭǸƪ 

ŘŜƴƛǊΦ mǊƴŜƐƛƴ н ƪƎΣ нл Ƴ  Ǝƛōƛ ōǸȅǸƪƭǸƪƭŜǊ ǎƪŀƭŜǊ ōǸȅǸƪƭǸƪƭŜǊŘƛǊΦ DŜǊœŜƪ ǾŜȅŀ ŘƻƐŀƭ tek 

ōƛǊ ǎŀȅƤ olabilir. YǸǘƭŜΣ ŜƭŜƪǘǊƛƪǎŜƭ ȅǸƪΣ ǎƤŎŀƪƭƤƪ ǾŜ ōƛǊ ƻǊǘŀƳŘŀƪƛ ōƛǊ ƴƻƪǘŀƴƤƴ ŜƭŜƪǘǊƛƪ 

ǇƻǘŀƴǎƛȅŜƭƛ ǎƪŀƭŜǊ ƴƛŎŜƭƛƪƭŜǊŘƛǊΦ о ōƻȅǳǘƭǳ ŜǾǊŜƴŘŜ ƛƪƛ ƴƻƪǘŀ ŀǊŀǎƤƴŘŀƪƛ ƳŜǎŀŦŜ ǎƪŀƭŜǊŘƛǊΣ 

Ŧŀƪŀǘ ōƛǊƛƴŘŜƴ ŘƛƐŜǊƛƴŜ ƻƭŀƴ ȅǀƴ ƛƭŜ ōŜǊŀōŜǊ ōŜƭƛǊǘƛƭŘƛƐƛƴŘŜ ǾŜƪǘǀǊŜƭ ōƛǊ ƴƛŎŜƭƛƪ ƻƭǳǊΦ Fizikte 

ǀƭœǸƳǸ ȅŀǇƤƭŀƴ ōŀǒƭƤŎŀ ƛƪƛ ōǸȅǸƪƭǸƪ ǾŀǊŘƤǊΤ ǎƪŀƭŜǊ ǾŜ ǾŜƪǘǀǊŜƭ ōǸȅǸƪƭüklerdir. 

ω Vektorel büyüklükler: .ǸȅǸƪƭǸƐǸΣ ōŀǒƭŀƴƎƤœ ƴƻƪǘŀǎƤΣ ȅǀƴǸ ǾŜ ekseni ya da düzlemi olan 

büyüklüklere vektörel büyüklük denir.  

ω Matematikte matrisΣ ŘƛƪŘǀǊǘƎŜƴ ōƛǊ ǎŀȅƤƭŀǊ ǘŀōƭƻǎǳ ǾŜȅŀ ŘŀƘŀ ƎŜƴŜƭ ōƛǊ ŀœƤƪƭŀƳŀȅƭŀΣ 

ǘƻǇƭŀƴŀōƛƭƛǊ ǾŜȅŀ œŀǊǇƤƭŀōƛƭƛǊ ǎƻȅǳǘ miktarlar tablosudur. Matrisler ŘŀƘŀ œƻƪ ŘƻƐǊǳǎŀƭ 

ŘŜƴƪƭŜƳƭŜǊƛ ǘŀƴƤƳƭŀƳŀƪΣ ŘƻƐǊǳǎŀƭ ŘǀƴǸǒǸƳƭŜǊŘŜ όƭƛƴŜŜǊ ǘǊŀƴǎŦƻǊƳŀǎȅƻƴύ œŀǊǇŀƴƭŀǊƤƴ 



ǘŀƪƛōƛ ǾŜ ƛƪƛ ǇŀǊŀƳŜǘǊŜȅŜ ōŀƐƭƤ ǾŜǊƛƭŜǊƛƴ ƪŀȅŘŜŘƛƭƳŜǎƛ ŀƳŀŎƤȅƭŀ ƪǳƭƭŀƴƤƭƤǊƭŀǊΦ Matrislerin 

ǘƻǇƭŀƴŀōƛƭƛǊΣ œƤƪŀǊǘƤƭŀōƛƭƛǊΣ œŀǊǇƤƭŀōƛƭƛǊΣ ōǀƭǸƴŜōƛƭƛǊ ǾŜ ŀȅǊƤǒǘƤǊƤƭŀōƛƭƛǊ ƻƭƳŀƭŀǊƤΣ ŘƻƐǊǳǎŀƭ ŎŜōƛǊ 

ƪǳǊŀƳƤƴƤƴ ǘŜƳŜƭ ƪŀǾǊŀƳƤ ƻƭƳŀƭŀǊƤƴƤ ǎŀƐƭŀƳƤǒǘƤǊΦ  

ω Matematikte, tensör, œƻƪ ōƻȅǳǘƭǳ ǾŜǊƛƴƛƴ ǎƛƳƎŜƭŜƴŜōƛƭŘƛƐƛ ƎŜƻƳŜǘǊƛƪ ōƛǊ ƴŜǎƴŜŘƛǊΦ 

Skaler denilen yönsüz nicel büyüklükler, vektör denilen yönlü büyüklükler ve matris 

ŘŜƴƛƭŜƴ ƛƪƛ ōƻȅǳǘƭǳ ƴŜǎƴŜƭŜǊ ōƛǊŜǊ ǘŜƴǎǀǊŘǸǊΦ ¢ŜƴǎǀǊΣ ǘǸƳ ōǳ ƴŜǎƴŜƭŜǊƛƴ ƎŜƴŜƭƭŜǒǘƛǊƛƭƳƛǒ 

ƘŀƭƛŘƛǊ ǾŜ œƻƪ ōƻȅǳǘƭǳ ǾŜǊƛ ƪǸƳŜƭŜǊƛ ƛœƛƴ ƪǳƭƭŀƴƤƭƤǊΦ bŜǎƴŜƴƛƴ ƪŀœ ōƻȅǳǘƭŀ ƛŦŀŘŜ ŜŘƛƭŘƛƐƛƴŜ 

de tensörün derecesi denilir. Bir skalerin derecŜǎƛ ǎƤŦƤǊΣ ōƛǊ ǾŜƪǘǀǊǸƴ ōƛǊΣ ōƛǊ ƳŀǘǊƛǎƛƴ ƛǎŜ 

ikidir. Tensörler üç ve üzeri dereceye sahip olabilir.¢ŜƴǎǀǊƭŜǊτ b ŜƪǎŜƴƭƛ ŘǸȊŜƴƭƛ ōƛǊ 

ƤȊƎŀǊŀ ǸȊŜǊƛƴŘŜ ŘǸȊŜƴƭŜƴƳƛǒ ǎŀȅƤƭŀǊƤƴ ōƛǊ b-5 ŘƛȊƛǎƛ όbҔнύΦ aŀƪƛƴŜ mƐǊŜƴƛƳƛΣ 5ŜǊƛƴ 

mƐǊŜƴƳŜ ǾŜ .ƛƭƎƛǎŀȅŀǊƭŀ DǀǊƳŜŘŜ mƴŜƳƭƛŘir. 

ω mȊǾŜƪǘǀǊƭŜǊ ǾŜ mȊŘŜƐŜǊƭŜǊτ ǀȊŜƭ ǾŜƪǘǀǊƭŜǊ ǾŜ ōǳƴƭŀǊŀ ƪŀǊǒƤƭƤƪ ƎŜƭŜƴ ǎƪŀƭŜǊ ƴƛŎŜƭƛƪΦ 

aǸƘŜƴŘƛǎƭƛƪǘŜ ǎƤƪ ǎƤƪ ƪŀǊǒƤƭŀǒƤƭŀƴ ǇǊƻōƭŜƳƭŜǊƛƴ ǀȊƴŜǎƛŘƛǊΦ  .ƛǊ ǾŜƪǘǀǊǸƴ ǀȊŘŜƐŜǊƭŜǊƛ ƻ 

ƳŀǘǊƛǎƛƴ ƪŀǊŀƪǘŜǊƛǎǘƛƪ ǇƻƭƛƴƻƳǳƴǳƴ ƪǀƪƭŜǊƛŘƛǊΦ mȊŘŜƐŜǊƭŜǊΣ ǀȊǾŜƪǘǀǊƭŜǊ ǾŜ özuzaylar, bir 

ƳŀǘǊƛǎƛƴ ǀȊŜƭƭƛƪƭŜǊƛŘƛǊ ǾŜ ƳŀǘǊƛǎ ƘŀƪƪƤƴŘŀ ǀƴŜƳƭƛ ōƛƭƎƛƭŜǊ ǾŜǊƛǊΦ aŀǘǊƛǎƭŜǊƛƴ œŀǊǇŀƴƭŀǊƤƴŀ 

ŀȅǊƤƭƳŀǎƤƴŘŀ ƪǳƭƭŀƴƤƭŀōƛƭƛǊƭŜǊΦ ¦ȅƎǳƭŀƳŀƭƤ ƳŀǘŜƳŀǘƛƪ ŀƭŀƴƭŀǊƤƴŘŀ ƻƭŘǳƐǳ ƪŀŘŀǊ Ŧƛƴŀƴǎ ǾŜ 

ƪǳŀƴǘǳƳ ƳŜƪŀƴƛƐƛƴŘŜ ŘŜ ƪǳƭƭŀƴƤƭƤǊΦ  Bir vektör üzerine uygulanan matris o vektörün hem 

ōǸȅǸƪƭǸƐǸƴǸΣ ƘŜƳ ŘŜ ȅǀƴǸƴǸ ŘŜƐƛǒǘƛǊƛǊΦ .ǳƴŀ ǊŀƐƳŜƴΣ ōƛǊ ƳŀǘǊƛǎ ōŀȊƤ ōŜƭƛǊƭƛ ǾŜƪǘǀǊƭŜǊ 

ǸȊŜǊƛƴŜ ŜǘƪƛŘƛƐƛƴŘŜ ƻƴƭŀǊƤƴ ǎŀŘŜŎŜ ōǸȅǸƪƭǸƐǸƴǸ ŘŜƐƛǒǘƛǊƛǊΣ ŘƻƐǊǳƭǘǳƭŀǊƤƴƤ ŘŜƐƛǒǘƛǊƳŜȊ 

όŀƴŎŀƪ ǾŜƪǘǀǊǸƴ ȅǀƴǸ ǘŜǊǎ œŜǾǊƛƭŜōƛƭƛǊύΦ 5ƻƐǊǳƭǘǳǎǳ ŘŜƐƛǒƳŜyen bu vektörler söz konusu 

ƳŀǘǊƛǎƛƴ ǀȊǾŜƪǘǀǊƭŜǊƛ ƻƭŀǊŀƪ ŀŘƭŀƴŘƤǊƤƭƤǊΦ .ƛǊ ƳŀǘǊƛǎΣ ōƛǊ ǀȊǾŜƪǘǀǊǸ ǸȊŜǊƛƴŜ ŜǘƪƛŘƛƐƛƴŘŜ 

ƻƴǳƴ ōǸȅǸƪƭǸƐǸƴǸ ōƛǊ œŀǊǇŀƴ ƪŀŘŀǊ ƪŀǘƭŀǊΦ .ǳ œŀǊǇŀƴ ǇƻȊƛǘƛŦ ƛǎŜ ǾŜƪǘǀǊǸƴ ȅǀƴǸ 

ŘŜƐƛǒƳŜŘŜƴ ƪŀƭƤǊΣ ƴŜƎŀǘƛŦ ƛǎŜ ǾŜƪǘǀǊǸƴ ȅǀƴǸ ǘŜǊǎƛƴŜ ŘǀƴŜǊ όƘŜr iki durumda da vektörün 

ŘƻƐǊǳƭǘǳǎǳ ŘŜƐƛǒƳŜȊύΦ .ǳ œŀǊǇŀƴŀΣ ǎǀȊ ƪƻƴǳǎǳ ǀȊǾŜƪǘǀǊŜ ƛƭƛǒƪƛƴ ǀȊŘŜƐŜǊ ŘŜƴƛǊΦ .ƛǊ 

ǀȊǳȊŀȅΣ ŀȅƴƤ ǀȊŘŜƐŜǊŜ ǎŀƘƛǇ ǘǸƳ ǀȊǾŜƪǘǀǊƭŜǊƛƴ ƻƭǳǒǘǳǊŘǳƐǳ ƪǸƳŜŘƛǊΦ .ǳ ƪŀǾǊŀƳƭŀǊ 

ƳŀǘǊƛǎƭŜǊΣ ǾŜƪǘǀǊƭŜǊ ǾŜ ŘƻƐǊǳǎŀƭ ŘǀƴǸǒǸƳƭŜǊ ǸȊŜǊƛƴŘŜ ǘŀƴƤƳƭƤŘƤǊΦ 

ω TǎǘŀǘƛǎǘƛƪǘŜΣ ǘŜƳŜƭ ōƛƭŜǒŜƴ ŀƴŀƭƛȊƛ ό¢.!ύΣ œƻƪ ōƻȅǳǘƭǳ ǳȊŀȅŘŀƪƛ ōƛǊ ǾŜǊƛƴƛƴ ŘŀƘŀ ŘǸǒǸƪ 

ōƻȅǳǘƭǳ ōƛǊ ǳȊŀȅŀ ƛȊŘǸǒǸƳǸƴǸΣ ǾŀǊȅŀƴǎƤ ƳŀƪǎƛƳƛȊŜ ŜŘŜŎŜƪ ǒŜƪƛƭŘŜ ōǳƭƳŀ ȅǀƴǘŜƳƛŘƛǊΦ 

¦ȊŀȅŘŀ ōƛǊ ƴƻƪǘŀƭŀǊ ƪǸƳŜǎƛ ƛœƛƴΣ ǘǸƳ ƴƻƪǘŀƭŀǊŀ ƻǊǘŀƭŀƳŀ ǳȊŀƪƭƤƐƤ Ŝƴ ŀȊ ƻƭŀƴ ϦŜƴ ǳȅƎǳƴ 

dƻƐǊǳϦ ǎŜœƛƭƛǊΦ 5ŀƘŀ ǎƻƴǊŀ ōǳ ŘƻƐǊǳȅŀ Řƛƪ ƻƭŀƴƭŀǊ ŀǊŀǎƤƴŘŀƴ ȅƛƴŜ Ŝƴ ǳȅƎǳƴ ŘƻƐǊǳ 

ǎŜœƛƭŜǊŜƪΣ ōǳ ŀŘƤƳƭŀǊΣ ȅŜƴƛ ōƛǊ ōƻȅǳǘǳƴ ǾŀǊȅŀƴǎƤ ōŜƭƛǊƭƛ ōƛǊ ŜǒƛƐƛƴ ŀƭǘƤƴŀ ƛƴŜƴŜ ƪŀŘŀǊ 

ǘŜƪǊŀǊƭŀƴƤǊΦ .ǳ ǎǸǊŜŎƛƴ ǎƻƴǳƴŘŀ ŜƭŘŜ ŜŘƛƭŜƴ ŘƻƐǊǳƭŀǊΣ ōƛǊ ŘƻƐǊǳǎŀƭ ǳȊŀȅƤƴ ǘŀōŀƴƭŀǊƤƴƤ 

ƻƭǳǒǘǳǊǳǊΦ .ǳ ǘŀōŀƴ ǾŜƪǘǀǊƭŜǊƛƴŜ ǘŜƳŜƭ ōƛƭŜǒŜƴ ŘŜƴƛǊΦ ±ŜǊƛƴƛƴ ǘŜƳŜƭ ōƛƭŜǒŜƴƭŜǊƛ 

ōƛǊōƛǊƛƴŘŜƴ ōŀƐƤƳǎƤȊ ƻƭǳǊΦ .ǳ ƪŀǾǊŀƳ ōŀȊŜƴ ƻǊƛƧƛƴŀƭ ǘŜǊƛƳƛƴ ƪƤǎŀƭǘƳŀǎƤ ƻƭŀƴ t/! όTƴƎƛƭƛȊŎŜΥ 

tǊƛƴŎƛǇŀƭ ŎƻƳǇƻƴŜƴǘ ŀƴŀƭȅǎƛǎύ ƻƭŀǊŀƪ Řŀ ŀƴƤƭƤǊΦ ¢.!ϥƴƤƴ ŀƴŀ ƪǳƭƭŀƴƤƳ ŀƳŀœƭŀǊƤ ƪŜǒƛŦǎŜƭ Ǿeri 

analizi yapmak ve kestirimsel modeller ƻƭǳǒǘǳǊƳŀƪǘƤǊΦ  



 
ά¢ŜƳŜƭ .ƛƭŜǒŜƴƭŜǊ !ƴŀƭƛȊƛέ ƻƭŀƴ t/! ǘŀƴƤƳŀΣ ǎƤƴƤŦƭŀƴŘƤǊƳŀΣ ƎǀǊǸƴǘǸ ǎƤƪƤǒǘƤǊƳŀ 

ŀƭŀƴƭŀǊƤƴŘŀ ƪǳƭƭŀƴƤƭŀƴ ȅŀǊŀǊƭƤ ōƛǊ ƛǎǘŀǘƛǎǘƛƪǎŜƭ ǘŜƪƴƛƪǘƛǊΦ ¢ŜƳŜƭ ŀƳŀŎƤ ȅǸƪǎŜƪ ōƻȅǳǘƭǳ 

verilerde en yüksek varyans ile veri setini tutmak ancak bunu yaparken boyut 

ƛƴŘƛǊƎŜƳŜȅƛ ǎŀƐƭŀƳŀƪ ƻƭŀƴ ōƛǊ ǘŜƪƴƛƪǘƛǊΦ CŀȊƭŀ ōƻȅǳǘƭǳ ǾŜǊƛƭŜǊŘŜƪƛ ƎŜƴŜƭ ǀȊŜƭƭƛƪƭŜǊƛ 

ōǳƭŀǊŀƪ ōƻȅǳǘ ǎŀȅƤǎƤƴƤƴ ŀȊŀƭǘƤƭƳŀǎƤƴƤΣ ǾŜǊƛƴƛƴ ǎƤƪƤǒǘƤǊƤƭƳŀǎƤƴƤ ǎŀƐƭŀǊΦ .ƻȅǳǘ ŀȊŀƭƳŀǎƤȅƭŀ 

ōŀȊƤ ǀȊŜƭƭƛƪƭŜǊƛƴ ƪŀȅōŜŘƛƭŜŎŜƐƛ ƪŜsindir; fakat amaçlanan, bu kaybolan özelliklerin 

ǇƻǇǸƭŀǎȅƻƴ ƘŀƪƪƤƴŘŀ œƻƪ ŀȊ ōƛƭƎƛ ƛœŜǊƛȅƻǊ ƻƭƳŀǎƤŘƤǊΦ .ǳ ȅǀƴǘŜƳΣ ȅǸƪǎŜƪ ƪƻǊŜƭŀǎȅƻƴƭǳ 

ŘŜƐƛǒƪŜƴƭŜǊƛ ōƛǊ ŀǊŀȅŀ ƎŜǘƛǊŜǊŜƪΣ ǾŜǊƛƭŜǊŘŜƪƛ Ŝƴ œƻƪ ǾŀǊȅŀǎȅƻƴǳ ƻƭǳǒǘǳǊŀƴ άǘŜƳŜƭ 

ōƛƭŜǒŜƴƭŜǊέ ƻƭŀǊŀƪ ŀŘƭŀƴŘƤǊƤƭŀƴ ŘŀƘŀ ŀȊ ǎŀȅƤŘŀ ȅŀǇŀȅ ŘŜƐƛǒƪŜƴ ƪǸƳŜǎƛ ƻƭǳǒǘǳǊǳǊΦ 

 

3. Matematiksel Hesaplama 

5ƛŦŜǊŀƴǎƛȅŜƭ ƘŜǎŀǇΣ 4ƻƪ ŘŜƐƛǒƪŜƴƭƛ ƘŜǎŀǇΣ TƴǘŜƎǊŀƭ ƘŜǎŀǇΣ DǊŀŘȅŀƴ ƛƴƛǒ ȅƻƭǳȅƭŀ Ƙŀǘŀ 

ƳƛƴƛƳƛȊŀǎȅƻƴǳ ǾŜ ƻǇǘƛƳƛȊŀǎȅƻƴǳΣ [ƛƳƛǘƭŜǊΣ DŜƭƛǒƳƛǒ ƭƻƧƛǎǘƛƪ ǊŜƎǊŜǎȅƻƴƭŀǊΣ ƳŀǘŜƳŀǘƛƪǎŜƭ 

ƳƻŘŜƭƭŜƳŜŘŜ ƪǳƭƭŀƴƤƭŀƴ ǘǸƳ ƪŀǾǊŀƳƭŀǊŘƤǊΦ  

 

Matematik, parametrelerdeki, fonksiyonlardŀƪƛΣ ƘŀǘŀƭŀǊŘŀƪƛ ǾŜ ȅŀƪƭŀǒƤƪƭƤƪƭŀǊŘŀƪƛ 

ŘŜƐƛǒƛƪƭƛƪƭŜǊƭŜ ƛƭƎƛƭŜƴƛǊΦ Yapay Zekada çok boyutlu hesaplamalarda, sapma bulmada, yörünge 

ǀƴƎǀǊƳŜŘŜ ƪǳƭƭŀƴƤƭŀƴ ƳŀǘŜƳŀǘƛƪǎŜƭ ƘŜǎŀǇƭŀƳŀŘŀ Ŝƴ ǀƴŜƳƭƛ ƪŀǾǊŀƳƭŀǊ όŀȅǊƤƴǘƤƭƤ ƻƭƳŀƳŀƪƭŀ 

birlikte): 

ω ¢ǸǊŜǾƭŜǊτ ƪǳǊŀƭƭŀǊ όǘƻǇƭŀƳŀΣ œŀǊǇƤƳΣ ȊƛƴŎƛǊ ƪǳǊŀƭƤ ǾōΦύΣ ƘƛǇŜǊōƻƭƛƪ ǘǸǊŜǾƭŜǊ όǘŀƴƘΣ ŎƻǎƘ 

ǾōΦύ ǾŜ ƪƤǎƳƛ ǘǸǊŜǾƭŜǊΦ 

ω ±ŜƪǘǀǊκaŀǘǊƛǎ IŜǎŀōƤτ ŦŀǊƪƭƤ ǘǸǊŜǾ ƻǇŜǊŀǘǀǊƭŜǊƛ όDǊŀŘƛŜƴǘΣ WŀŎƻōƛŀƴΣ IŜǎǎƛŀƴ ǾŜ 

Laplacian) 

ω DǊŀŘȅŀƴ όŜƐƛƳύ !ƭƎƻǊƛǘƳŀƭŀǊƤτ ȅŜǊŜƭκƎƭƻōŀƭ ƳŀƪǎƛƳǳƳƭŀǊ ǾŜ ƳƛƴƛƳǳƳƭŀǊΣ ŜȅŜǊ 

noƪǘŀƭŀǊƤΣ ŘƤǒōǸƪŜȅ ŦƻƴƪǎƛȅƻƴƭŀǊΣ ȅƤƐƤƴƭŀǊ ǾŜ Ƴƛƴƛ ȅƤƐƤƴƭŀǊΣ ǎǘƻƪŀǎǘƛƪ ƎǊŀŘȅŀƴ ƛƴƛǒƛ ǾŜ 

ǇŜǊŦƻǊƳŀƴǎ ƪŀǊǒƤƭŀǒǘƤǊƳŀǎƤΦ 

 

 

 

 

 

 



4. Tǎǘŀǘƛǎǘƛƪ ϧ hƭŀǎƤƭƤƪ YŀǾǊŀƳƭŀǊƤ 

¸ŀǇŀȅ ȊŜƪŀ ŘǸƴȅŀǎƤƴŘŀ œƻƪ ŦŀȊƭŀ ǎƻȅǳǘ ǇǊƻōƭŜƳ ǾŀǊΦ .ŜƭƛǊǎƛȊƭƛƪ ǾŜ ǎǘƻƪŀǎǘƛƪƭƛƐƛ ōƛǊœƻƪ 

biçimde ȅŀǒŀȅŀōƛƭƛǊǎƛƴƛȊΦ hƭŀǎƤƭƤƪ ǘŜƻǊƛǎƛΣ ōŜƭƛǊǎƛȊƭƛƪƭŜ ōŀǒŀ œƤƪƳŀƪ ƛœƛƴ ŀǊŀœƭŀǊ ǎǳƴŀǊΦ .ƛǊ 

ƻƭŀȅƤƴ ƳŜȅŘŀƴŀ ƎŜƭƳŜ ǎƤƪƭƤƐƤƴƤ ŀƴŀƭƛȊ ŜǘƳŜƪ ƛœƛƴΣ ōƛǊ ƻƭŀȅƤƴ ƳŜȅŘŀƴŀ ƎŜƭƳŜ ǒŀƴǎƤ ƻƭŀǊŀƪ 

ǘŀƴƤƳƭŀƴŘƤƐƤ ƛœƛƴ ƻƭŀǎƤƭƤƪ ƪŀǾǊŀƳƭŀǊƤ ƪǳƭƭŀƴƤƭƤǊΦ 

 

.ƛǊ wƻōƻǘ ŘǸǒǸƴŜƭƛƳΦ .ƛǊ Ǌƻōƻǘ ȅŀƭƴƤȊŎŀ ōŜƭƛǊƭƛ ōƛǊ ǎǸǊŜ ƛƭŜǊƛ ƎƛŘŜōƛƭƛǊΣ ŀƴŎŀƪ ōŜƭƛǊƭƛ ōƛǊ 

ƳŜǎŀŦŜȅŜ ƎƛŘŜƳŜȊΦ .ƛƭƛƳ ŀŘŀƳƭŀǊƤ Ǌƻōƻǘǳ ƛƭŜǊƭŜǘƳŜƪ ƛœƛƴ ǇǊƻƎǊŀƳƭŀƳŀǎƤƴŘŀ ƳŀǘŜƳŀǘƛƐƛ 

ƪǳƭƭŀƴƤȅƻǊΦ !ȅǊƤƪ ǊŀǎǘƎŜƭŜ ŘŜƐƛǒƪŜƴƭŜǊΣ ǎǸǊŜƪƭƛ ǊŀǎǘƎŜƭŜ ŘŜƐƛǒƪŜƴƭŜǊΣ .ŀȅŜǎ CƻǊƳǸƭǸ ǾŜ 

ƴƻǊƳŀƭƭŜǒǘƛǊƳŜΣ ŘƛƐŜǊ ƭƛƴŜŜǊ ŎŜōƛǊ ƪŀǾǊŀƳƭŀǊƤȅƭŀ ōƛǊƭƛƪǘŜ wƻōƻǘƛƪ ƴŀǾƛƎŀǎȅƻƴ ǾŜ ƘŀǊŜƪŜǘǘŜ 

ƪǳƭƭŀƴƤƭŀƴ ōŀȊƤ ƻƭŀǎƤƭƤƪ ƪŀǾǊŀƳƭŀǊƤŘƤǊΦ 

 

.ǳ ƪƻƴǳ ƳǳƘǘŜƳŜƭŜƴ ȊŀƳŀƴƤƴƤȊƤƴ ǀƴŜƳƭƛ ōƛǊ ōǀƭǸƳǸƴǸ ŀƭŀŎŀƪǘƤǊΦ Tȅƛ ƘŀōŜǊΥ .ǳ ƪŀǾǊŀƳƭŀǊ 

ȊƻǊ ŘŜƐƛƭΣ ōǳ ȅǸȊŘŜƴ ōǳ ƪŀǾǊŀƳƭŀǊŘŀ ǳǎǘŀƭŀǒƳŀƳŀƴƤȊ ƛœƛƴ ƘƛœōƛǊ neden yok. 

ω ¢ŜƳŜƭ TǎǘŀǘƛǎǘƛƪƭŜǊτ hǊǘŀƭŀƳŀΣ ƳŜŘȅŀƴΣ ƳƻŘΣ ǾŀǊȅŀƴǎΣ ƪƻǾŀǊȅŀƴǎ ǾōΦ 

ω hƭŀǎƤƭƤƪτ ƻƭŀȅƭŀǊŘŀ όōŀƐƤƳƭƤ ǾŜ ōŀƐƤƳǎƤȊύΣ ǀǊƴŜƪ ǳȊŀȅƭŀǊŘŀΣ ƪƻǒǳƭƭǳ ƻƭŀǎƤƭƤƪǘŀ ǘŜƳŜƭ 

kurallar. 

ω wŀǎǘƎŜƭŜ ŘŜƐƛǒƪŜƴƭŜǊτ ǎǸǊŜƪƭƛ ǾŜ ŀȅǊƤƪΣ ōŜƪƭŜƴǘƛΣ ǾŀǊȅŀƴǎΣ ŘŀƐƤƭƤƳƭŀǊ όƻǊǘŀƪ ǾŜ ƪƻǒǳƭƭǳύΦ 

ω .ŀȅŜǎ ¢ŜƻǊŜƳƛτ ƛƴŀƴœƭŀǊƤƴ ƎŜœŜǊƭƛƭƛƐƛƴƛ ƘŜǎŀǇƭŀǊΦ .ŀȅŜǎƛŀƴ ȅŀȊƤƭƤƳƤΣ ƳŀƪƛƴŜƭŜǊƛƴ 

ƪŀƭƤǇƭŀǊƤ ǘŀƴƤƳŀǎƤƴŀ ǾŜ ƪŀǊŀǊ ǾŜǊƳŜǎƛƴŜ ȅŀǊŘƤƳŎƤ ƻƭǳǊΦ 

ω aŀƪǎƛƳǳƳ hƭŀōƛƭƛǊƭƛƪ ¢ŀƘƳƛƴƛ όa[9ύτ ǇŀǊŀƳŜǘǊŜ ǘŀƘƳƛƴƛΦ ¢ŜƳŜƭ ƻƭŀǎƤƭƤƪ ƪŀǾǊŀƳƭŀǊƤ 

ƘŀƪƪƤƴŘŀ ōƛƭƎƛ ƎŜǊŜƪǘƛǊƛǊ όƻǊǘŀƪ ƻƭŀǎƤƭƤƪ ǾŜ ƻƭŀȅƭŀǊƤƴ ōŀƐƤƳǎƤȊƭƤƐƤύΦ 

ω hǊǘŀƪ 5ŀƐƤƭƤƳƭŀǊτ ōƛƴƻƳΣ ǇƻƛǎǎƻƴΣ ōŜǊƴƻǳƭƭƛΣ ƎŀǳǎǎΣ ǸǎǘŜƭΦ 

 

 

рΦ .ƛƭƎƛ ¢ŜƻǊƛǎƛ YŀǾǊŀƳƭŀǊƤ 

.ǳ ƪƻƴǳΣ !L ǾŜ 5ŜǊƛƴ mƐǊŜƴƳŜȅŜ ǀƴŜƳƭƛ ƪŀǘƪƤƭŀǊŘŀ ōǳƭǳƴŀƴ ǾŜ ƘŜƴǸȊ ōƛǊœƻƪ ƪƛǒƛ ǘŀǊŀŦƤƴŘŀƴ 

ōƛƭƛƴƳŜȅŜƴ ǀƴŜƳƭƛ ōƛǊ ŀƭŀƴŘƤǊΦ .ǳƴǳ ƳŀǘŜƳŀǘƛƪΣ ƛǎǘŀǘƛǎǘƛƪ ǾŜ ƻƭŀǎƤƭƤƐƤƴ ōƛǊ ƪŀǊƤǒƤƳƤ ƻƭŀǊŀƪ 

ŘǸǒǸƴǸƴΦ 

ω 9ƴǘǊƻǇƛτ {Ƙŀƴƴƻƴ 9ƴǘǊƻǇƛǎƛ ƻƭŀǊŀƪ Řŀ ŀŘƭŀƴŘƤǊƤƭƤǊΦ .ƛǊ ŘŜƴŜȅŘŜƪƛ ōŜƭƛǊǎƛȊƭƛƐƛ ǀƭœƳŜƪ ƛœƛƴ 

ƪǳƭƭŀƴƤƭƤǊΦ 

ω 4ŀǇǊŀȊ 9ƴǘǊƻǇƛτ ƛƪƛ ƻƭŀǎƤƭƤƪ ŘŀƐƤƭƤƳƤƴƤ ƪŀǊǒƤƭŀǒǘƤǊƤǊ ǾŜ ōƛȊŜ ōǳƴƭŀǊƤƴ ƴŜ ƪŀŘŀǊ benzer 

ƻƭŘǳƐǳƴǳ ǎǀȅƭŜǊΦ 

ω YǳƭƭōŀŎƪ [ŜƛōƭŜǊ 5ƛǾŜǊƎŜƴŎŜτ ƛƪƛ ƻƭŀǎƤƭƤƪ ŘŀƐƤƭƤƳƤƴƤƴ ƴŜ ƪŀŘŀǊ ōŜƴȊŜǊ ƻƭŘǳƐǳƴǳƴ ōŀǒƪŀ 

bir ölçüsü. 

ω ±ƛǘŜǊōƛ !ƭƎƻǊƛǘƳŀǎƤτ 5ƻƐŀƭ 5ƛƭ TǒƭŜƳŜ όb[tύ ǾŜ YƻƴǳǒƳŀŘŀ ȅŀȅƎƤƴ ƻƭŀǊŀƪ ƪǳƭƭŀƴƤƭƤǊΦ 

ω Enkoder-5ŜƪƻŘŜǊτ aŀƪƛƴŜ 4ŜǾƛǊƛǎƛ wbbϥƭŜǊƛƴŘŜ ǾŜ ŘƛƐŜǊ ƳƻŘŜƭƭŜǊŘŜ ƪǳƭƭŀƴƤƭƤǊΦ 

 

 

 



2. [ƛƴŜŜǊ /ŜōƛǊ 
aŀƪƛƴŜ ǀƐǊŜƴƛƳƛ ǾŜ ŘŜǊƛƴ ǀƐǊŜƴƳŜ ǎƛǎǘŜƳƭŜǊƛƴƛƴ ǘŜƳŜƭƛ ǘŀƳŀƳŜƴ ƳŀǘŜƳŀǘƛƪ ƛƭƪŜ ǾŜ 

ƪŀǾǊŀƳƭŀǊƤƴŀ ŘŀȅŀƴƳŀƪǘŀŘƤǊΦ aŀǘŜƳŀǘƛƪǎŜƭ ƛƭƪŜƭŜǊƛƴ ǘŜƳŜƭ ǘŜƳŜƭƭŜǊƛƴƛ ŀƴƭŀƳŀƪ ȊƻǊǳƴƭǳŘǳǊΦ 

aƻŘŜƭƛƴ ǘŜƳŜƭ œƛȊƎƛǎƛ ǾŜ ƛƴǒŀǎƤ ǎƤǊŀǎƤƴŘŀΣ ōƻȅǳǘǎŀƭƭƤƪ ƭŀƴŜǘƛΣ ŘǸȊŜƴƭƛƭŜǒǘƛǊƳŜΣ ƛƪƛƭƛΣ œƻƪ ǎƤƴƤŦƭƤΣ 

ǎƤǊŀƭƤ ǊŜƎǊŜǎȅƻƴ ǾŜ ŘƛƐŜǊƭŜǊƛ Ǝƛōƛ ōƛǊœƻƪ ƳŀǘŜƳŀǘƛƪǎŜƭ ƪŀǾǊŀƳ ŀƪƤƭŘŀ ǎŀƴŀǘǎŀƭ ƻƭƳŀƭƤŘƤǊΦ 

¸ŀȅƎƤƴ ƻƭŀǊŀƪ ƴǀǊƻƴ ƻƭŀǊŀƪ ŀŘƭŀƴŘƤǊƤƭŀƴ ǘŜƳŜƭ ŘŜǊƛƴ ǀƐǊŜƴƳŜ ōƛǊƛƳƛΣ ǘŀƳŀƳŜƴ ƳŀǘŜƳŀǘƛƪǎŜƭ 

ƪŀǾǊŀƳƤƴŀ ŘŀȅŀƴƤǊ ǾŜ ōǳΣ ƎƛǊŘƛ ǾŜ ŀƐƤǊƭƤƐƤ ƛœŜǊŜƴ œŀǊǇƤƳ ŘŜƐŜǊƭŜǊƛƴƛƴ ǘƻǇƭŀƳƤƴƤ ƛœŜǊƛǊΦ 

{ƛƎƳƻƛŘΣ wŜ[¦ ǾŜ ŘƛƐŜǊƭŜǊƛ Ǝƛōƛ ŀƪǘƛǾŀǎȅƻƴ ŦƻƴƪǎƛȅƻƴƭŀǊƤ ƳŀǘŜƳŀǘƛƪǎŜƭ ǘŜƻǊŜƳƭŜǊ ƪǳƭƭŀƴƤƭŀǊŀƪ 

ƻƭǳǒǘǳǊǳƭƳǳǒǘǳǊΦ 

 

Bunlar, ƳŀƪƛƴŜ ǀƐǊŜƴƛƳƛ ǾŜ ŘŜǊƛƴ ǀƐǊŜƴƳŜƴƛƴ ǘŜƳŜƭ ƪŀǾǊŀƳƭŀǊƤƴƤ ǳȅƎǳƴ ǒŜƪƛƭŘŜ anlamak 

için temel matematiksel alanlarŘƤǊΥ 

ω Lineer Cebir. 

ω Vektör Analizi. 

ω aŀǘǊƛǎ !ȅǊƤǒǘƤǊƳŀΦ 

ω hƭŀǎƤƭƤƪ ǾŜ 5ŀƐƤƭƤƳƭŀǊΦ 

ω Analitik Geometri. 

 

aŀƪƛƴŜ mƐǊŜƴƛƳƛ ǾŜ 5ŜǊƛƴ mƐǊŜƴƳŜŘŜ [ƛƴŜŜǊ /ŜōƛǊ 

[ƛƴŜŜǊ ŎŜōƛǊΣ ǾŜƪǘǀǊƭŜǊƛƴ ƳŜǾŎǳŘƛȅŜǘƛ ǾŜ ǾŜƪǘǀǊƭŜǊƛ ƛǒƭŜƳŜƪ ƛœƛƴ œŜǒƛǘƭi kurallar nedeniyle 

ƳŀƪƛƴŜ ǀƐǊŜƴƛƳƛƴŘŜ ƎŜǊŜƪƭƛ ōƛǊ Ǌƻƭ ƻȅƴŀǊΦ aŀƪƛƴŜ ǀƐǊŜƴƛƳƛƴŘŜ œƻƐǳƴƭǳƪƭŀ ǎƤƴƤŦƭŀƴŘƤǊƤŎƤƭŀǊ 

ǾŜȅŀ ǊŜƎǊŜǎȅƻƴ ǇǊƻōƭŜƳƭŜǊƛƴƛ ŜƭŜ ŀƭƤȅƻǊǳȊ ǾŜ ŀǊŘƤƴŘŀƴ ƎŜǊœŜƪ ŘŜƐŜǊŘŜƴ ǘŀƘƳƛƴ ŜŘƛƭŜƴ 

ŘŜƐŜǊŜ ƪŀŘŀǊ ƘŜǎŀǇƭŀƳŀ ȅŀǇŀǊŀƪ Ƙŀǘŀ ƳƛƴƛƳƛȊŀǎȅƻƴ ǘŜƪƴƛƪƭŜǊƛ ǳȅƎǳƭŀƴƤȅƻǊΦ {ƻƴǳœ ƻƭŀǊŀƪΣ 

ŘŀƘŀ ǀƴŎŜ ōŀƘǎŜŘƛƭŜƴ ƘŜǎŀǇƭŀƳŀ ǎŜǘƭŜǊƛƴƛ ƛǒƭŜƳŜƪ ƛœƛƴ ƭƛƴŜŜǊ ŎŜōƛǊ ƪǳƭƭŀƴƤȅƻǊǳȊΦ 5ƻƐǊǳǎŀƭ 

ŎŜōƛǊΣ ōǸȅǸƪ ƳƛƪǘŀǊŘŀ ǾŜǊƛȅƛ ƛǒƭŜǊ ǾŜȅŀ ōŀǒƪŀ ōƛǊ ŘŜȅƛǒƭŜΣ άŘƻƐǊǳǎŀƭ ŎŜōƛǊΣ ǾŜǊƛƭŜǊƛƴ ǘŜƳŜƭ 

ƳŀǘŜƳŀǘƛƐƛŘƛǊέΦ 

aŀƪƛƴŜ ǀƐǊŜƴƛƳƛ όa[ύ ǾŜ ŘŜǊƛƴ ǀƐǊŜƴƳŜŘŜ ƪǳƭƭŀƴŘƤƐƤƳƤȊ ƭƛƴŜŜǊ ŎŜōƛǊ ŀƭŀƴƭŀǊƤƴŘŀƴ ōŀȊƤƭŀǊƤ 

ǒǳƴƭŀǊŘƤǊΥ 

ω Vektör ve Matris. 

ω Lineer Denklemler Sistemi. 

ω ±ŜƪǘǀǊ ŀƭŀƴƤΦ 

ω Temel (Basis). 

 

!ȅǊƤŎŀΣ ƭƛƴŜŜǊ ŎŜōƛǊ ȅǀƴǘŜƳƭŜǊƛƴƛ ǳȅƎǳƭŀŘƤƐƤƳƤȊ ƳŀƪƛƴŜ ǀƐǊŜƴƛƳƛ όa[ύ ǾŜ ŘŜǊƛƴ ǀƐǊŜƴƳŜ 

ŀƭŀƴƭŀǊƤ ǒǳƴƭŀǊŘƤǊΥ 

ω wŜƎǊŜǎȅƻƴ 5ƻƐǊǳǎǳƴǳƴ ¢ǸǊŜǘƛƭƳŜǎƛΦ 

ω IŜŘŜŦ ŘŜƐŜǊƛ ǘŀƘƳƛƴ ŜǘƳŜƪ ƛœƛƴ 5ƻƐǊǳǎŀƭ 5ŜƴƪƭŜƳΦ 

ω 5ŜǎǘŜƪ ±ŜƪǘǀǊ aŀƪƛƴŜǎƛ {ƤƴƤŦƭŀƴŘƤǊƳŀǎƤ ό{±aύΦ 

ω Boyutsal küçülme. 

ω hǊǘŀƭŀƳŀ YŀǊŜ Iŀǘŀ ǾŜȅŀ YŀȅƤǇ ŦƻƴƪǎƛȅƻƴǳΦ 



ω 5ǸȊŜƴƭƛƭŜǒǘƛǊƳŜΦ 

ω Kovaryans matrisi. 

ω 9ǾǊƛǒƛƳΦ 

 

 
 Ŝƪƛƭ нΥ .ƛǊ ǾŜƪǘǀǊ ǀǊƴŜƐƛΦ 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 



2.1. [ƛƴŜŜǊ 5ŜƴƪƭŜƳƭŜǊ 
The linear equation is the central part of linear algebra by which many problems are 

formulated and solved. It is an equation for a straight line. 

We represent the linear equation in figure: 

 
 

 
 

Example: y=4x-5 linner denkleminde x = 0 için y=4*(0)-5, y=-5 bulunur. Denklemde y=0 için 

x=5/4 bulunr. 

 

5ƻƐǊǳǎŀƭ wŜƎǊŜǎȅƻƴŘŀ 5ƻƐǊǳǎŀƭ 5ŜƴƪƭŜƳƭŜǊ 

wŜƎǊŜǎȅƻƴΣ ŘǸȊ œƛȊƎƛ ƛœƛƴ ŘŜƴƪƭŜƳƛ ǾŜǊŜƴ ōƛǊ ǎǸǊŜœǘƛǊΦ .ŜƭƛǊƭƛ ōƛǊ ǾŜǊƛ ƪǸƳŜǎƛȅƭŜ Ŝƴ ǳȅƎǳƴ ǎŀǘƤǊƤ 

bulmaya œŀƭƤǒƤǊΦ 5ǸȊ œƛȊƎƛƴƛƴ ŘŜƴƪƭŜƳƛΣ ŘƻƐǊǳǎŀƭ ŘŜƴƪƭŜƳƛ ǘŜƳŜƭ ŀƭƤǊΥ 

y = bx + a 

a = Bu bir y ƪŜǎƛǒƛƳƛŘƛǊ ǾŜ ŘƻƐǊǳƴǳƴ y ŜƪǎŜƴƛƴƛ ƪŜǎǘƛƐƛ ƴƻƪǘŀȅƤ ōŜƭƛǊƭŜǊΦ 

ō Ґ .ƛǊ ŜƐƛƳŘƛǊ ǾŜ ŘƻƐǊǳƴǳƴ ŜƐƛƳ ȅǀƴǸƴǸ ǾŜ ŘŜǊŜŎŜǎƛƴƛ ōŜƭƛǊƭŜǊΦ 

 

5ƻƐǊǳǎŀƭ  ǊŜƎǊŜǎȅƻƴŘŀ ƪŀœ ŀŘŜǘ ŘŜƐƛǒƪŜƴ ǾŀǊŘƤǊΦ !ƴƭŀƳƭŀǊƤ ƴŜƭŜǊŘƛǊΚ 

 

 

 

 

 



2.2. YƻǊŜƭŀǎȅƻƴ !ƴŀƭƛȊƛ 
YƻǊŜƭŀǎȅƻƴ ŀƴŀƭƛȊƛΣ ōƛǊ Ŧƻƴƪǎƛȅƻƴǳƴ ŘŜƐƛǒƪŜƴƭŜǊƛ ŀǊŀǎƤƴŘŀƪƛ ƛƭƛǒƪƛƴƛƴ ȅǀƴǸƴǸΣ ŘŜǊŜŎŜǎƛƴƛ ǾŜ 

önemini ortaya koyan istatistiksel yöntemdir. 5ŜƐƛǒƪŜƴƭŜǊ ŀǊŀǎƤƴŘŀƪƛ ƛƭƛǒƪƛƴƛƴ ȅǀƴǸƴǸ ǾŜ 

ŘŜǊŜŎŜǎƛƴƛ ōŜƭƛǊǘŜƴ ƪŀǘǎŀȅƤȅŀ ƪƻǊŜƭŀǎȅƻƴ ƪŀǘǎŀȅƤǎƤ ŘŜƴƛǊΦ 

 

YƻǊŜƭŀǎȅƻƴ ƪŀǘǎŀȅƤǎƤ ƪǸœǸƪ Ǌ ƘŀǊŦƛ ƛƭŜ ƎǀǎǘŜǊƛƭƛǊ ǾŜ Ǌ ŘŜƐŜǊƛ -м ƛƭŜ Ҍм ŀǊŀǎƤƴŘŀ ŘŜƐŜǊƭŜǊ ŀƭƤǊΦ 9ƐŜǊ 

Ǌ ŘŜƐŜǊƛ -мΩŜ ȅŀƪƤƴ ŘŜƐŜǊƭŜǊ ŀƭƤȅƻǊ ƛǎŜ ŘŜƐƛǒƪŜƴƭŜǊ ŀǊŀǎƤƴŘŀ ƴŜƎŀǘƛŦ ȅǀƴŘŜΣ ҌмΩŜ ȅŀƪƤƴ ŘŜƐŜǊƭŜǊ 

ŀƭƤȅƻǊ ƛǎŜ ǇƻȊƛǘƛŦ ȅǀƴŘŜ ōƛǊ ƛƭƛǒƪƛ ƻƭŘǳƐǳ ōŜƭƛǊƭŜƴƛǊΦ 9ƐŜǊ Ǌ ŘŜƐŜǊƛ ǎƤŦƤǊŀ ȅŀƪƤƴ ŘŜƐŜǊƭŜǊ ŀƭƤȅƻǊ ƛǎŜ 

ƛƪƛ ŘŜƐƛǒƪŜƴ ŀǊŀǎƤƴŘŀ ōƛǊ ƛƭƛǒƪƛ ƻƭƳŀŘƤƐƤ ǎƻƴǳŎǳƴŀ ǾŀǊƤƭƤǊΦ 

 

YƻǊŜƭŀǎȅƻƴ ƪŀǘǎŀȅƤǎƤ ƴŜƎŀǘƛŦ ƛǎŜ ƛƪƛ ŘŜƐƛǒƪŜƴ ŀǊŀǎƤƴŘŀ ǘŜǊǎ ƛƭƛǒƪƛ ǾŀǊŘƤǊΣ ȅŀƴƛ ϦŘŜƐƛǒƪŜƴƭŜǊŘŜƴ 

ōƛǊƛ ŀǊǘŀǊƪŜƴ ŘƛƐŜǊƛ ŀȊŀƭƳŀƪǘŀŘƤǊϦ ŘŜƴƛǊΦ YƻǊŜƭŀǎȅƻƴ ƪŀǘǎŀȅƤǎƤ ǇƻȊƛǘƛŦ ƛǎŜ ϦŘŜƐƛǒƪŜƴƭŜǊŘŜƴ ōƛǊƛ 

ŀǊǘŀǊƪŜƴ ŘƛƐŜǊƛŘŜ ŀǊǘƳŀƪǘŀŘƤǊϦ ȅƻǊǳƳǳ ȅŀǇƤƭƤǊΦ 

 

4ƻƪ ǎŀȅƤŘŀ ƪƻǊŜƭŀǎȅƻƴ ŀƴŀƭƛȊƛ ƳŜǾŎǳǘǘǳǊΦ !ƴŎŀƪ Ŝƴ ȅŀȅƎƤƴ ƪǳƭƭŀƴƤƭan korelasyon analizleri; 

ω tŜŀǊǎƻƴ œŀǊǇƤƳ ƳƻƳŜƴǘ ƪƻǊŜƭŀǎȅƻƴ ƪŀǘǎŀȅƤǎƤ 

ω {ǇŜŀǊƳŀƴϥƤƴ ǎƤǊŀƭŀƳŀ ƪƻǊŜƭŀǎȅƻƴ ƪŀǘǎŀȅƤǎƤ 

 

±ŜǊƛƭŜǊƛƴ ƴƻǊƳŀƭ ŘŀƐƤƭƤƳŀ ǎŀƘƛǇ ƻƭƳŀǎƤ ŘǳǊǳƳǳƴŘŀ tŜŀǊǎƻƴ ƪƻǊŜƭŀǎȅƻƴ ƪŀǘǎŀȅƤǎƤΣ ǾŜǊƛƭŜǊƛƴ 

ƴƻǊƳŀƭ ŘŀƐƤƭƳŀŘƤƐƤ ŘǳǊǳƳŘŀ ƛǎŜ {ǇŜŀǊƳŀƴ wŀƴƪ ƪƻǊŜƭŀǎȅƻƴ ƪŀǘǎŀȅƤǎƤ ǘŜǊŎƛƘ ŜŘƛƭƛǊΦ Bir 

ƪƻǊŜƭŀǎȅƻƴ ƪŀǘǎŀȅƤǎƤƴƤƴ ȅƻǊǳƳƭŀƴŀōƛƭƳŜǎƛ ƛœƛƴ Ǉ ŘŜƐŜǊƛƴƛƴ лΦлр ŘŜƴ ŘŀƘŀ ƪǸœǸƪ ƻƭƳŀǎƤ 

gerekir. 

 

 

tŜŀǊǎƻƴ 4ŀǊǇƤƳ aƻƳŜƴǘ YƻǊŜƭŀǎȅƻƴ YŀǘǎŀȅƤǎƤΥ 

 
YƻǊŜƭŀǎȅƻƴ ƪŀǘǎŀȅƤǎƤ όǊύ ƴƤƴ ȅƻǊǳƳǳΤ 

¶ ǊғлΦн ƛǎŜ œƻƪ ȊŀȅƤŦ ƛƭƛǒƪƛ ȅŀŘŀ ƪƻǊŜƭŀǎȅƻƴ ȅƻƪ 

¶ 0.2-лΦп ŀǊŀǎƤƴŘŀ ƛǎŜ ȊŀȅƤŦ ƪƻǊŜƭŀǎȅƻƴ 

¶ 0.4-лΦс ŀǊŀǎƤƴŘŀ ƛǎŜ ƻǊǘŀ ǒƛŘŘŜǘǘŜ ƪƻǊŜƭŀǎȅƻƴ 

¶ 0.6-лΦу ŀǊŀǎƤƴŘŀ ƛǎŜ ȅǸƪǎŜƪ korelasyon 

¶ лΦуҔ ƛǎŜ œƻƪ ȅǸƪǎŜƪ ƪƻǊŜƭŀǎȅƻƴ ƻƭŘǳƐǳ ȅƻǊǳƳǳ ȅŀǇƤƭƤǊΦ 

 

 

 

 

 

 



Örnek: 

 

SUBJECT AGE X 

GLUCOSE 

LEVEL Y XY X
2
 Y

2
 

1 43 99 4257 1849 9801 

2 21 65 1365 441 4225 

3 25 79 1975 625 6241 

4 42 75 3150 1764 5625 

5 57 87 4959 3249 7569 

6 59 81 4779 3481 6561 

ʅ 247 486 20485 11409 40022 

 

The answer is: r=2868 / 5413.27 = 0.529809 

From our table: 

¶ ʅȄ Ґ нпт 

¶ ʅȅ Ґ пус 

¶ ʅȄȅ Ґ нлΣпур 

¶ ʅȄ2 = 11,409 

¶ ʅȅ2 = 40,022 

¶ n is the sample size, n = 6 

The correlation coefficient = 6(20,485) ς όнпт Ҏ пусύ κ ώҞώώсόммΣплфύ ς (2472)] × [6(40,022) ς 

4862]]] 

= 0.5298 

The range of the correlation coefficient is from -1 to 1. Our result is 0.5298 or 52.98%, which 

means the variables have a moderate positive correlation. 

 

Örnek:   

ʅȄ Ґ слΣ ʅȅ Ґ слΣ ʅȄȅ Ґ пллΣ ʅȄϣн Ґ пллΣ ʅȅϣнҐ пллΣ ƴ Ґ мл 

 

 
 

ǊҐмΣ œƻƪ ȅǸƪǎŜƪ ƪƻǊŜƭŀǎȅƻƴ ƻƭŘǳƐǳ ȅƻǊǳƳǳ ȅŀǇƤƭƤǊ 

 

 

 

 

 

 

 

 

https://www.statisticshowto.com/probability-and-statistics/find-sample-size/


Örnek: 

!ǒŀƐƤŘŀƪƛ ǾŜǊƛƭŜǊ ƛœƛƴ ƪƻǊŜƭŀǎȅƻƴ ƪŀǘǎŀȅƤǎƤ Ǌϥȅƛ ƘŜǎŀǇƭŀȅƤƴΦ 

 
 

 
 

 
· ǾŜ ȅ ŀǊŀǎƤƴŘŀ ƎǸœƭǸ ōƛǊ ǇƻȊƛǘƛŦ ŘƻƐǊǳǎŀƭ ƪƻǊŜƭŀǎȅƻƴ ǾŀǊŘƤǊΦ 

 

{ǇŜŀǊƳŀƴϥƤƴ ǎƤǊŀƭŀƳŀ ƪƻǊŜƭŀǎȅƻƴ ƪŀǘǎŀȅƤǎƤΥ 

Tstatistik bilim dalƤnda, Spearman'Ƥn sƤralama korelasyon katsayƤsƤ ismi verilen istatistiksel 

ölçüyü ilk ortaya atan Amerikan istatistikçi Charles Spearman'a atfen adlandƤrƤlmƤǒtƤr. 

Matematik notasyon olarak çƻƪ ŘŜŦŀ Ŝǎƪƛ ¸ǳƴŀƴ ƘŀǊŦƛ  ˊ όǊƘƻ ƻƪǳƴǳǊύ ƛƭŜ ōŜƭƛǊǘƛƭƛǊΦ 

 

Parametrik olmayan istatistik ölçüsüdür ve iki deƐiǒken arasƤndaki baƐƤmlƤlƤk, yani 

korelasyon, ölçüsü olarak bulunup kullanƤlƤǊΦ .ǳ ŘŜƳŜƪǘƛǊ ƪƛ {ǇŜŀǊƳŀƴϥƛƴ ˊ katsayƤsƤ iki 

deƐiǒken için çokluluklar daƐƤlƤmƤ hakkƤnda hiçbir varsayƤm yapmayarak, bu iki deƐiǒken 

arasƤnda bulunan baƐlantƤnƤn herhangi bir monotonik fonksiyon ile ne kadar iyi 

betimlenebilineceƐini deƐerlendirmek amaçlƤ incelemedir. 

 

Prensip olarak {ǇŜŀǊƳŀƴϥƤƴ ǎƤǊŀƭŀƳŀ ƪƻǊŜƭŀǎȅƻƴ ƪŀǘǎŀȅƤǎƤ ˊΣ tŜŀǊǎƻƴ œŀǊǇƤƳ-moment 

ƪƻǊŜƭŀǎȅƻƴ ƪŀǘǎŀȅƤǎƤƴƤƴ ǀȊŜƭ ōƛǊ ƘŀƭƛŘƛǊΦ ˊ ŘŜƐŜǊƛƴƛƴ ƘŜǎŀǇƭŀƴƳŀǎƤ ƛœƛƴ ƛƪƛ ŘŜƐƛǒƪŜƴ ό¸ ǾŜ ·ύ 

ƛœƛƴŘŜ ǀǊƴŜƪƭŜƳ ǾŜǊƛƭŜǊƛƴƛƴ ǎƤǊŀƭŀƳŀ ŘǸȊŜƴƛƴŘŜ ƻƭƳŀƭŀǊƤ ƎŜǊŜƪƭƛŘƛǊΦ DŜƴŜƭ ƻƭŀǊŀƪΣ ǀǊƴŜƪƭŜƳ 

veriƭŜǊƛ ƛœƛƴ ōǳ ƪƻǒǳƭ ǳȅƎǳƴ ŘŜƐƛƭŘƛǊ ǾŜ ǾŜǊƛƭŜǊ ǎƤǊŀƭŀƳŀ ŘǸȊŜƴƛ ƘŀƭƛƴŘŜ ƻƭƳŀŘŀƴ ƻǊŀƴǎŀƭ 

ǀƭœŜƪƭƛ ǾŜȅŀ ŀǊŀƭƤƪǎŀƭ ǀƭœŜƪƭƛ ǾŜȅŀ ǎƤǊŀǎŀƭ ǀƭœŜƪƭƛ ƻƭŀǊŀƪ ōǳƭǳƴǳǊ ǾŜ ōǳ ƘŀƭŘŜ ōƛǊ ŘǀƴǸǒǸƳƭŜ 

ǎƤǊŀƭŀƳŀ ŘǸȊŜƴƛ ƘŀƭƛƴŜ ǎƻƪǳƭǳǊƭŀǊΦ .ǀȅƭŜŎŜ ˊ ŦƻǊƳǳƭǸ ƛœƛƴ ǎƤǊŀƭŀƳŀ ŘǸȊŜƴƭƛ Ȅƛ ve yi örneklem 

ǾŜǊƛƭŜǊƛ ƪǳƭƭŀƴƤƭƤǊΦ 

 



{ƻƴǊŀ ƛƪƛ ŘŜƐƛǒƪŜƴ ƛœƛƴ ƪŀǊǒƤƭƤƪƭƤ ǾŜǊƛ ŜƭŜƳŀƴƭŀǊƤ όȄƛ ǾŜ ȅƛύΩƴƛƴ ǎƤǊŀ ƴǳƳŀǊŀƭŀǊƤ ŀǊŀǎƤƴŘŀƪƛ ŦŀǊƪ ŘƛΣ  

ƛҐмΣΦΦΦƴ ƻƭŀǊŀƪ ōǳƭǳƴǳǊΦ .ǳ ǘǸƳ ƪŀǊǒƤƭƤƪƭƤ ǾŜǊƛƭŜǊ όƛҐмΦΦΦƴύ ƛœƛƴ ǳȅƎǳƭŀƴƤǊΦ 9ƐŜǊ ǎƤǊŀ ƴǳƳŀǊŀƭŀǊƤ 

ŀǊŀǎƤƴŘŀ Ƙƛœ ōŜǊŀōŜǊƭƛƪ ȅƻƪǎŀΣ ˊ ŘŜƐŜǊƛƴƛ ōǳƭƳŀƪ ƛœƛƴ ǒǳ ŦƻǊƳǸƭ ƪǳƭƭŀƴƤƭƤǊΥ 

 

” ρ
φВ Ὠ

ὲὲ ρ
 

 

Burada 

di=xi-ȅƛΥ ƛ ŜƭŀƳŀƴƤ ·ƛ ƛƭŜ ¸ƛ  ǎƤǊŀ ƴǳƳŀǊŀƭŀǊƤ ŀǊŀǎƤƴŘŀƪƛ ŦŀǊƪΤ 

ƴ Υ ƛƪƛ ŘŜƐƛǒƪŜƴƭƛ ǀǊƴŜƪƭŜƳŘŜ ǘƻǇƭŀƳ ƎǀȊƭŜƳ ǎŀȅƤǎƤŘƤǊΦ 

 

 

Örnek: 

!ǒŀƐƤŘŀƪƛ ǘŀōƭƻŘŀ ƛƪƛ ŘŜƐƛǒƪŜƴ · ǾŜ ¸ ƛœƛƴ ƴҐу ƎǀȊƭŜƳ ǎŀȅƤƭƤ ǀǊƴŜƪƭŜƳ ǾŜǊƛƭŜǊƛ ƛœƛƴ 

{ǇŜŀǊƳŀƴϥƤƴ ǎƤǊŀƭŀƳŀ ƪƻǊŜƭŀǎȅƻƴ ƪŀǘǎŀȅƤǎƤ ˊ ƘŜǎŀǇƭŀƴƳŀǎƤ ƛœƛƴ ǀǊƴŜƐƛƴ ǾŜǊƛƭƳŜƪǘŜŘƛǊΦ ώ!ϐ ǾŜ 

ώ.ϐ ǎǸǘǳƴƭŀǊƤƴŘŀ ōǳ ƛƪƛ ŘŜƐƛǒƪŜƴ · ǾŜ ¸ ƛœƛƴ ǀǊƴŜƪƭŜƳ ǾŜǊƛƭŜǊƛ ǾŜǊƛƭƳƛǒǘƛǊΦ ώ/ϐ ǾŜ ώ5ϐ 

ǎǸǘǳƴƭŀǊƤƴŘŀ ōǳ ƛƪƛ ŘŜƐƛǒƪŜƴƭŜǊƛƴ ǾŜǊƛƭŜǊƛ ƛœƛƴ ŀȅǊƤ ŀȅǊƤ ǎƤǊŀƭŀƳŀ ŘǸȊŜƴƛ ǳȅƎǳƭŀƴƤǇ ǎƤǊŀ 

ƴǳƳŀǊŀƭŀǊƤ Ȅ ǾŜ ȅ ƻƭŀǊŀƪ ǾŜǊƛƭƳƛǒǘƛǊΦ · ƛœƛƴ ǾŜǊƛƭŜǊŘŜ н ŘŜƐƛǒƛƪ ōŜǊŀōŜǊƭƛƪ ƎǀǊǸƭƳŜƪǘŜŘƛǊΥ о ǾŜ 

млΦ .ǳ ƴŜŘŜƴƭŜ ƛƪƛ ǘŜƪǊŀǊƭƤ о ƛœƛƴ ǾŜǊƛƭŜƴ ǎƤǊŀ ƴǳƳŀǊŀƭŀǊƤ ƻǊǘŀƭŀƳŀǎƤ όнҌоύκнҐ нΣр ŘǳǊΦ !ȅƴƤ 

ǒŜƪƭƛŘŜ н ǘŜƪǊŀǊƭƤ мл ƛœƛƴ ǎƤǊŀ ƴǳƳŀǊŀƭŀǊƤ тΣр тΣр ƻƭŀǊŀƪ ǾŜǊƛƭƳƛǒǘƛǊΦ ¸ ƛœƛƴ ǾŜǊƛƭŜǊŘŜ ƛǎŜ мΣр ƛœƛƴ 

н ōŜǊŀōŜǊƭƛƪ ǾŜ р ƛœƛƴ н ōŜǊŀōŜǊƭƛƪ ōǳƭǳƴƳŀƪǘŀŘƤǊ ǾŜ ōǳƴƭŀǊŀ Řŀ ƻǊǘŀƭŀƳŀ ǎƤǊŀ ƴǳƳŀǊŀƭŀǊƤ 

ǾŜǊƛƭƳƛǒǘƛǊΦ {Ǹǘǳƴ ώ9ϐŘŜ ǎƤǊŀ ƴǳƳŀǊŀƭŀǊƤ ŦŀǊƪƭŀǊƤ Ř ǾŜǊƛƭƳŜƪǘŜ ǾŜ ǎƻƴ ώC] sütununda fark 

kareleri d2 ƘŜǎŀǇƭŀƴƳŀƪǘŀŘƤǊΦ 

 
 



” ρ
φὼςφ

ψψ ρ
 

ˊҐлΦс ōǳƭǳƴǳǊΦ  

.ǳ ˊҐлΦс ŘŜƐŜǊƛ ǎƤŦƤǊŀ ȅŀƪƤƴ ǇƻȊƛǘƛŦǘƛǊΦ {ƤŦƤǊŀ ȅŀƪƤƴƭƤƐƤ · ǾŜ ¸ ǎƤǊŀƭŀƳŀƭŀǊƤ ŀǊŀǎƤƴŘŀƪƛ ōŀƐƭŀƴǘƤƴƤƴ 

όƪƻǊŜƭŀǎȅƻƴǳƴύ ŀȊ ƻƭŘǳƐǳƴǳ ƎǀǎǘŜǊƛǊ ǾŜ ƴŜƎŀǘƛŦ ƻƭƳŀ ƛǎŜ ǾŀǊ ȊŀȅƤŦ ōŀƐƭŀƴǘƤƴƤƴ ŀƪǎƛ ȅǀƴŘŜ 

ƻƭŘǳƐǳƴǳ ƛŦŀŘŜ ŜŘŜǊ όȅŀƴƛ · ǎƤǊŀƭŀƳŀǎƤ ŀǊǘŀǊǎŀ ¸ ǎƤǊŀƭŀƳŀǎƤ ŘǸǒŜǊ ǾŜ ŀƪǎƛ ƻƭǳǊύΦ 

.ǳ ǾŜǊƛƭŜǊ ƛœƛƴŘŜ ōŜǊŀōŜǊƭƛƪƭŜǊ ōǳƭǳƴƳŀƪǘŀŘƤǊΦ .ǳ ƴŜŘŜƴƭŜ ƪǳƭƭŀƴƤƭŀƴ ƎŜƴŜƭ ˊ ŦƻǊƳǸƭǸ ǳȅƎǳƴ 

ǎƻƴǳœ ǾŜǊƳŜȅŜōƛƭƛǊΦ 5ŀƘŀ ǳȅƎǳƴ ǎƻƴǳœ ōǳƭƳŀƪ ƛœƛƴ Ȅ ǾŜ ȅ ǎƤǊŀ ƴǳƳŀǊŀƭŀǊƤ ƛœƛƴ tŜŀǊǎƻƴϥǳƴ 

œŀǊǇƤƳ-ƳƻƳŜƴǘ ƪƻǊŜƭŀǎȅƻƴ ƪŀǘǎŀȅƤǎƤ ōǳƭǳƴƳŀǎƤ ǘŀǾǎƛȅŜ ŜŘƛƭƳŜƪǘŜŘƛǊΦ 

 

Örnek: tŜŀǊǎƻƴǊ Ŧƻƴƪǎƛȅƻƴǳƴǳ ƛœŜ ŀƪǘŀǊŀōƛƭƛǊ ǾŜ ƛƪƛ ŘƛȊƛ ŀǊŀǎƤƴŘŀƪƛ tŜŀǊǎƻƴ ƪƻǊŜƭŀǎȅon 

ƪŀǘǎŀȅƤǎƤƴƤ ƘŜǎŀǇƭŀȅŀōƛƭƛǊƛȊΦ 

#create two arrays 

x = [3, 4, 4, 5, 7, 8, 10, 12, 13, 15] 

y = [2, 4, 4, 5, 4, 7, 8, 19, 14, 10] 

 

from scipy.stats.stats import pearsonr 

 

#calculation correlation coefficient and p-value between x and y 

r=pearsonr(x, y) 

print(r) 

 

sonuç: (0.8076177030748631, 0.004717255828132089) 

 

4ƤƪǘƤȅƤ ƴŀǎƤƭ ȅƻǊǳƳƭŀȅŀŎŀƐƤƴƤȊ ŀǒŀƐƤŘŀ ŀœƤƪƭŀƴƳƤǒǘƤǊΥ 

tŜŀǊǎƻƴ ƪƻǊŜƭŀǎȅƻƴ ƪŀǘǎŀȅƤǎƤ όǊύΥ лΦултс 

Tƪƛ ƪǳȅǊǳƪƭǳ Ǉ ŘŜƐŜǊƛΥ лΦллпт 

 

YƻǊŜƭŀǎȅƻƴ ƪŀǘǎŀȅƤǎƤ мϥŜ ȅŀƪƤƴ ƻƭŘǳƐǳ ƛœƛƴ ōǳ ōƛȊŜ ƛƪƛ ŘŜƐƛǒƪŜƴ ŀǊŀǎƤƴŘŀ ƎǸœƭǸ ōƛǊ ǇƻȊƛǘƛŦ ƛƭƛǒƪƛ 

ƻƭŘǳƐǳƴǳ ǎǀȅƭŜǊΦ 

YŀǊǒƤƭƤƪ ƎŜƭŜƴ Ǉ ŘŜƐŜǊƛ ΦлрϥǘŜƴ ƪǸœǸƪ ƻƭŘǳƐǳƴŘŀƴΣ ƛƪƛ ŘŜƐƛǒƪŜƴ ŀǊŀǎƤƴŘŀ ƛǎǘŀǘƛǎǘƛƪǎŜƭ ƻƭŀǊŀƪ 

ŀƴƭŀƳƭƤ ōƛǊ ƛƭƛǒƪƛ ƻƭŘǳƐǳ ǎƻƴǳŎǳƴŀ ǾŀǊƤǊƤȊΦ 

 

 

 

 

 

 

 

 

 



2.3. wŜƎǊŜǎȅƻƴ 
9ƴ ƪǸœǸƪ ƪŀǊŜƭŜǊ ȅǀƴǘŜƳƛΣ ōƛǊōƛǊƛƴŜ ōŀƐƭƤ ƻƭŀǊŀƪ ŘŜƐƛǒŜƴ ƛƪƛ ŦƛȊƛƪǎŜƭ ōǸȅǸƪƭǸƪ ŀǊŀǎƤƴŘŀƪƛ ƳŀǘŜƳŀǘƛƪǎŜƭ 

ōŀƐƭŀƴǘƤȅƤΣ ƳǸƳƪǸƴ ƻƭŘǳƐǳƴŎŀ ƎŜǊœŜƐŜ ǳȅƎǳƴ ōƛǊ ŘŜƴƪƭŜƳ ƻƭŀǊŀƪ ȅŀȊƳŀƪ ƛœƛƴ ƪǳƭƭŀƴƤƭŀƴΣ ǎǘŀƴŘŀǊǘ ōƛǊ 

ǊŜƎǊŜǎȅƻƴ ȅǀƴǘŜƳƛŘƛǊΦ .ƛǊ ōŀǒƪŀ ŘŜȅƛǒƭŜ ōǳ ȅǀƴǘŜƳΣ ǀƭœǸƳ ǎƻƴǳŎǳ ŜƭŘŜ ŜŘƛƭƳƛǒ ǾŜǊƛ ƴƻƪǘŀƭŀǊƤƴŀ 

ϦƳǸƳƪǸƴ ƻƭŘǳƐǳ ƪŀŘŀǊ ȅŀƪƤƴϦ ƎŜœŜŎŜƪ ōƛǊ Ŧƻƴƪǎƛȅƻƴ ŜƐǊƛǎƛ ōǳƭƳŀȅŀ ȅŀǊŀǊΦ Dŀǳǎǎ-Markov Teoremi'ne 

göre en küçük kareler yöntemi, regresyon için optimal yöntemdir. 

 
Standard curves - Second-degree curves 

 

 
The simplest second-degree curve is expressed by:  

 

 

 Its graph is a parabola, symmetrical about 

The y-axis and existing only for y җ лΦ y = ax2 gives a thinner parabola if a > 1 and a flatter parabola if 

0 < a < 1. The general  second-degree curve is:  

 

 

where a, b and c determine the position,ΨwidthΩ and orientation of the parabola. 

2y x=

2y ax bx c= + +



 
 

2.3.1. Interpolasyon 
TƴǘŜǊǇƻƭŀǎȅƻƴΣ ǳȅƎǳƭŀƳŀƭƤ ƳŀǘŜƳŀǘƛƐƛƴ ōƛǊ ŘŀƭƤ ƻƭŀƴ ǎŀȅƤǎŀƭ ŀƴŀƭƛȊ ȅǀƴǘŜƳƭŜǊƛƴƛ ƪǳƭƭŀƴƤƭŀǊŀƪ 

ŦŀǊƪƭƤ ōƛǊ ȅŜǊŘŜ ǾŜ ŘŜƐŜǊƛ ōƛƭƛƴƳŜȅŜƴ ōƛǊ ƴƻƪǘŀŘŀƪƛ ƻƭŀǎƤ ŘŜƐŜǊƛ ōǳƭƳŀȅŀ ȅŀ Řŀ ǘŀƘƳƛƴ ŜǘƳŜȅŜ 

ȅŀǊŀȅŀƴ ȅǀƴǘŜƳƭŜǊƛƴ ǘǸƳǸƴŜ ǾŜǊƛƭŜƴ ƎŜƴŜƭ ƛǎƛƳŘƛǊΦ 9ƴ ōŀǎƛǘ ǘŀƴƤƳƤ ƛƭŜ ϦǾŀǊƻƭŀƴ ǎŀȅƤǎŀƭ 

ŘŜƐŜǊƭŜǊƛ ƪǳƭƭŀƴŀǊŀƪΣ ōƻǒ ƴƻƪǘŀƭŀǊŘŀƪƛ ŘŜƐŜǊƭŜǊƛƴ ǘŀƘƳƛƴ ŜŘƛƭƳŜǎƛϦ ƻƭŀǊŀƪ ŀœƤƪƭŀƴƳŀƪǘŀŘƤǊΦ 

TürkçŜŘŜ ōŀȊŜƴ ƪƻƭŀȅƭƤƪ ƻƭǎǳƴ ŘƛȅŜ ϦƛƴǘŜǊǇƻƭŀǎȅƻƴϦ ǎǀȊŎǸƐǸ ȅŜǊƛƴŜ ȅŀƭƴƤȊŎŀ ϦǘŀƘƳƛƴϦ ŘŜ 

ƪǳƭƭŀƴƤƭƳŀƪǘŀŘƤǊΦ 

 

TƴǘŜǊǇƻƭŀǎȅƻƴ ƎŜƴŜƭŘŜ ƳǸƘŜƴŘƛǎƭƛƪ ǾŜ ŘŜƴŜȅƭŜǊŜ ya da ǀƭœǸƳƭŜǊŜ ŘŀȅŀƭƤ ōŜƴȊŜǊƛ ōƛƭƛƳ 

ŘŀƭƭŀǊƤƴŘŀΣ ǘƻǇƭŀƴŀƴ ǾŜǊƛƭŜǊƛƴ ōƛǊ Ŧƻƴƪǎƛȅƻƴ ŜƐǊƛǎƛƴŜ ǳȅŘǳǊǳƭƳŀǎƤ ŀƳŀŎƤȅƭŀ ƪǳƭƭŀƴƤƭƳŀƪǘŀŘƤǊ. 

TƴǘŜǊǇƻƭŀǎȅƻƴ ƪŀǾǊŀƳƤΣ ǾŜǊƛƭŜƴ ōƛǊ Ŧƻƴƪǎƛȅƻƴ ǎƤƴƤŦƤƴŘŀƴΣ ƎǊŀŦƛƐƛ ǾŜǊƛƭŜƴ ǎƤƴƤǊƭƤ ǎŀȅƤŘŀƪƛ ǾŜǊƛ 

ƴƻƪǘŀǎƤƴŘŀƴ ƎŜœŜŎŜƪ ǒŜƪƛƭŘŜ ōƛǊ ȅҐǇόȄύ Ŧƻƴƪǎƛȅƻƴǳ ǎŜœƳŜ ƛǒƭŜƳƛŘƛǊΦ YŜǎǘƛǊƛƭŜƴ œƤƪƤǒ ŘŜƐŜǊƛ œƻƪ 

ōƻȅǳǘƭǳ ŜƴǘŜǊǇƻƭŀǎȅƻƴ ƛƭŜ ǎŀƐƭŀƴƳŀƪǘŀŘƤǊΦ {ƛǎǘŜƳƛƴ ǀƐǊŜƴƳŜǎƛ ƛǎŜΣ ƪŜǎǘƛǊƛƭƳƛǒ ŘŜƐŜǊ ƛƭŜ 

ȅŀǇƤƭŀƴ ƪǳƭƭŀƴƤƳ ǎƻƴǊŀǎƤ ƻǊǘŀȅŀ œƤƪŀƴ Ƙŀǘŀȅŀ ŘŀȅŀƴŀǊŀƪ ƎŜǊœŜƪƭŜǒǘƛǊƛƭƛǊΦ aŀƪƛƴŜ 

ǀƐǊŜƴƳŜǎƛƴŘŜΣ ƘŀǘŀƭŀǊƤƴ ƳƛƴƛƳƛȊŜ ŜŘƛƭƳŜǎƛΣ ǘŜƳŜƭ ƪǳǊŀƭŘƤǊΦ mƴŎŜŘŜƴ ƪŜǎǘƛǊƛƭƳƛǒ ƻƭŀƴ 

ȅŀƪƭŀǒƤƪ ŘŜƐŜǊƭŜǊ ƛƭŜ ƪŀǊǒƤƭŀǒǘƤǊƳŀ ȅŀǇƤƭŀǊŀƪ ŘǸȊŜƭǘƳŜƭŜǊ ƎŜǊœŜƪƭŜǒǘƛǊƛƭƛǊ ǾŜ ǀƐǊŜƴƳŜ 

ǎŀƐƭŀƴƤǊΦ 4Ŝǒƛǘƭƛ ŜƭŜƳŀƴƭŀǊƤƴ ƪŀǊŀƪǘŜǊƛǎǘƛƪƭŜǊƛƴƛƴ ƻǘƻƳŀǘƛƪ ƻƭŀǊŀƪ œƤƪŀǊǘƤƭƳŀǎƤ ǾŜ ȊŀƳŀƴƭŀ 

ŘŜƐƛǒƛƳƭŜǊƛƴƛƴ ƛȊƭŜƴƳŜǎƛ ȅŀǇƤƭƳŀƭƤŘƤǊΦ TȊƭŜƴŜƴ ǎƛǎǘŜƳ ȊŀƳŀƴƭŀ ŘŜƐƛǒŜƴ ōƛǊ ǎƛǎǘŜƳ ƛǎŜΣ 

ŀƭƎƻǊƛǘƳŀ ǀƐǊŜƴƳŜȅŜ ŘŜǾŀƳ ŜŘŜǊŜƪΣ ƻƭǳǒǘǳǊŘǳƐǳ ŦƻƴƪǎƛȅƻƴŘŀƪƛ ƪŀǘǎŀȅƤƭŀǊŘŀ ƎŜǊŜƪƭƛ 

ŘŜƐƛǒƛƪƭƛƪƭŜǊƛ ȅŀǇŀŎŀƪǘƤǊΦ 

 

Bir fonksiyonun xi (i=0,1,...Nύ ƴƻƪǘŀƭŀǊƤƴŘŀ ōƛƭƛƴŜƴ fi (i=0,1,...Nύ ŘŜƐŜǊƭŜǊƛƴŘŜƴ ƘŀǊŜƪŜǘƭŜ 

herhangi bir xo ŀǊŀ ƴƻƪǘŀǎƤƴŘŀ ōƛƭƛƴƳŜȅŜƴ f (xoύ ŀǊŀ ŘŜƐŜǊƛƴƛƴ ōǳƭǳƴƳŀǎƤ ŀƴƭŀƳƤƴŀ ƎŜƭŜƴ 

inǘŜǊǇƻƭŀǎȅƻƴ ǘŜƪƴƛƪƭŜǊƛ ŀȅƴƤ ȊŀƳŀƴŘŀ ǎŀȅƤǎŀƭ ǘǸǊŜǾΣ ƛƴǘŜƎǊŀǎȅƻƴΣ ŀŘƛ ǾŜ ƪƤǎƳƛ ǘǸǊŜǾƭƛ 

ŘƛŦŜǊŀƴǎƛȅŜƭ ŘŜƴƪƭŜƳƭŜǊƛƴ ǎŀȅƤǎŀƭ œǀȊǸƳǸ Ǝƛōƛ ōŀǒƪŀ ǎŀȅƤǎŀƭ ȅǀƴǘŜƳƭŜǊƛƴ ŘŜ ŜǎŀǎƤƴƤ ǘŜǒƪƛƭ 

eder. 

 

TƴǘŜǊǇƻƭŀǎȅƻƴ ȅǀƴǘŜƳƭŜǊƛ ƎŜƴŜƭƭƛƪƭŜ ƳŜǾŎǳǘ όȄƛ Σ Ŧƛύ ǾŜǊƛ ƴƻƪǘŀƭŀǊƤƴŀ ŜƐǊƛ ǾŜȅŀ ŜƐǊƛƭŜǊ 

ǳȅŘǳǊǳƭƳŀǎƤ ȅƻƭǳȅƭŀ ǳȅƎǳƭŀƴƤǊΦ .ǳ ŀƳŀœƭŀ ƪǳƭƭŀƴƤƭŀƴ ŦƻƴƪǎƛȅƻƴƭŀǊŀ ƛƴǘŜǊǇƻƭŀǎȅƻƴ 

ŦƻƴƪǎƛȅƻƴƭŀǊƤ ŘŜƴƛǊΦ 

 



TƴǘŜǊǇƻƭŀǎȅƻƴ Ŧƻƴƪǎƛȅƻƴǳ ƻƭŀǊŀƪ œƻƐǳ ȊŀƳŀƴ œŜǒƛǘƭƛ ƳŜǊǘŜōŜŘŜƴ όƎŜƴŜƭƭƛƪƭŜΥΣмΣнΣоύ 

ǇƻƭƛƴƻƳƭŀǊ ƪǳƭƭŀƴƤƭƤǊΦ !ƴŎŀƪ ōŀȊƤ ƘŀƭƭŜǊŘŜ ƭƻƎŀǊƛǘƳƛƪΣ Ŝƪǎponansiyel, hiperbolik gibi daha özel 

ŦƻƴƪǎƛȅƻƴƭŀǊΣ ǇŜǊƛȅƻŘƛƪ ǾŜǊƛ ŘŜƐŜǊƭŜǊƛ ƛœƛƴ ǘǊƛƎƻƴƻƳŜǘǊƛƪ ŦƻƴƪǎƛȅƻƴƭŀǊ ƪǳƭƭŀƴƤƭŀōƛƭƛǊΦ 

 

±ŜǊƛ ƴƻƪǘŀƭŀǊƤ Ŝǒƛǘ ŀǊŀƭƤƪƭƤ ƻƭŀǊŀƪ ŘŀƐƤƭƳƤǒǎŀ ǎƻƴƭǳ ŦŀǊƪ ŜǎŀǎƭƤ ƛƴǘŜǊǇƻƭŀǎȅƻƴ ȅǀƴǘŜƳƭŜǊƛΣ Ŝǒƛǘ 

ŀǊŀƭƤƪƭƤ ŘŜƐƛƭǎŜ ŘƻƐǊǳǎŀƭ ƛƴǘŜǊǇƻƭasyon, Lagrange interpolasyonu vb yöntemler daha uygun 

olur. 

 

 

TƴǘŜǊǇƻƭŀǎȅƻƴ ǇƻƭƛƴƻƳƭŀǊƤΥ 

 

Xi 3.2 2.7 1 4.8 

yi 22 17.8 14.2 38.3 

 

Bu noktalardan y( x ) = a0 + a1 x + a2 x
2 + a3 x3ǒŜƪƭƛƴŘŜ ǸœǸƴŎǸ ŘŜǊŜŎŜŘŜƴ ōƛǊ ǇƻƭƛƴƻƳ όƪǸōƛƪύ 

geçirmek mümkündür. Herbir ƴƻƪǘŀƴƤƴ ƪƻƻǊŘƛƴŀǘƭŀǊƤ ōǳ ŘŜƴƪƭŜƳƛ ǎŀƐƭŀȅŀŎŀƐƤ ƛœƛƴ 

 

 

 
 

Ax=b, linner denklem sisteminde, x=A-1b 

a0=24.3499; a1=16.1177 a2=6.4952 a3=0.5275 

 

 

Yani interpolasyon fonksiyonu, 

ȅ ό Ȅ ύ Ґ нпΦопфс ҍ мсΦммтсȄ Ҍ сΦпфрнȄ2 ҍ лΦрнтрȄ3 

 

.ǳƴŀ ƎǀǊŜ ǀǊƴŜƐƛƴ x=3.0 ƴƻƪǘŀǎƤƴŘŀƪƛ ŀǊŀ ŘŜƐŜǊ ƛœƛƴ y=20.212 elde edilir.  

 

aŀƪƛƴŜ ǀƐǊŜƴƳŜǎƛƴŘŜΣ ǾŜǊƛƭŜƴ ǾŜǊƛ ǎŜǘƛƴŘŜƴ ǀƐǊŜƴŜƴ ōƛǊ ȅŀǇƤ ŜƭŘŜ ŜŘƛƭŘƛΦ !ǊŘƤƴŘŀƴ ǘŜǎǘ 

ŜŘƛƭŜǊŜƪ ǇŜǊŦƻǊƳŀƴǎƤ ŀǊǘƤǊƤƭƤǊΦ tŜǊŦƻǊƳŀƴǎ ŀǊǘƤƳƤ ŘŜǾŀƳƭƤƭƤƐƤ ǎǸǊŜƪƭƛŘƛǊΦ  



2.3.2. 5ƻƐǊǳǎŀƭ ό[ƛƴŜŜǊύ wŜƎǊŜǎȅƻƴ 
 

 
YƤǊƳƤȊƤ ƴƻƪǘŀƭŀǊ ǀƭœǸƳƭŜ ŜƭŘŜ ŜŘƛƭƳƛǒ ǾŜǊƛ ƴƻƪǘŀƭŀǊƤƴƤΣ ƳŀǾƛ œƛȊƎƛ ƛǎŜ Ŝƴ ƪǸœǸƪ ƪŀǊŜƭŜǊ ȅǀƴǘŜƳƛ 

ƛƭŜ ōǳƭǳƴƳǳǒ ǘŜƻǊƛƪ ōŀƐƭŀƴǘƤȅƤ ƛŦŀŘŜ ŜŘŜǊΦ 

 

4ƻƐǳ ȊŀƳŀƴ ǾŜǊƛ ǘŀōƭƻǎǳƴŀ ǘŀƳ ƻƭŀǊŀƪ ǳȅŀƴ ōƛǊ Ŧƻƴƪǎƛȅƻƴ ōǳƭƳŀƪ ƳǸƳƪǸƴ ƻƭƳŀȊΤ ǾŜǊƛ 

tablosuna en iyi uyan fonksiyon belirlenmeȅŜ œŀƭƤǒƤƭƤǊΦ .ƛǊ ǾŜǊƛ ǘŀōƭƻǎǳƴŀ Ŝƴ ƛȅƛ ǳȅŀƴ 

fonksiyonu bulma sürecine regresyon analizi denir. Regresyon analizi yaparken en çok 

ƪǳƭƭŀƴƤƭŀƴ ȅǀƴǘŜƳƭŜǊŘŜƴ ōƛǊƛ Ŝƴ ƪǸœǸƪ ƪŀǊŜƭŜǊ ȅǀƴǘŜƳƛŘƛǊΦ 

 

Belli ölçümler sonucunda i = 1, 2, . . . , n için (xi , yi) ǾŜǊƛƭŜǊƛ ŜƭŘŜ ŜŘƛƭƳƛǒ ƻƭǎǳƴΦ .ǳǊŀŘŀΣ ƘŜǊ ōƛǊ 

yiΩƴƛƴ ȄiΩȅŜ ōŀƐƭƤ ƻƭŀǊŀƪ ŘŜƐƛǒǘƛƐƛ ǾŀǊǎŀȅƤƭƳŀƪǘŀŘƤǊΦ ¸ŀǇƤƭŀƴ ǀƭœǸƳƭŜǊƛƴ ŘƻƐŀǎƤ ƎŜǊŜƐƛΣ ƘŜǊ ƛ Ґ мΣ 

2, . . . , n için yi = f (xiύ ƻƭŀŎŀƪ ōƛœƛƳŘŜ ōƛǊ Ŧƻƴƪǎƛȅƻƴǳƴ ǾŀǊ ƻƭŘǳƐǳΣ ǀƭœǸƳƭŜǊŘŜ ȅŀǇƤƭŀƴ Ƙŀǘŀ 

ƴŜŘŜƴƛȅƭŜ ōǳ ŜǒƛǘƭƛƪƭŜǊƛƴ ōŀȊƤƭŀǊƤ ǾŜȅŀ ƘŜǇǎƛƴƛƴ ǎŀƐƭŀƴƳŀŘƤƐƤ ƪŀōǳƭ ŜŘƛƭŜōƛƭƛǊΦ .ǳ ŘǸǒǸƴŎŜȅƭŜΣ 

ölçülen yi ŘŜƐŜǊƛ ȅόȄiύ ƛœƛƴ ȅŀƪƭŀǒƤƪ ŘŜƐŜǊ ƪŀōǳƭ ŜŘƛƭŜǊŜƪ ōǳ ȅŀƪƭŀǒƤƳŘŀƪƛ ƘŀǘŀƴƤƴ ƳƛƴƛƳǳƳ 

ƻƭŘǳƐǳ ȅ Ŧƻƴƪǎƛȅƻƴǳ ōŜƭƛǊƭŜƴƳŜȅŜ œŀƭƤǒƤƭƤǊΦ .ǳ ŀƳŀŎƤ ƎŜǊœŜƪƭŜǒǘƛǊƳŜƪ ƛœƛƴ Ŧ Ŧƻƴƪǎƛȅƻƴunun bir 

ǘŀƪƤƳ ǇŀǊŀƳŜǘǊŜƭŜǊŜ ōŀƐƭƤ ōƛǊ ƛŦŀŘŜǎƛ ōǳƭǳƴŘǳƐǳ ǾŀǊǎŀȅƤƭƤǇ ŜƭŘŜƪƛ ǾŜǊƛƭŜǊ ȅŀǊŘƤƳƤȅƭŀ ōǳ 

ǇŀǊŀƳŜǘǊŜƭŜǊ ōŜƭƛǊƭŜƴƳŜȅŜ œŀƭƤǒƤƭƤǊΦ mǊƴŜƐƛƴΣ ȅ Ŧƻƴƪǎƛȅƻƴǳ ȅ Ґ ȅ όȄύ Ґ ƳȄ Ҍ ō ƛŦŀŘŜǎƛƴŘŜ 

ƻƭŘǳƐǳ Ǝƛōƛ ōƛǊ ŘƻƐǊǳǎŀƭ Ŧƻƴƪǎƛȅƻƴ ǾŜȅŀ ȅ Ґ Ŧ όȄύ Ґ ŀȄ2 + bx + c ifadeǎƛƴŘŜ ƻƭŘǳƐǳ Ǝƛōƛ ōƛǊ 

karesel fonksiyon olabilir ki bu durumda belirlenmesi gereken parametereler a , b , c , m dir. 

 

9ƴ ƪǸœǸƪ ƪŀǊŜƭŜǊ ȅǀƴǘŜƳƛƴŘŜ ŀǊŀƴŀƴ ŦƻƴƪǎƛȅƻƴΣ ȅŀ Řŀ ƻƴǳƴ ǇŀǊŀƳŜǘǊŜƭŜǊƛΣ ǘǸƳ ŦŀǊƪƭŀǊƤƴ 

ƪŀǊŜƭŜǊƛ ǘƻǇƭŀƳƤ ƻƭŀƴ  
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 ƛŦŀŘŜǎƛƴƛ ƳƛƴƛƳǳƳ ȅŀǇŀŎŀƪ ǒŜƪƛƭŘŜ ōŜƭƛǊƭŜƴƛǊΦ {ǀȊǸ ŜŘƛƭŜƴ ƪŀǊŜƭŜǊ ǘƻǇƭŀƳƤƴƤƴ ƳƛƴƛƳǳƳ 

ƻƭƳŀǎƤ ƛœƛƴ ƘŜǊ ōƛǊ ƘŀǘŀƴƤƴ ƪǸœǸƪ ƻƭƳŀǎƤ ƎŜǊŜƪƛǊΦ 9ƴ YǸœǸƪ YŀǊŜƭŜǊΣ YŀǊŜ CŀǊƪƭŀǊƤƴƤƴ ¢ƻǇƭŀƳƤƴƤ 

(SSE) en aza indirir (Sum of the Squared Differences: SSE) 

 

Örnek: 

.ƛǊ ƳŀƪƛƴŜŘŜƴ  ǸǊŜǘƛƭŜƴ ǸǊǸƴƭŜǊƛƴ ǘŀōƭƻǎǳ ǒǳ ǒŜƪƛƭŘŜ ǘǳǘǳƭƳǳǒǘǳǊΣ 

 

2. ayda 4 adet 

5. ayda 6 adet 

6. ayda 7 adet 

9.ayda 8 adet 

 

 
 

f(x) = mx + b 

 

yi = f (xi) 

 
2. ayda 4 adet , y1-f(x1)=4-2m-b 

5. ayda 6 adet, y2-f(x2)=6-5m-b 

6. ayda 7 adet, y3-f(x3)=7-6m+b 

9.ayda 8 adet, y4-f(x4)=8-9m+b 

 

 

 

 

 



 
 

9ƐƛƳƭŜǊƛƴƛ ōǳƭŀōƛƭƳŜƪ ƛœƛƴ ƪƤǎƳƛ ǘǸǊŜǾƭŜǊƛ ŀƭƤƴƤǊ ǾŜ ǎƤŦƤǊŀ ŜǒƛǘƭŜƴƛǊΦ 

 

 
 

{ŀŘŜƭŜǒǘƛǊƳŜƭŜǊŘŜƴ ǎƻƴǊŀ ŀǒŀƐƤŘŀƪƛ ŘŜƴƪƭŜƳƭŜǊ ŜƭŘŜ ŜŘƛƭƛǊΦ 

146m +22b=152 

22m + 4b=25 

 

Bu iki bilinmeyenli iki denklemin çözümünden m=0.58, b=3.06 bulunur. 

 

f(x) = 0.58x + 3.06 

 

Ƴ ǾŜ ō ƴƛƴ ŘƻƐǊǳŘŀƴ ƘŜǎŀǇƭŀƴƳŀǎƤƴƤ ǎŀƐƭŀȅŀŎŀƪ ŦƻǊƳǸƭƭŜǊ ŦŀǊƪƭŀǊƤƴ ƪŀǊŜƭŜǊƛƴƛƴ ǘƻǇƭŀƳƤƴŘŜ 

elde edilir.   

 
¸ǳƪŀǊƤŘŀƪƛ ŘŜƴƪƭŜƳŘŜ Ƴ ǾŜ ō ȅŜ ƎǀǊŜ ƪƤǎƳƛ ǘǸǊŜǾƭŜǊ ŀƭƤƴƤǇ ǎƤŦƤǊŀ ŜǒƛǘƭŜƴƛǊǎŜ ŀǒŀƐƤŘaki 

denklemler elde edilir. 

 
 

 

 
 

 



.ǳ ŘŜƴƪƭŜƳ ǎƛǎǘŜƳƛƴƛƴ ŘŀƛƳŀ ǘŜƪ ōƛǊ œǀȊǸƳǸ ōǳƭǳƴŘǳƐǳƴŀ Řƛƪƪŀǘ ŜŘƛƴƛȊΦ 

 

 
Örnek: 

όл Σ сΦпύΣ όм Σ нΦсύΣ όн Σ лΦрύΣ όо Σ лΦсύ ǾŜ όп Σ лΦоύ ǾŜǊƛ ƴƻƪǘŀƭŀǊƤƴŀ Ŝƴ ƛȅƛ ǳȅŀƴ ȅҐƳȄ Ҍ ōΣ ŘƻƐǊǳ 

denklemini bulunuz. 

 

 
 

 

 
 

 

 

 

 

 

 

 

 

 

 

 



2.3.3. TƪƛƴŎƛ aŜǊǘŜōŜ 9ƴ YǸœǸƪ YŀǊŜƭŜǊ ¸ǀƴǘŜƳƛ 
 

Ὁ ώ Ὢὼ  

 

 

f(x)=a2x
2 + a1 x + a0 

 

Ὁ ώ ὥὼ ὥὦὼ ὥ  

 

 

Ὁ В ςώ ὥὼ ὥὼ ὥ ὼ =0 

 

Ὁ В ςώ ὥὼ ὥὼ ὥ ὼ =0 

 

Ὁ В ςώ ὥὼ ὥὼ ὥ ρ=0 

 

 

 

 

ώὼ ὥ ὼ ὥ ὼ ὥ ὼ 

 

 

ώὼ ὥ ὼ ὥ ὼ ὥ ὼ 

 

ώ ὥ ὼ ὥ ὼ ὥὔ 

 

 

 

 

 

 

 

 



2.3.4. Genel Polinom Regresyon Modeli  
Genel polinom ǊŜƎǊŜǎȅƻƴ ƳƻŘŜƭƛΣ Ŝƴ ƪǸœǸƪ ƪŀǊŜƭŜǊ ȅǀƴǘŜƳƛ ƪǳƭƭŀƴƤƭŀǊŀƪ ƎŜƭƛǒǘƛǊƛƭŜōƛƭƛǊΦ 9ƴ 

ƪǸœǸƪ ƪŀǊŜƭŜǊ ȅǀƴǘŜƳƛΣ ǇƻƭƛƴƻƳŘŀƴ ǘŀƘƳƛƴ ŜŘƛƭŜƴ ŘŜƐŜǊƭŜǊ ƛƭŜ ǾŜǊƛ ƪǸƳŜǎƛƴŘŜƴ ōŜƪƭŜƴŜƴ 

ŘŜƐŜǊƭŜǊ ŀǊŀǎƤƴŘŀƪƛ ŦŀǊƪƤ Ŝƴ ŀȊŀ ƛƴŘƛǊƳŜȅƛ ŀƳŀœƭŀƳŀƪǘŀŘƤǊΦ 

 

The coefficients of the polynomial regression model (ak,aƪҍм,Ễ,a1, a0) may be determined by 

solving the following system of linear equations. 

 

 

 
 

Örnek: 

!ǒŀƐƤŘŀƪƛ ǾŜǊƛ ƪǸƳŜǎƛƴŜ ǳȅƎǳƴ нΦ ŘŜǊŜŎŜŘŜƴ ōƛǊ ǇƻƭƛƴƻƳ ŜƐǊƛǎƛƴƛƴ ƴŀǎƤƭ ƎŜƭƛǒǘƛǊƛƭŜŎŜƐƛƴƛ 

gösterin. 

 

 

x -3 -2 -1 -0.2 1 3 

y 0.9 0.8 0.4 0.2 0.1 0 

 

Bu veri kümesinde N = 6 ve 2. dereceden bir polinom için k = 2 dir. En küçük kareler 

ȅǀƴǘŜƳƛƴƛƴ ǳȅƎǳƭŀƴƳŀǎƤ ŀǒŀƐƤŘŀƪƛ ŘƻƐǊǳǎŀƭ ǎƛǎǘŜƳƛ ǎŀƐƭŀǊΦ 

 

 
{ƛǎǘŜƳƛ œǀȊƳŜƪ ƛœƛƴ /ǊŀƳŜǊ ƪǳǊŀƭƤƴƤ ƪǳƭƭŀƴŀǊŀƪΣ a ƳŀǘǊƛǎƛƴƛ ŀƭŀǊŀƪ ǾŜ ǎǸǘǳƴ ǾŜƪǘǀǊǸ ōϥȅƛ ƛ 

ǎǸǘǳƴǳƴŀ ȅŜǊƭŜǒǘƛǊŜǊŜƪ aƛ ƳŀǘǊƛǎƭŜǊƛƴƛƴ ƘŜǊ ōƛǊƛƴƛ ǸǊŜǘƛȅƻǊǳȊΣ ǀǊƴŜƐƛƴ aлΣ aмΣ aнΣΥ 

 



 
 

 
 

 
 

 

 
 

 

 

 

 

 

 

 



Örnek: 

ikinci dereceden en küçük kareler  ve  Matlab ; p = polyfit(x,y,n), n=2 

 
clear all  

close all  

x = [5.435   4.635   3.835   3.035   2.325   1.435    0.635];  

y = [1.00     1.28     1.70     2.20     2.97     4.35     7.50  ];  

p = polyfit(x, y, 2)                       % Quadratic Function Fit  

v = polyval(p, x)                        % Evaluate  

TSE = sum((v -  y).^2)               % Total Squared Error  

figure(1)  

plot(x, y, 'bp' )  

hold on 

plot(x, v, ' - r' )  

hold off  

grid  

title( 'Plot of Data (Points) and Model (Line)' )  

 

 

p =     0.3582   -3.3833    9.0748 

v =     1.2664    1.0877    1.3674    2.1056    3.1447    4.9573    7.0708 

TSE =     0.8110 
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Örnek: 

ikinci dereceden en küçük kareler  ve  Matlab ; p = polyfit(x,y,n), n=2 

 
clear all  

close all  

t = [0 0.3 0.8 1.1 1.6 2.3];  

y = [0.6 0.67 1.01 1.35 1.47 1.25];  

figure, plot(t,y, 'o' )  

title( 'Plot of y Versus t' )  

p = polyfit(t,y,2)  

t2 = 0:0.1:2.8;  

y2 = polyval(p,t2);  

hold on 

plot(t,y, 'o' ,t2,y2)  

title( 'Plot of Data (Points) and Model (Line)' )  

 

p =   -0.2942    1.0231    0.4981 

f(x) =   -0.2942x2  +  1.0231x  +   0.4981 
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Örnek: 

¦ȅǳƳ TǒƭŜǾƛƴƛ YǳƭƭŀƴŀǊŀƪ «ǎǘŜƭ aƻŘŜƭƭŜǊŜ {ƤƐŘƤǊƳŀ 

 
clear all  

close all  

x = (0:0.2:5)';  

y = 2*exp( - 0.2*x) + 0.1*randn(size(x));  

f = fit(x,y, 'exp1' )  

plot(f,x,y)  

 

f =  General model Exp1: 

     f(x) = a*exp(b*x) 

     Coefficients (with 95% confidence bounds): 

       a =       2.103  (1.999, 2.208) 

       b =     -0.2222  (-0.2464, -0.1981) 
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5ƻƐǊǳǎŀƭ wŜƎǊŜǎȅƻƴ 

.ƛǊ ŜǾƛƴ ŦƛȅŀǘƤƴƤ ǘŀƘƳƛƴ ŜǘƳŜƪ ƛœƛƴ ōƛǊŘŜƴ ŦŀȊƭŀ ǀȊŜƭƭƛƪ ǾŀǊŘƤǊΦ !ǒŀƐƤŘŀ ǀȊŜƭƭƛƪƭŜǊƛ ǾŜ ƘŜŘŜŦ 

ŘŜƐŜǊƛ όŦƛȅŀǘύ ƛƭŜ ŦŀǊƪƭƤ ŜǾƭŜǊƛƴ ǘŀōƭƻǎǳ ōǳƭǳƴƳŀƪǘŀŘƤǊΦ 

 

 
 Ŝƪƛƭ: Fiyat tahmini için evlerin özelliklerini gösteren Tablo. 

 
 ŜƪƛƭΥ mȊŜƭƭƛƪƭŜǊ ǾŜ ƘŜŘŜŦ ŘŜƐƛǒƪŜƴƭŜǊΦ 

Therefore, to calculate the hypothesis: 

 

 
 

 

 

 

 

 

 

 

 

 

 

 

 



2.4. ±ŜƪǘǀǊƭŜǊ 
 

±ŜƪǘǀǊ bƻǊƳƭŀǊƤ 

±ŜƪǘǀǊ ƴƻǊƳƭŀǊƤ ōƛǊ ǾŜƪǘǀǊǸƴ ōǸȅǸƪƭǸƐǸƴǸ ǀƭœŜǊΦ ¢ŜƳŜƭ ƻƭŀǊŀƪΣ ōŜƭƛǊƭƛ ōƛǊ Ȅ ŘŜƐƛǒƪŜƴƛƴƛƴ 

boyutu, onun normu ||x|| ile ǘŜƳǎƛƭ ŜŘƛƭŜōƛƭƛǊ ǾŜ ƴƻǊƳΣ Ȅ ǾŜ ȅ ƛƪƛ ŘŜƐƛǒƪŜƴƛ ŀǊŀǎƤƴŘŀƪƛ 

mesafeyi temsil eder ve ||x-y|| ile temsil edilir. 

Vektör normunun genel denklemi: 

 
Bunlar, p-ƴƻǊƳƭŀǊƤƴƤƴ ƎŜƴŜƭ ǎƤƴƤŦƭŀǊƤŘƤǊΥ 

ω [м ƴƻǊƳǳ ǾŜȅŀ aŀƴƘŀǘǘŀƴ bƻǊƳǳΦ 

ω [н ƴƻǊƳǳ ǾŜȅŀ mƪƭƛŘ bƻǊƳǳΦ 

5ǸȊŜƴƭŜƳŜŘŜ [м ǾŜ [н ƴƻǊƳƭŀǊƤ ƪǳƭƭŀƴƤƭƳŀƪǘŀŘƤǊΦ 

 

L1 norm or Manhattan Norm 

The L1 norm on R̂ n is defined for x ɴ  R n̂ as shown in figure: 

 

 
As shown in figure, the red lines symbolize the set of vectors for the L1 norm equation. 

 

 

 

 

 



L2 norm or Euclidean Norm 

The L2 norm of xɴR̂ n is defined as: 

 

 
As shown in figure, the red lines symbolize the set of vectors for the L2 norm equation. 

 

Regularization in Machine Learning 

Regularization is a process of modifying the loss function to penalize specific values of the 

weight on learning. Regularization helps us avoid overfitting. 

 

It is an excellent addition in machine learning for the operations below: 

¶ To handle collinearity. 

¶ To filter out noise from data. 

¶ To prevent overfitting. 

¶ To get good performance. 

 

These are the standard regularization techniques: 

¶ L1 Regularization (Lasso) 

¶ L2 Regularization (Ridge) 

 

Regularization is the application of the norm. 

 

 

 

 

 

 

 



L1 Regularization (Lasso) 

Lasso is a widespread regularization technique. Its formula is shown in figure: 

 
L2 Regularization (Ridge) 

The equation of L2 regularization (Ridge): 

 
²ƘŜǊŜΣ ˂ Ґ /ƻƴǘǊƻƭǎ ǘƘŜ ǘǊŀŘŜƻŦŦ ƻŦ ŎƻƳǇƭŜȄƛǘȅ ōȅ ŀŘƧǳǎǘƛƴƎ ǘƘŜ ǿŜƛƎƘǘ ƻŦ ǘƘŜ ǇŜƴŀƭǘȅ ǘŜǊƳΦ 

 

mȊŜƭƭƛƪ 4ƤƪŀǊƳŀ ǾŜ mȊŜƭƭƛƪ {ŜœƛƳƛ 

mȊƴƛǘŜƭƛƪ œƤƪŀǊƳŀ ǾŜ ǀȊƴƛǘŜƭƛƪ ǎŜœƛƳƛƴƛƴ ǘŜƳŜƭ ŀƳŀŎƤΣ ǎƤƴƤŦƭŀƴŘƤǊƳŀ ǾŜǊƛƳƭƛƭƛƐƛƴƛ ŀǊǘƤǊƳŀƪ ƛœƛƴ 

Ŝƴ ǳȅƎǳƴ ŘǸǒǸƪ ōƻȅǳǘƭǳ ǀȊƴƛǘŜƭƛƪƭŜǊ ƪǸƳŜǎƛƴƛ ǎŜœƳŜƪǘƛǊΦ .ǳ ǘŜǊƛƳƭŜǊ ŜǎŀǎŜƴ ōƻȅǳǘǎŀƭƭƤƪ 

ǇǊƻōƭŜƳƛƴƛƴ ƭŀƴŜǘƛƴƛ ŜƭŜ ŀƭƤǊΦ mȊŜƭƭƛƪ ǎŜœƛƳƛ ǾŜ ǀȊŜƭƭƛƪ œƤƪŀǊƤƳƤ ƳŀǘǊƛǎǘŜ ƎŜǊœŜƪƭŜǒǘƛǊƛƭƛǊΦ 

 

Feature Extraction 

mȊƴƛǘŜƭƛƪ œƤƪŀǊƳŀŘŀΣ ōŀȊƤ ƛǒƭŜǾ ŜǒƭŜƳŜƭŜǊƛ ȅƻƭǳȅƭŀ ƳŜǾŎǳǘ ǀȊƴƛǘŜƭƛƪƭŜǊŘŜƴ ōƛǊ ŘƛȊƛ ǀȊƴƛǘŜƭƛƪ 

buluruz. 

 

 
 

 

 

 

 

 

 

 



 

Feature Selection 

Özellik seçiminde, orijinal özelliklerin bir alt kümesini seçin.

 
 

 

!ƴŀ ǀȊŜƭƭƛƪ œƤƪŀǊƳŀ ȅǀƴǘŜƳƭŜǊƛ ǒǳƴƭŀǊŘƤǊΥ 

¶ Principal Component Analysis (PCA) 

¶ Linear Discriminant Analysis (LDA) 

 

t/! ƪǊƛǘƛƪ ōƛǊ ǀȊŜƭƭƛƪ œƤƪŀǊƳŀ ȅǀƴǘŜƳƛŘƛǊ ǾŜ t/! ƪŀǾǊŀƳƤƴƤ ŀƴƭŀƳŀƪ ƛœƛƴ ƪƻǾŀǊȅŀƴǎ ƳŀǘǊƛǎƛΣ 

ǀȊŘŜƐŜǊƭŜǊ ǾŜȅŀ ǀȊǾŜƪǘǀǊƭŜǊ ƪŀǾǊŀƳƭŀǊƤƴƤ ōƛƭƳŜƪ Ƙŀȅŀǘƛ ǀƴŜƳ ǘŀǒƤǊΦ 

 

Covariance Matrix 

The covariance matrix is an integral part of PCA derivation. The below concepts are 

important to compute a covariance matrix: 

¶ Variance. 

¶ Covariance. 

 

Variance 

 
or 

 
The limitation of variance is that it does not explore the relationship between variables. 



Covariance 

Kovaryans, iki rastgele dŜƐƛǒƪŜƴƛƴ ƻǊǘŀƪ ŘŜƐƛǒƪŜƴƭƛƐƛƴƛ ǀƭœƳŜƪ ƛœƛƴ ƪǳƭƭŀƴƤƭƤǊΦ 

 
 

Covariance Matrix 

A covariance matrix is a squared matrix that gives the covariance between each pair of given 

random vector elements. 

 
The equation of the covariance matrix: 

 
 

Orthogonality 

Two vectors v and w are called orthogonal if their dot product is zero. 

v.w = 0 

Example: 

 
 

Orthonormal Set 

If all vectors in the set are mutually orthogonal and all of the unit lengths, then it is called an 

Orthonormal set. An orthonormal set that forms a basis is called an orthonormal basis. 

 

 

 

 



Span 

Let V is a vector space and its elements are v1, v2Σ ΧΦΦΣ Ǿn ɴ  V. 

Any sum of these elements multiplied by the scalars representing the equation shown in 

figure 53, a set of all linear combinations is called the span. 

 
 

Example: 

 
Span (v1, v2, v3) = av1 + bv2 + cv3 

 
 

Basis 

A basis for a vector space is a sequence of vectors that form a set that is linearly 

independent and that spans the space [9]. 

Example: 

¢ƘŜ ǾŜŎǘƻǊΩǎ ǎŜǉǳŜƴŎŜ ōŜƭƻǿ ƛǎ ŀ ōŀǎƛǎΥ 

 
It is linearly independent as given below: 

 

https://en.wikibooks.org/wiki/Linear_Algebra/Basis


 
 

 

 

Scalar Product of Two Vectors 

If A & B are vectors, their Scalar Product is defined as: A¶.  !. Ŏƻǎ ̒  

Å In terms of vector components & unit vectors i,j,k are along the x,y,z axes: 

 A = Axi + Ayj + Azk  B = Bxi + Byj + Bzk 

Å A¶B = AxBx + AyBy + AzBz    

Å Using i¶i = j¶j = k¶k = 1,  

Å And i¶j= i¶k = j¶k = 0 gives 

Å Dot Product clearly a SCALAR.  

 

 
 

 

 

 

 

 

 

 

 

 

 

 



2.5. aŀǘǊƛǎ 
.ƛǊ ƳŀǘǊƛǎΣ ƭƛƴŜŜǊ ŎŜōƛǊƛƴ ǀƴŜƳƭƛ ōƛǊ ǇŀǊœŀǎƤŘƤǊΦ Ƴϝƴ ǾŜǊƛ ǀƐŜǎƛƴƛ ŘŜǇƻƭŀǊ ǾŜ ōƛȊ ƻƴǳ ŘƻƐǊǳǎŀƭ 

ŘŜƴƪƭŜƳ ǎƛǎǘŜƳƛƴƛƴ ǾŜȅŀ ŘƻƐǊǳǎŀƭ ŜǒƭŜƳŜƭŜǊƛƴ ƘŜǎŀǇƭŀƴƳŀǎƤ ƛœƛƴ ƪǳƭƭŀƴƤǊƤȊΦ DŜǊœŜƪ ŘŜƐŜǊƭƛ 

ǀƐŜƭŜǊƛƴ ōƛǊ Ƴϝƴ ŘŜƳŜǘƛŘƛǊΦ 

 

 
 Ŝƪƛƭ оΥ aŀǘǊƛǎ ƎǀǎǘŜǊƛƳƛΦ 

 

{ŀǘƤǊ ǾŜ ǎǸǘǳƴ ǎŀȅƤǎƤƴŀ ƳŀǘǊƛǎƛƴ ōƻȅǳǘǳ ŘŜƴƛǊΦ 

 

Vektör 

[ƛƴŜŜǊ ŎŜōƛǊŘŜΣ ōƛǊ ǾŜƪǘǀǊ ōƛǊ ƴϝм ƳŀǘǊƛǎƛŘƛǊΦ {ŀŘŜŎŜ ōƛǊ ǎǸǘǳƴǳ ǾŀǊŘƤǊΦ 

 

 
 ŜƪƛƭΥ Vektör gösterimi. 

 

 

aŀǘǊƛǎ 4ŀǊǇƤƳƤ 

aŀǘǊƛǎ œŀǊǇƤƳƤΣ ƳŀǘǊƛǎƛƴ ǎŀǘƤǊƤƴƤƴ ōŀǒƪŀ ōƛǊ ƳŀǘǊƛǎ ǎǸǘǳƴǳȅƭŀ œŀǊǇƤƭŘƤƐƤ ǾŜ ǘƻǇƭŀƴŘƤƐƤ ǎŀǘƤǊ ǾŜ 

ǎǸǘǳƴƭŀǊƤƴ ōƛǊ ƴƻƪǘŀ œŀǊǇƤƳƤŘƤǊΦ 

 

 
 

 

 

 



 
Transpose Matrix 

For A ɴ  R m̂*n the matrix B ɴ  R n̂*m with bij = aij is called transpose of A. It is represented 

as B = A^T. 

 

Example: 

 
 

Inverse Matrix 

Consider a square matrix A ɴ  R n̂*n. Let matrix Bɴ R n̂*n has the property that AB = In = BA, 

B is called the inverse of A and denoted by A^-1. 

 

 



 
 

Birim Matris 

Å .ƛǊƛƳ ƳŀǘǊƛǎ ōƛǊ ƳŀǘǊƛǎŜ Ŝǘƪƛ ŜǘǘƛƐƛ ȊŀƳŀƴ ƻ ƳŀǘǊƛǎƛƴ ƪŜƴŘƛǎƛ ŜƭŘŜ ŜŘƛƭƛǊΦ .ƛǊƛƳ ƳŀǘǊƛǎƛƴ 

ǘǸƳ ƪǀǒŜƎŜƴ ŜƭŜƳŀƴƭŀǊ м ŘƛǊΦ YǀǒŜƎŜƴ ŘƤǒƤƴŘŀƪƛ ŜƭŜƳŀƴƭŀǊƤ л ŘƤǊΦ 

Å .ƛǊ ƪŀǊŜ ƳŀǘǊƛǎƛƴ ŜǒƭŜƴƛƐƛ ƛƭŜ œŀǊǇƤƳƤ ōƛǊƛƳ ƳŀǘǊƛǎǘƛǊΦ όaŀǘǊƛǎƛƴ ǘǊŀƴǎǇƻǎŜǎƛ ŀƭƤƴƤǊΣ 

ŀǊŘƤƴŘŀƴ ƪƻƳǇƭŜƪǎ ƛŦŀŘŜƭŜǊŘŜ  ŀҌƛō ȅŜǊƛƴŜ ŀ-ib; a-ƛō ȅŜǊƛƴŜ ŀҌƛō ȅŀȊƤƭŀǊŀƪ ŜǒŘŜƴƛƐƛ 

elde edilir.) 

Å Bir kare matrisin quantum lojiƪ ƪŀǇƤǎƤ ƻƭŀōƛƭƳŜǎƛ ƛœƛƴ ƳŀǘǊƛǎƛƴ ǘǊŀƴǇƻǎŜǎƴƛƴ ŜǒƭŜƴƛƐƛ 

ƛƭŜ œŀǊǇƤƳƤ ōƛǊƛƳ ƳŀǘǊƛǎ ƻƭƳŀƪ ȊƻǊǳƴŘŀŘƤǊ όIŜǊƳƛǎȅŜƴύΦ 

Å Ὅὃ ὃ 

Å Ὅ
ρ Ễ π
ể Ệ ể
π Ễ ρ

 

Å .ƛǊ ǾŜƪǘǀǊ ōƛǊƛƳ ƳŀǘǊƛǎ ƛƭŜ œŀǊǇƤƭŘƤƐƤƴŘŀ ǾŜƪǘǀǊǸ ŘŜƐƛǒǘƛǊƳŜȊΦ 

Å 
ρ Ễ π
ể Ệ ể
π Ễ ρ

ὼ
ể
ὼ

=

ὼ
ể
ὼ

 

 

 

Orthogonal Matrix 

Bir Aɴ R^n*n ƪŀǊŜ ƳŀǘǊƛǎƛΣ ŀƴŎŀƪ ǾŜ ŀƴŎŀƪ ǎǸǘǳƴƭŀǊƤ ƻǊǘƻƴƻǊƳŀƭ όōƛǊƛƳ ǳȊǳƴƭǳƪύ ƛǎŜΣ 

ortogonal bir matristir: 

 
 

 

 

 

 

 

 

 



Example: 

 
Consequently, 

 
 

Diagonal Matrix 

A square matrix AɴR n̂*n is a diagonal matrix where all the elements are zero except those 

on the main diagonal like: 

Aij =0 for all i != j 

Aij = 0 for some or all i = j 

 

Example: 

 
 

Transpose Matrix and Inverse Matrix in Normal Equation 

The normal equation method minimizes J by explicitly taking its derivatives concerning theta 

j and setting them to zero. We can directly find out the value of ̒  without using Gradient 

Descent. 

 

 
 

LƳǇƭŜƳŜƴǘŀǘƛƻƴ ōȅ ǘŀƪƛƴƎ ǘƘŜ Řŀǘŀ ŦǊƻƳ ǘƘŜ ǘŀōƭŜ ŀōƻǾŜΣ ά¢ŀōƭŜмέ ƛǎ ǎƘƻǿƴ ƛƴ ŦƛƎǳǊŜΦ 



 
 

 
 

 
.ƛǊ ƳŀǘǊƛǎƛƴ ƪƻƴƧǳƎŜǎƛΣ ƳŀǘǊƛǎƛƴ ƪƻƳǇƭŜƪǎ ŜƭŜƳŀƴƭŀǊƤƴƤƴ ƛǒŀǊŜǘƛƴƛƴ ǘŜǊǎƛƴƛƴ ŀƭƤƴƳŀǎƤŘƤǊΦ 

.ƛǊ ƳŀǘǊƛǎƛƴ ǘǊŀƴǎǇƻǎŜǎƛΣ ƳŀǘǊƛǎƛƴ ǎǸǘǳƴƭŀǊƤ ƛƭŜ ǎŀǘƤǊƭŀǊƤƴƤƴ ȅŜǊ ŘŜƐƛǒǘƛǊƳŜǎƛŘƛǊΦ 

IŜǊƳƛǎȅŜƴ ƪƻƴƧǳƎŜǎƛΣ ƳŀǘǊƛǎƛƴ ǘǊŀƴǎǇƻǎŜǎƛ ƛƭŜ ƪƻƴƧǳƎŜǎƛƴƛƴ ŀƭƤƴƳŀǎƤŘƤǊΦ 



Matris yorumu: 

aŀƪƛƴŜ ǀƐǊŜƴƛƳƛ ŀƭƎƻǊƛǘƳŀǎƤ ƛƴŎŜƭŜnip uygulanŘƤƐƤnda, algoritmalar ƘƤȊƭŀƴŘƤǊƳŀƪ ƛœƛƴ ƳŀǘǊƛǎ-

ƳŀǘǊƛǎ œŀǊǇƤƳƤ όǘǸƳ ƳŀǘǊƛǎ-vektörü ve vektör-ǾŜƪǘǀǊǸ ƎŜƴŜƭƭŜǒǘƛǊŜƴύ ƪǳƭƭŀƴƳŀƪ œƻƪ ǀƴŜƳƭƛ 

ǾŜ ǳǎǘŀƭƤƪ ƎŜǊŜƪǘƛǊƛǊΦ !ƴŎŀƪ ƎǸœƭǸ ƭƛƴŜŜǊ ŎŜōƛǊ ŀƭǘȅŀǇƤǎƤ ƎŜǊŜƪǘƛǊŜƴ ǾŜƪǘǀǊƭŜǒǘƛǊƛƭƳƛǒ ƛŦŀŘŜƭŜǊƛ 

yorumlanabilmelidir. Bu nedenle ŘƻƐǊǳǎŀƭ ŎŜōƛǊŘŜƪƛ ōŀȊƤ ǘŜƳŜƭ ƪŀǾǊŀƳƭŀǊ ǀȊŜǘƭŜnebilmeli ve 

ŘŀƘŀ œƻƪ ȅƻǊǳƳƭŀƳŀȅŀ ƻŘŀƪƭŀƴƤƭƳŀƭƤŘƤǊΤ ōǳΣ {ƛƴƛǊ !ƐƭŀǊƤ όȅŀƭƴƤȊŎŀ ōƛǊ ƳŀǘǊƛǎ-ƳŀǘǊƛǎ œŀǊǇƤƳƤ 

ȊƛƴŎƛǊƛύ Ǝƛōƛ ōŀȊƤ ƳŀƪƛƴŜ ǀƐǊŜƴƛƳƛ ŀƭƎƻǊƛǘƳŀƭŀǊƤƴƤ ŀƴƭŀƳŀƳƤȊŀ œƻƪ ȅŀǊŘƤƳŎƤ ƻƭŀōƛƭƛǊΦ 

 
 

 
.ǳΣ ȅǳƪŀǊƤŘŀƪƛ ƛƪƛ ŘŜƴƪƭŜƳƛ ǎƤƪƭƤƪƭŀ ȅƻǊǳƳƭŀƳŀ ǒŜƪƭƛƳƛȊŘƛǊΥ н-B uzayda sadece iki çizgi ve 

œǀȊǸƳΣ ƴƻƪǘŀƴƤƴ ƘŜǊ ƛƪƛ œƛȊƎƛ ǸȊŜǊƛƴŘŜ ƻƭƳŀǎƤŘƤǊΦ 

 

 

 

 

 

 

 

 

 

 

 

 



2.6. mȊŘŜƐŜǊƭŜǊ ǾŜ mȊǾŜƪǘǀǊƭŜǊ 
mȊŘŜƐŜǊƭŜǊΣ ǀȊǾŜƪǘǀǊƭŜǊ ǾŜ ǀȊǳȊŀȅƭŀǊΣ ōƛǊ ƳŀǘǊƛǎƛƴ ǀȊŜƭƭƛƪƭŜǊƛŘƛǊ ǾŜ ƳŀǘǊƛǎ ƘŀƪƪƤƴŘŀ ǀƴŜƳƭƛ 

bilgiler ǾŜǊƛǊΦ aŀǘǊƛǎƭŜǊƛƴ œŀǊǇŀƴƭŀǊƤƴŀ ŀȅǊƤƭƳŀǎƤƴŘŀ ƪǳƭƭŀƴƤƭŀōƛƭƛǊƭŜǊΦ ¦ȅƎǳƭŀƳŀƭƤ ƳŀǘŜƳŀǘƛƪ 

ŀƭŀƴƭŀǊƤƴŘŀ ƻƭŘǳƐǳ ƪŀŘŀǊ Ŧƛƴŀƴǎ ǾŜ ƪǳŀƴǘǳƳ ƳŜƪŀƴƛƐƛƴŘŜ ŘŜ ǳȅƎǳƭŀƳŀ ŀƭŀƴƭŀǊƤ ǾŀǊŘƤǊΦ 

 

DŜƴŜƭ ƻƭŀǊŀƪΣ ōƛǊ ǾŜƪǘǀǊ ǸȊŜǊƛƴŜ ǳȅƎǳƭŀƴŀƴ ƳŀǘǊƛǎ ƻ ǾŜƪǘǀǊǸƴ ƘŜƳ ōǸȅǸƪƭǸƐǸƴǸΣ ƘŜƳ ŘŜ 

ȅǀƴǸƴǸ ŘŜƐƛǒǘƛǊƛǊΦ .ǳƴŀ ǊŀƐƳŜƴΣ ōƛǊ ƳŀǘǊƛǎ ōŀȊƤ ōŜƭƛǊƭƛ ǾŜƪǘǀǊƭŜǊ ǸȊŜǊƛƴŜ ŜǘƪƛŘƛƐƛƴŘŜ ƻƴƭŀǊƤƴ 

ǎŀŘŜŎŜ ōǸȅǸƪƭǸƐǸƴǸ ŘŜƐƛǒǘƛǊƛǊΣ ŘƻƐǊǳƭǘǳƭŀǊƤƴƤ ŘŜƐƛǒǘƛǊƳŜȊ όȅŀƴƛ ōŜƭƭƛ ōƛǊ ȅǀƴŜƭƛƳŜ ǎŀƘƛǇ 

ǾŜƪǘǀǊΣ ǘŀƳ ǘŜǊǎƛ ȅǀƴŜ ȅǀƴŜƭŜōƛƭƛǊύΦ 5ƻƐǊǳƭǘǳǎǳ ŘŜƐƛǒƳŜȅŜƴ ōǳ ǾŜƪǘǀǊƭŜǊ ǎöz konusu matrisin 

ǀȊǾŜƪǘǀǊƭŜǊƛ ƻƭŀǊŀƪ ŀŘƭŀƴŘƤǊƤƭƤǊΦ .ƛǊ ƳŀǘǊƛǎΣ ōƛǊ ǀȊǾŜƪǘǀǊǸ ǸȊŜǊƛƴŜ ŜǘƪƛŘƛƐƛƴŘŜ ƻƴǳƴ 

ōǸȅǸƪƭǸƐǸƴǸ ōƛǊ œŀǊǇŀƴ ƪŀŘŀǊ ƪŀǘƭŀǊΦ .ǳ œŀǊǇŀƴ ǇƻȊƛǘƛŦ ƛǎŜ ǾŜƪǘǀǊǸƴ ȅǀƴǸ ŘŜƐƛǒƳŜŘŜƴ ƪŀƭƤǊΣ 

negatif ise vektörün yönü tersine döner (dikkat edilirse her iki durumda da vektörün 

ŘƻƐǊǳƭǘǳǎǳ ŘŜƐƛǒƳŜȊΦύΦ .ǳ œŀǊǇŀƴŀΣ ǎǀȊ ƪƻƴǳǎǳ ǀȊǾŜƪǘǀǊŜ ƛƭƛǒƪƛƴ ǀȊŘŜƐŜǊ ŘŜƴƛǊΦ .ƛǊ ǀȊǳȊŀȅΣ 

ŀȅƴƤ ǀȊŘŜƐŜǊŜ ǎŀƘƛǇ ǘǸƳ ǀȊǾŜƪǘǀǊƭŜǊƛƴ ƻƭǳǒǘǳǊŘǳƐǳ ƪǸƳŜŘƛǊΦ .ǳ ƪŀǾǊŀƳƭŀǊ ƳŀǘǊƛǎƭŜǊΣ 

ǾŜƪǘǀǊƭŜǊ ǾŜ ŘƻƐǊǳǎŀƭ ŘǀƴǸǒǸƳƭŜǊ ƘŀƪƪƤƴŘŀ ōƛǊ ŀƴƭŀȅƤǒŀ ǎŀƘƛǇ ƻƭǳƴƳŀƪǎƤȊƤƴ ōƛœƛƳǎŜƭ ƻƭŀǊŀƪ 

ǘŀƴƤƳƭŀƴŀƳŀȊΦ 

 

[ƛƴŜŜǊ ȊŀƳŀƴƭŀ ŘŜƐƛǒƳŜȅŜƴ ǾŜ  ὼ Ὢὼ ōŀƐƤƴǘƤǎƤȅƭŀ ƛŦŀŘŜ ŜŘƛƭŜƴ ōƛǊ ǎƛǎǘŜƳƛƴ ŘŜƴƎŜ 

ƴƻƪǘŀƭŀǊƤ    Ὢὼ=0 ŜǒƛǘƭƛƐƛƴƛƴ ǊŜŜƭ ƪǀƪƭŜǊƛŘƛǊΦ 

 

p( )˂ = det(A - ˂L) = л ŘŜƴƪƭŜƳƛƴƛ ǎŀƐƭŀȅŀƴ  ˂ŘŜƐŜǊƭŜǊƛƴŜ A matrisinin özŘŜƐŜǊleri denir.  Bu ˂ 

ŘŜƐŜǊƛƴƛ !Ȅ Ґ ˂Ȅ veya (A - ˂L)x Ґ л Řŀ ȅŜǊƛƴŜ ƪƻȅŀǊŀƪ ŜƭŘŜ ŜŘƛƭŜƴ ǎƤŦƤǊŘŀƴ ŦŀǊƪƭƤ œǀȊǸƳƭŜǊΣ A 

ƳŀǘǊƛǎƛƴƛƴ ōǳ ǀȊŘŜƐŜǊƛƴŜ ƪŀǊǒƤ ƎŜƭŜƴ özvektörleridir.  

 

A bir n x n ōƻȅǳǘƭǳ ƪŀǊŜ ƳŀǘǊƛǎ ƻƭǎǳƴΦ 9ƐŜǊ ˂ bir skaler ve x ǾŜƪǘǀǊǸ ŘŜ ǎƤŦƤǊ ƻƭƳŀȅŀƴΣ x 0 , 

bir sütun vektörü olmak üzere, Ax Ґx˂ ŜǒƛǘƭƛƐƛ ǎŀƐƭŀƴƤȅƻǊǎŀ x vektörü, A matrisinin özvektörü, 

˂ skaleri de A ƳŀǘǊƛǎƛƴƛƴ ǀȊŘŜƐŜǊƛŘƛǊΦ !ȅƴƤ ȊŀƳŀƴŘŀ x, ˂ ǀȊŘŜƐŜǊƛƴŜ ƪŀǊǒƤƭƤƪ ƎŜƭŜƴ 

özvektördür. Bir skaler olan ˂, nxn boyutlu A matrisi için Ax Ґx˂ denkleminde xΩƛƴ ǎƻƴǎǳȊ 

œǀȊǸƳǸ ƻƭŘǳƐǳ ŘǳǊǳƳŘŀ ōƛǊ ǀȊŘŜƐŜǊ ǘŀƴƤƳƭŀǊΦ 

 

mȊŘŜƐŜǊƭŜǊΣ ōƛǊ ƳŀǘǊƛǎƛƴ ƻǊƛƧƛƴŀƭ ȅŀǇƤǎƤƴƤ ƎǀǊƳŜƪ ƛœƛƴ ƪǳƭƭŀƴƤƭŀƴ ŀƭǘŜǊƴŀǘƛŦ ōƛǊ ȅƻƭŘǳǊΦ .ŀȊƤ 

vektörler bir A ƳŀǘǊƛǎƛ ƛƭŜ œŀǊǇƤƭŘƤƪƭŀǊƤ ȊŀƳŀƴ ȅǀƴ ŘŜƐƛǒǘƛǊƛǊΣ ōŀȊƤƭŀǊƤ ƛǎŜ ŘŜƐƛǒǘƛǊƳŜȊƭŜǊΦ  .ŀȊƤ 

özel x vektörleri, Ax ǾŜƪǘǀǊǸ ƛƭŜ ŀȅƴƤ ȅǀƴŘŜ ƪŀƭƳŀƪǘŀŘƤǊΦ  TǒǘŜ ōǳ ǾŜƪǘǀǊƭŜǊŜ άǀȊǾŜƪǘǀǊƭŜǊέ 

denir. Bir özvektörün A ƳŀǘǊƛǎƛ ƛƭŜ œŀǊǇƤƳƤ ƻƭŀƴ !x vektörü, orijinal x vektörünün ˂ R olmak 

üzere  ˂  ƪŀǘƤŘƤǊΦ 

 

mȊŘŜƐŜǊƭŜǊ ǾŜ ǀȊǾŜƪǘǀǊƭŜǊ, diferensiyel denklemler içeren denklem sistemlerinin 

œǀȊǸƳƭŜǊƛƴŘŜΣ ǎƤƴƤǊ-ŘŜƐŜǊ ǇǊƻōƭŜƳƭŜǊƛƴŘŜ ƻǊǘŀȅŀ œƤƪŀōƛƭƛǊΦ .ǳ ǘǸǊ ŘŜƴƪƭŜƳƭŜǊŜΣ ƪǳŀƴǘǳƳ 

ƳŜƪŀƴƛƐƛƴŘŜ ŜƭŜƪǘǊƛƪǎŜƭ ōƛǊ ǇƻǘŀƴǎƛȅŜƭ ƛœƛƴŘŜ ōǳƭǳƴŀƴ ōƛǊ ǇŀǊœŀŎƤƐƤƴ ŜƴŜǊƧƛǎƛƴƛ ƘŜǎŀǇƭŀǊƪŜƴΣ 

Ŝƭŀǎǘƛƪ œŀǊǇƤǒƳŀ ǇǊƻōƭŜƳƭŜǊƛƴŘŜΣ ŀƪƤǒƪŀƴƭŀǊ ƳŜƪŀƴƛƐƛƴŘŜΣ ǘƛǘǊŜǒƛƳ ȅŀǇŀƴ ŎƛǎƛƳƭŜǊƛƴ 



ƘŀǊŜƪŜǘƭŜǊƛƴŘŜ ǎƤƪœŀ ƪŀǊǒƤƭŀǒƤƭƤǊΦ ¢ƛǘǊŜǒƛƳ ȅŀǇŀƴ ōƛǊ ǎƛǎǘŜƳƛƴ ŘƻƐŀƭ ŦǊŜƪŀƴǎƤ ƛƭŜ ŘƤǒŀǊƤŘŀƴ 

ǳȅƎǳƭŀƴŀƴ ǎǸǊǸŎǸ ƪǳǾǾŜǘƛƴ ŦǊŜƪŀƴǎƤ ōƛǊōƛǊƛƴŜ Ŝǒƛǘ ǾŜȅŀ ȅŀƪƤƴ ƻƭƳŀǎƤ ǎƛǎǘŜƳƛƴ ƪŀǊŀǊƭƤƭƤƐƤ 

ŀœƤǎƤƴŘŀƴ ǾŜȅŀ ƳŀƭȊŜƳŜƭŜǊƛƴ Ŝƭŀǎǘƛƪ ǀȊŜƭƭƛƪƭŜǊƛƴƛƴ ƛƴŎŜƭŜƴŘƛƐƛ ŘǳǊǳƳƭŀǊŘŀΣ ǒŜƪƛƭ 

ōƻȊǳƪƭǳƪƭŀǊƤƴƤƴ ōŀǒƭŀŘƤƐƤ ƴƻƪǘŀƭŀǊƤƴ ōŜƭƛǊƭŜƴƳŜǎƛƴŘŜ ǀȊŦƻƴƪǎƛȅƻƴƭŀǊƤƴ ŀƭŀŎŀƐƤ ǀȊŘŜƐŜǊƭŜǊ 

ǀƴŜƳƭƛ ƻƭƳŀƪǘŀŘƤǊΦ 

 

! ƳŀǘǊƛǎƛƴƛƴ ǀȊŘŜƐŜǊƭŜǊƛ ƻƭŀƴ ˂1  ǾŜ ˂2  ŘŜƐŜǊƭŜǊƛƴƛƴ ōǳƭǳƴƳŀǎƤΥ 

!ǾҐ˂Ǿ 

A, n x n ƪŀǊŜ ƳŀǘǊƛǎŘƛǊΦ  ǾΣ ōƛǊ ǎǸǘǳƴ ƳŀǘǊƛǎŘƛǊΣ ǀȊǾŜƪǘǀǊƭŜǊŘƛǊΦ ˂Σ ǀȊŘŜƐŜǊŘƛǊΦ  Ǿ ǾŜ ˂ ŘŜƐŜǊƭŜǊƛΣ 

! ƳŀǘǊƛǎƛƴƛƴ ǀȊŘŜƐŜǊƭŜǊƛ ǾŜ ǀȊǾŜƪǘǀǊƭŜǊƛŘƛǊΦ 

 

ὃ ‗Ὅὺ π 

 

ȿὃ ‗Ὅȿ π Σ ōǳ ƛŦŀŘŜȅƛ л ȅŀǇŀƴ ˂ΩƭŀǊ ǀȊŘŜƐŜǊƭŜǊŘƛǊΦ   

 

mȊǾŜƪǘǀǊƭŜǊƛƴ ōǳƭǳƴƳŀǎƤΥ 

.ǳƭǳƴŀƴ ƘŜǊōƛǊ ˂ ŘŜƐŜǊƛ ƛçin  

 

ὃ ‗Ὅὺ π   , i=1,2, ... 

 

ŘŜƴƪƭŜƳƛ ȅŀǊŘƤƳƤȅƭŀ ōǳƭŀƴŀƴ ǾΩŘŜƐŜǊƭŜǊƛ ƛǎŜ ǀȊǾŜƪǘǀǊƭŜǊŘƛǊΦ  .ǳ ƳŀǘǊƛǎŘŜ ƘŜǊōƛǊ ǎŀǘƤǊ ŘƛƐŜǊ 

ǎŀǘƤǊƭŀǊƤƴ Ƴǳǘƭŀƪŀ ƪŀǘƤ ƻƭƳŀƪ ȊƻǊǳƴŘŀŘƤǊΦ .ǳ ŘŜƴƪƭŜƳƭŜǊ ōƛǊōƛǊƛƴƛƴ ƪŀǘƤ ƻƭŀŎŀƐƤ ƛœƛƴ œǀȊǸƳ ƛœƛƴ 

ōƛǊ ŘŜƴƪƭŜƳƛ ŀƭƳŀƳƤȊ ȅŜǘŜǊƭƛ ƻƭŀŎŀƪǘƤǊΦ IŜǊ ȊŀƳŀƴ ƛƪƛƴŎƛ ǾŜƪǘǀǊ ōƛǊƛƳƛ ƻƭŀƴ ὺΩȅŜ ōƛǊ ŘŜƐŜǊ 

atarak ὺ bulunur. 

 

Tƪƛ ŦŀǊƪƭƤ ǀȊŘŜƐŜǊ ŜƭŘŜ ŜŘŜǊǎŜƪΣ ƻƴƭŀǊŀ ǘŜƪŀōǸƭ ŜŘŜƴ ǀȊǾŜƪǘǀǊƭŜǊ ōƛǊōƛǊƛƴŘŜƴ ōŀƐƤƳǎƤȊŘƤǊΦ .ǳ 

ƛƭƭŀ ƪƛ ōƛǊōƛǊƭŜǊƛƴŜ ŘƛƪƎŜƴ ŀƴƭŀƳƤƴŀ ƎŜƭƳŜȊΣ ǎŀŘŜŎŜ ŀȅƴƤ œƛȊƎƛ ǸȊŜǊƛƴŘŜ ŘŜƐƛƭƭŜǊ demektir. 

 

Kritik noktalar: ὼ π ὺὩ ώ π  

 

˂ ŘŜƐŜǊƭŜǊƛƴŜ ōŀƪƤƭŀǊŀƪ ŦŀȊ ŘǸȊƭŜƳ œƛȊƎƛƭŜǊƛ œƛȊƛƭŜōƛƭƳŜƪǘŜ ǾŜ ŘŜƴƎŜ ƴƻƪǘŀƭŀǊƤ 

bulunabilmektedir. 

 

 ƛƳŘƛ ƎŜƴŜƭ œǀȊǸƳǸ ȅŀȊŀƭƤƳΣ ōǳ œǀȊǸƳ ƛƪƛ œǀȊǸƳǸƴ Ǹǎǘ ǸǎǘŜ ƪƻƴƳǳǒ Ƙŀƭƛ ƻƭŀŎŀƪǘƤǊΦ 

 

ØÔ  ὧὩ ὺ  ὧὩ ὺ 

 

 ὧȟ ὧ herhangi birer sabittir. Bu ifade genel çözüm "özçözümlerin" lineer bir 

kombinasyonudur. 

 

mȊŘŜƐŜǊƭŜǊƛƴ ǾŜ mȊǾŜƪǘǀǊƭŜǊƛƴ ǀȊŜƭƭƛƪƭŜǊƛΥ 



mȊŘŜƐŜǊƭŜǊƛƴ œŀǊǇƤƳƤ ! ƳŀǘǊƛǎƛƴƛƴ ŘŜǘŜǊƳƛƴŀǘƤƴƤ ǾŜǊƛǊΦ 5Ŝǘό!ύҐ ˂1 ˂ 2 

mȊŘŜƐŜǊƭŜǊΣ ƳŀǘǊƛǎƛƴ ƪǀǒŜƎŜƴƭŜǊƛƴŘŜƪƛ ŜƭŜƳŀƴƭŀǊƤƴ ǘƻǇƭŀƳƤƴŀ ŜǒƛǘǘƛǊΦ 

¢ǊŀŎŜό!ύҐ ˂1  +  ˂ 2 

.ƛǊ ƳŀǘǊƛǎƛ ƪǀǒŜƎŜƴ ƘŀƭŜ ƎŜǘƛǊƳŜƪ ƛœƛƴ ǀȊŘŜƐŜǊƭŜǊ ǾŜ ǀȊǾŜƪǘǀǊƭŜǊ ƪǳƭƭŀƴƤƭƤǊΦ 

.ƛǊ ƳŀǘǊƛǎƛƴ œƻƪ ōǸȅǸƪ ǸǎǎǸƴǸ ƘŜǎŀǇƭŀƳŀƪ ƛǎǘŜƴŘƛƐƛƴ ŘŜ ǀȊŘŜƐŜǊƭŜǊ ǾŜ ǀȊǾŜƪǘǀǊƭŜǊ ƪǳƭƭŀƴƤƭƤǊΦ 

mȊŘŜƐŜǊƭŜǊ ǾŜ ǀȊǾŜƪǘǀǊƭŜǊ ŘƛŦŜǊŀƴǎƛȅŜƭ ŘŜƴƪƭŜƳƭŜǊƛ œǀȊƳŜŘŜ ƪǳƭƭŀƴƤƭƤǊΦ 

 

mȊŘŜƐŜǊƭŜǊΥ 

1˂Σ ˂2 ƎŜǊœŜƪ ǾŜ ŀȅƴƤ ƛǒŀǊŜǘŜ ǎŀƘƛǇ όҌ ǾŜȅŀ -) 

1˂Σ ˂2 ƎŜǊœŜƪ ǾŜ ȊƤǘ ƛǒŀǊŜǘƭƛ 

1˂Σ ˂2 ǎƤŦƤǊ ƻƭƳŀȅŀƴ ƎŜǊœŜƪ ǇŀǊœŀƭŀǊŀ ǎŀƘƛǇ ƪƻƳǇƭŜƪǎ ŜǒƭŜƴƛƪƭŜǊŘƛǊ 

1˂Σ ˂2Σ ƎŜǊœŜƪ ǇŀǊœŀƭŀǊƤ лϥŀ Ŝǒƛǘ ƻƭŀƴ ƪƻƳǇƭŜƪǎ ŜǒƭŜƴƛƪƭŜǊŘƛǊ 

1˂Ґ ˂2Σ ƪǀƪƭŜǊ ƎŜǊœŜƪ ǾŜ ōƛǊōƛǊƛƴŜ Ŝǒƛǘ 

 

mȊŘŜƐŜǊƭŜǊŘŜƴ ƪŀǊŀǊƭƤ ȅŀ Řŀ ƪŀǊŀǊǎƤȊ ŘǳǊǳƳƭŀǊƤƴ ōŜƭƛǊƭŜƴƳŜǎƛΥ 

1˂ ǾŜ ˂2 ǀȊŘŜƐŜǊƭŜǊƛƴŜ ōŀƐƭƤ ƻƭŀǊŀƪ ōƛǊƪŀœ ŦŀǊƪƭƤ ŘŜƴƎŜ ǘǸǊǸ ƻǊǘŀȅŀ œƤƪƳŀƪǘŀŘƤǊΦ .ƛƭƛƴŘƛƐƛ Ǝƛōƛ 

1˂ ǾŜ ˂2, genel ikinci dereceden bir denklem olan ȿὃ ‗Ὅȿ π , karakteristik denklemin 

ƪǀƪƭŜǊƛŘƛǊΦ .ǳ ƴŜŘŜƴƭŜ ƪǀƪƭŜǊ ƎŜǊœŜƪ ǾŜȅŀ ƪŀǊƳŀǒƤƪ ǎŀȅƤƭŀǊ ƻƭŀōƛƭƛǊ ǾŜ ŀǒŀƐƤŘŀƪƛ ŘŜƴƎŜ 

ƪŀǊŀǊƭƤƭƤƐƤ ŘǳǊǳƳƭŀǊƤ ƻǊǘŀȅŀ œƤƪŀǊƤǊΦ 

 

mȊŘŜƐŜǊƭŜǊΣ œǀȊǸƳ ŘŜƴƪƭŜƳƛƴŘŜ Ὡ  ve Ὡ  ƪŀǘƪƤ ǾŜǊƛǊƭŜǊΦ .ǳ ŘǳǊǳƳŘŀ ǸǎǎŜƭ ƴŜƎŀǘƛŦ 

ǀȊŘŜƐŜǊƛ ƻƭan fonksiyon ὸO Њ ƻƭǳǊƪŜƴ œǀȊǸƳ ŜƐǊƛǎƛƴŜ ȅŀƪƤƴǎŀǊΦ ǸǎǎŜƭ ǇƻȊƛǘƛŦ ǀȊŘŜƐŜǊƛ ƻƭŀƴ 

fonksiyon ὸO Њ ƻƭǳǊƪŜƴ œǀȊǸƳ ŜƐǊƛǎƛƴŘŜƴ ƤǊŀƪǎŀǊΦ 

 

e˂ǘΣ Ŧƻƴƪǎƛȅƻƴǳƴǳƴ ƛƪƛ ŀƴŀ ŘŀǾǊŀƴƤǒ ǘǸǊǸ ǾŀǊŘƤǊΦ 

¶ ˂ғл ƛƪŜƴ ǘ ŀǊǘƤƐƤƴŘŀ Ŝ˂ǘ ƪŀǊŀǊƭƤ ōƛǊ ƴƻƪǘŀȅŀ ȅŀƪƭŀǒƤǊΦ  

¶ ˂Ҕл ƛƪŜƴ ǘ ŀǊǘƤƐƤƴŘŀ Ŝ˂ǘ ƪŀǊŀǊǎƤȊ ǎƻƴǎǳȊŀ ƎƛŘŜǊΦ 

 

 

 
 Ŝƪƛƭ пΦрΦ 

Bu durumda, 

˂ғл ƛƪŜƴΣ ŀǒŀƐƤŘŀƪƛ ŘŜƴƪƭŜƳ ƪŀǊŀǊƭƤ ōƛǊ ŘǳǊǳƳ ōŜƭƛǊƭŜȅŜŎŜƪǘƛǊΦ 

˂Ҕл ƛƪŜƴΣ ŀǒŀƐƤŘŀƪƛ ŘŜƴƪƭŜƳ ƪŀǊŀǊǎƤȊ ōƛǊ ŘǳǊǳƳ ōŜƭƛǊƭŜȅŜŎŜƪǘƛǊΦ 
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 Ŝƪƛƭ пΦсΦ 

 

YŀǊŀǊƭƤ ŘǳǊǳƳƭŀǊΥ 

1) YŀǊŀǊƭƤ ŘǸƐǸƳ ƴƻƪǘŀǎƤΥ ˂1ғл ǾŜ ˂2<0; kökler reel. 

2) YŀǊŀǊƭƤ ǎǇƛǊŀƭΥ ˂1,2 Ґ ʰ  ƛʲΤ ʰғлΤ  

 

YŀǊŀǊǎƤȊ ŘǳǊǳƳƭŀǊΥ 

1) YŀǊŀǊǎƤȊ ŘǸƐǸƳ ƴƻƪǘŀǎƤΥ ˂1Ҕл ǾŜ ˂2>0; kökler reel 

2) YŀǊŀǊǎƤȊ ǎǇƛǊŀƭΥ ˂1,2 Ґ ʰ  ƛʲΤ ʰҔл 

3) Dairesel spiral: ˂ 1,2 =   ƛʲΤ ʰҐлΤ 

4) 9ȅŜǊ ȅŀ Řŀ ŘŜƴƎŜ ƴƻƪǘŀǎƤΥ ˂1ҔлΣ ˂2<0 ya Řŀ ˂1ғлΣ ˂2>0; kökler reel 

 

 

mȊǾŜƪǘǀǊƭŜǊŘŜƴ 9ȅŜǊΣ 5ǸƐǸƳ œƛȊƎƛƭŜǊƛ ōŜƭƛǊƭŜƴƛǊΦ 

 

˂мΣ ˂н ƎŜǊœŜƪ ǾŜ ŀȅƴƤ ƛǒŀǊŜǘŜ ǎŀƘƛǇ όҌ ǾŜȅŀ -ύ ǀȊŘŜƐŜǊƭŜǊ ƛǎŜΥ 

5ǸƐǸƳƭŜǊƛ ƪƻƴǘǊƻƭ ŜŘŜƴ ƪŀǊŜƪǀƪǸƴ ƳŜǾŎǳŘƛȅŜǘƛǊΦ ʐ τɝ π ise iki reel kök mevcuttur. 

9ƐŜǊ ōƛǊ ƪŀǊŜƪǀƪ ǾŀǊ ƛǎŜΣ ōƛǊ ŘǸƐǸƳ ǾŀǊ ŘŜƳŜƪǘƛǊΦ  4ŜƪŜƴ ŘǸƐǸƳ ƴƻƪǘŀǎƤ ƛƭŜ ƛǘŜƴ ŘǸƐǸƳ 

ƴƻƪǘŀǎƤƴƤƴ ŘǳǊǳƳƭŀǊƤ ǘƻǇƻƭƻƧƛƪ ƻƭŀǊŀƪ ŀȅƴƤŘƤǊΣ ǘŜƪ ŦŀǊƪ ƻƪƭŀǊƤƴ ǘŜǊǎŜ œŜǾƛǊƛƭƳƛǒ ƻƭƳŀǎƤŘƤǊΦ .ǳ 

durumda her iki ˂  ǊŜŜƭ ǾŜ ƛǒŀǊŜǘƭŜǊƛ ŘŜ ŀȅƴƤ ƻƭǳǊΦ 

 

ʐ Ґ ˂1 Ҍ  ˂2 

ɲ Ґ ˂1 ˂ 2 

 

[ŀƳŘŀƭŀǊƤƴ ƘŜǊ ƛƪƛǎƛ ŘŜ ƴŜƎŀǘƛŦ ƛǒŀǊŜǘƭƛ ƛǎŜ œŜƪŜƴ ōƛǊ ƴƻƪǘŀȅƤ ƪŀǊŀƪǘŜǊƛȊŜ ŜŘŜƴ ōƛǊ ǀȊŜƭƭƛƪ  olur. 

.ǳ ŘǳǊǳƳŘŀ ɲҔлΣ ̱ ғл ŘƤǊΦ YŀǊŀǊƭƤ ŘǸƐǸƳ ƴƻƪǘŀǎƤ ǾŀǊŘƤǊΦ 

 

[ŀƳŘŀƭŀǊƤƴ ƘŜǊ ƛƪƛǎƛ ŘŜ ǇƻȊƛǘƛŦ ƛǒŀǊŜǘƭƛ ƛǎŜ ƛǘŜƴ ōƛǊ ƴƻƪǘŀȅƤ ƪŀǊŀƪǘŜǊƛȊŜ ŜŘŜƴ ōƛǊ ǀȊŜƭƭƛƪ  olur. Bu 

ŘǳǊǳƳŘŀ  ɲҔлΣ ̱ Ҕл ŘƤǊΦ  YŀǊŀǊǎƤȊ ŘǸƐǸƳ ƴƻƪǘŀǎƤ ǾŀǊŘƤǊΦ 

 



 
 Ŝƪƛƭ пΦтΦ 

 

˂мғ˂нғл ƛǎŜΣ ǾŜ ὺȟ ὺ  Ƙŀƭŀ ōŀƐƤƳǎƤȊΦ 

 

H
ēzlē 

a
za

lm
a

Y
av
aĸ
 

az
al
m

a

V
1 V

2

 
 Ŝƪƛƭ пΦуΦ 

 

¸ƛƴŜ ƛƪƛ ǀȊǾŜƪǘǀǊ ǾŀǊ ŀƳŀ ōǳ ǎŜŦŜǊ ƎƛŘƛǒ ǎǘŀōƛƭ ƴƻƪǘŀȅŀ ŘƻƐǊǳΦ 5ƛƪƪŀǘ ƎǀǎǘŜǊƛƭŜƴ 

çizgiler ὺȟ ὺ ǾŜƪǘǀǊƭŜǊƛƴƛƴ ƪŜƴŘƛǎƛ ŘŜƐƛƭΣ ƻƴƭŀǊƤƴ ƘŜǊ ǘǸǊƭǸ ǘŜƪ ǎŀȅƤǎŀƭ œŀǊǇƤƳŘŀƴ ƎŜƭŜƴ 

ƪŀǘƭŀǊƤƴŘŀƴ ƻƭǳǒŀƴ ōƛǊ ǳȊŀȅΣ ȅŀƴƛ ϦǀȊǳȊŀȅϦΦ ˂м ŘŀƘŀ ƴŜƎŀǘƛŦ ŘŜƳƛǒǘƛƪΣ ƻ ȊŀƳŀƴ ὺϥƛƴ ŀȊŀƭƳŀǎƤ 

ŘŀƘŀ ƘƤȊƭƤ όŦŀǎǘ ŘŜŎŀȅύ ƻƭŀŎŀƪǘƤǊΣ ὺ ŘŀƘŀ ȅŀǾŀǒ όǎƭƻǿ ŘŜŎŀȅύ ƻƭŀŎŀƪǘƤǊΦ  

 

 

 

 

 

 

 

 

 

 



Eigenvectors are the vectors which when multiplied by a matrix (linear combination or 

transformation) results in another vector having same direction but scaled (hence scaler 

multiple) in forward or reverse direction by a magnitude of the scaler multiple which can be 

termed as Eigenvalue. In simpler words, eigenvalue can be seen as the scaling factor for 

eigenvectors. Here is the formula for what is called eigenequation. 

!ȄҐ˂Ȅ!ȄҐ˂Ȅ 

In the above equation, the matrix A acts on the vector x and the outcome is another vector 

Ax having same direction as original vector x but scaled / shrunk in forward or reverse 

direction by a magnitude of scaler multiple, ˂ ˂Φ ¢ƘŜ vector x is called as eigenvector of 

A and ˂  ˂is called its eigenvalueΦ [ŜǘΩǎ ǳƴŘŜǊǎǘŀƴŘ ǿƘŀǘ ǇƛŎǘƻǊƛŀƭƭȅ ǿƘŀǘ ƘŀǇǇŜƴǎ ǿƘŜƴ ŀ 

matrix A acts on a vector x. Note that the new vector Ax has different direction than vector 

x. 

 
Fig. Matrix A acts on x resulting in another vector Ax 

When the matrix multiplication with vector results in another vector in the same / 

opposite direction but scaled in forward / reverse direction by a magnitude of scaler 

multiple or eigenvalue ό˂˂ύΣ ǘƘŜƴ ǘƘŜ ǾŜŎǘƻǊ ƛǎ ŎŀƭƭŜŘ ŀǎ eigenvector of that matrix. Here is 

the diagram representing the eigenvector x of matrix A because the vector Ax is in the same 

/ opposite direction of x. 

 
Fig. x is eigenvector of A 

 

 

 

Here is further information on the value of eigenvalues: 



 
Many disciplines traditionally represent vectors as matrices with a single column rather 

than as matrices with a single row. For that reason, the ǿƻǊŘ άeigenvectorέ ƛƴ ǘƘŜ ŎƻƴǘŜȄǘ ƻŦ 

matrices almost always refers to a right eigenvector, namely a column vector. 

How to Calculate Eigenvector & Eigenvalue? 

Here are the steps to calculate the eigenvalue and eigenvector of any matrix A.  

¶ Calculate one or more eigenvalues depending upon number of dimensions of square 

matrix 

¶ Determine the corresponding eigenvectors 

 

For calculating the eigenvalues, one needs to solve the following equation: 

!ȄҐ˂Ȅ!Ȅς˂ ȄҐлό!ς˂ LύȄҐл!ȄҐ˂Ȅ!Ȅς˂ ȄҐлό!ς˂ LύȄҐл 

 

For non-zero eigenvector, the eigenvalues can be determined by solving the following 

equation: 

Aς˂ LҐл!ς˂ LҐл 

 

In above equation, I is identity matrix and ˂  ˂is eigenvalue. Once eigenvalues are 

determined, eigenvectors are determined by solving the equation (Aς˂ LύȄҐлό!ς˂I)x=0 

When to use Eigenvalues & Eigenvectors? 

 

Whenever there is a complex system having large number of dimensions with a large 

number of data, eigenvectors and eigenvalues concepts help in transforming the data in a 

set of most important dimensions (principal components). This will result in processing the 

data in a faster manner. 

 

Here are some learnings from this post: 

¶ Eigenvector is a vector which when multiplied with a transformation matrix results in 

another vector multiplied with a scaler multiple having same direction as 

Eigenvector. This scaler multiple is known as Eigenvalue 

¶ Eigenvectors and Eigenvalues are key concepts used in feature extraction techniques 

such as Principal Component analysis which is an algorithm used to reducing 

dimensionality while training a machine learning model. 



¶ Eigenvalues and Eigenvector concepts are used in several fields including machine 

learning, quantum computing, communication system design, construction designs, 

electrical and mechanical engineering etc. 

 

The definition of Eigenvalues: 

[Ŝǘ Ƴ ōŜ ŀƴ ƴϝƴ ƳŀǘǊƛȄΦ ! ǎŎŀƭŀǊ ˂ ƛǎ ŎŀƭƭŜŘ ǘƘŜ ŜƛƎŜƴǾŀƭǳŜ ƻŦ Ƴ ƛŦ ǘƘŜǊŜ ŜȄƛǎǘǎ ŀ ƴƻƴ-zero 

vector x in Rϣƴ ǎǳŎƘ ǘƘŀǘ ƳȄ Ґ ˂ȄΦ 

and for Eigenvector: 

¢ƘŜ ǾŜŎǘƻǊ Ȅ ƛǎ ŎŀƭƭŜŘ ŀƴ ŜƛƎŜƴǾŜŎǘƻǊ ŎƻǊǊŜǎǇƻƴŘƛƴƎ ǘƻ ˂Φ 

 

Calculation of Eigenvalues & Eigenvectors 

Let m be n*n matrix with eigenvalues ˂  and corresponding eigenvector x. So, mx = ˂ Ȅ. This 

equation can be written as below: 

mx τ ˂ Ȅ = 0 

So, the equation: 

 
Example: 

Calculate eigenvalues and eigenvectors of given matrix m: 

 
Solution: 

Here, the size of the matrix is 2. So: 

 



 

 

 

 
Here, the Eigenvalues of m are 2 and -1. 

There are multiple eigenvectors available to each eigenvalue. 

 

mȊŘŜƐŜǊ ǾŜ ǀȊǾŜƪǘǀǊΣ ƭƛƴŜŜǊ ŎŜōƛǊŘŜƪƛ ƳǳƘǘŜƳŜƭŜƴ Ŝƴ ǀƴŜƳƭƛ ƪŀǾǊŀƳƭŀǊŘŀƴ ōƛǊƛŘƛǊΦ !Ǿ Ґ ˂Ǿ 

gibi basit biǊ ŘŜƴƪƭŜƳƛƴ ōǳ ƪŀŘŀǊ ŀƴƭŀƳƭƤ ƻƭƳŀǎƤƴƤ ƪƛƳ ōŜƪƭŜȅŜōƛƭƛǊΚ .ƛǊ ƳŀǘǊƛǎƛƴ ǀȊŘŜƐŜǊƛƴƛ 

ǾŜ ǀȊǾŜƪǘǀǊƭŜǊƛƴƛ ōǳƭŀǊŀƪ ƳŀƪƛƴŜ ǀƐǊŜƴƛƳƛƴŘŜƴ ƪǳŀƴǘǳƳ ƘŜǎŀǇƭŀƳŀȅŀ ƪŀŘŀǊ ōƛǊœƻƪ ǇǊƻōƭŜƳ 

œǀȊǸƭŜōƛƭƛǊΦ .ǳ ȅŀȊƤŘŀ ƴŜŘŜƴ ōǳ ƪŀŘŀǊ ǀƴŜƳƭƛ ƻƭŘǳƐǳƴǳ ǾŜ ƴŀǎƤƭ ǳȅƎǳƭŀȅŀōƛƭŜŎŜƐƛƳƛȊƛ 

ƪŜǒŦŜŘŜŎŜƐƛȊΦ  

 

¢ŀƴƤƳ ƻƭŀǊŀƪΣ ǎƪŀƭŜǊ ˂ ǾŜ ǾŜƪǘǀǊ ǾΣ ŜƐŜǊ !ϥƴƤƴ ǀȊŘŜƐŜǊƛ ǾŜ ǀȊǾŜƪǘǀǊǸŘǸǊΥ 

 
DǀǊǎŜƭ ƻƭŀǊŀƪΣ !Ǿ ǀȊǾŜƪǘǀǊ Ǿ ƛƭŜ ŀȅƴƤ ŘƻƐǊǳ ǸȊŜǊƛƴŘŜ ȅŜǊ ŀƭƤǊΦ 

 

 
 

!Ȅ ƎŜƴŜƭƭƛƪƭŜ ˂ȄϥŜ Ŝǒƛǘ ŘŜƐƛƭŘƛǊΦ ¸ŀƭƴƤȊŎŀ ōŀȊƤ ƛǎǘƛǎƴŀƛ ǾŜƪǘǀǊƭŜǊ ƪƻǒǳƭǳ ǎŀƐƭŀǊΦ TǒǘŜ ōŀȊƤ ǀȊǾŜƪǘǀǊ 

örnekleri. 



 
mȊŘŜƐŜǊ ōƛǊŘŜƴ ōǸȅǸƪǎŜΣ ƪŀǊǒƤƭƤƪ ƎŜƭŜƴ !Ǿַײ ƎŜƴƛǒƭŜȅŜŎŜƪǘƛǊΦ .ƛǊŘŜƴ ƪǸœǸƪǎŜ ƪǸœǸƭǸǊΦ 

ὃὼ ‗ὼ ŘŜƴƪƭŜƳƛƴŘŜƴ ! ƳŀǘǊƛǎƛ ȄΣ ǀȊǾŜƪǘǀǊǸƴǸ ˂Σ ǀȊŘŜƐŜǊƛ ƪŀŘŀǊ ōǸȅǸƭǘǸǊ ȅŀ Řŀ 

ƪǸœǸƭǘǸǊΦ mȊŘŜƐŜǊΣ ˂ ŘŜƐŜǊƛ ǇƻȊƛǘƛŦ ƛǎŜ Ȅ ǾŜ ˂Ȅ ŀȅƴƤ ȅǀƴŘŜΣ ŀƪǎƛ ƘŀƭŘŜ ǘŜǊǎ ȅǀndedir.  

Å ˂ғл ƛƪŜƴ ǘ ŀǊǘƤƐƤƴŘŀ Ŝ˂ǘ ƪŀǊŀǊƭƤ ōƛǊ ƴƻƪǘŀȅŀ ȅŀƪƭŀǒƤǊΦ  

Å ˂Ҕл ƛƪŜƴ ǘ ŀǊǘƤƐƤƴŘŀ Ŝ˂ǘ ƪŀǊŀǊǎƤȊ ǎƻƴǎǳȊŀ ƎƛŘŜǊΦ 

Å .ƛǊ ǎƤŦƤǊŘŀƴ ƪǸœǸƪ ŘƛƐŜǊƛ ǎƤŦƤǊŘŀƴ ōǸȅǸƪǎŜ ŘŜƴƎŜ ŘǳǊǳƳǳ ǎǀȊ ƪƻƴǳǎǳŘǳǊΦ 

 

 
 

Å mȊŘŜƐŜǊƭŜǊ όǾŜȅŀ ƪŀǊŀƪǘŜǊƛǎǘƛƪ ŘŜƐŜǊƭŜǊύ ǾŜ ǀȊǾŜƪǘǀǊƭŜǊƛ όƪŀǊŀƪǘŜǊƛǎǘƛƪ ǀȊǾŜƪǘǀǊƭŜǊύΣ 

ŦƛȊƛƪǎŜƭ ōƛǊ ǎƛǎǘŜƳƛƴ ǎŀƘƛǇ ƻƭŀōƛƭŜŎŜƐƛ ǀȊŜƭ ŘŜƐŜǊƭŜǊŘŜ ƴŀǎƤƭ ŘŀǾǊŀƴŘƤƪƭŀǊƤƴƤ ōŜƭƛǊƭŜƳŜƪ 

için önemlidir.  

Å .ǳ ŘŜƐŜǊƭŜǊ ǎƛǎǘŜƳŜ ŀƛǘ ǀȊŜƭ ōƛǊ ŜƴŜǊƧƛΣ ǀȊŜƭ ōƛǊ ŦǊŜƪŀƴǎ ŘŜƐŜǊƛΣ ŘŀƭƎŀƭŀǊƤƴ ƎƛǊƛǒƛƳƛ ǾŜȅŀ 

ƪǳǾǾŜǘ ŘŜƴƎŜǎƛƴƛƴ ǎŀƐƭŀƴŘƤƐƤ ōƛǊ ŘǳǊǳƳŀ ŀƛǘ ƻƭŀōƛƭƛǊΦ  

Å mȊǾŜƪǘǀǊƭŜǊ ƛǎŜΣ ŦƛȊƛƪǎŜƭ ǎƛǎǘŜƳƛƴ ǎŀƘƛǇ ƻƭŘǳƐǳ ǀȊŘŜƐŜǊƭŜǊŘŜƪƛ όǀǊƴŜƐƛƴ ōƛǊ ŘŀƭƎŀύ 

ŦƻƴƪǎƛȅƻƴƭŀǊƤ ƻƭŀōƛƭƛǊΦ mȊŘŜƐŜǊƭŜǊ ǾŜ ǀȊǾŜƪǘǀǊƭŜǊΣ ŘƛŦŜǊŜƴǎƛȅŜƭ ŘŜƴƪƭŜƳƭŜǊ ƛœŜǊŜƴ 

denklem sƛǎǘŜƳƭŜǊƛƴƛƴ œǀȊǸƳƭŜǊƛƴŘŜΣ ǎƤƴƤǊ-ŘŜƐŜǊ ǇǊƻōƭŜƳƭŜǊƛƴŘŜ ƻǊǘŀȅŀ œƤƪŀōƛƭƛǊΦ  

Å .ǳ ǘǸǊ ŘŜƴƪƭŜƳƭŜǊŜΣ ƪǳŀƴǘǳƳ ƳŜƪŀƴƛƐƛƴŘŜ ŜƭŜƪǘǊƛƪǎŜƭ ōƛǊ ǇƻǘŀƴǎƛȅŜƭ ƛœƛƴŘŜ ōǳƭǳƴŀƴ 

ōƛǊ ǇŀǊœŀŎƤƐƤƴ ŜƴŜǊƧƛǎƛƴƛ ƘŜǎŀǇƭŀǊƪŜƴΣ Ŝƭŀǎǘƛƪ œŀǊǇƤǒƳŀ ǇǊƻōƭŜƳƭŜǊƛƴŘŜΣ ŀƪƤǒƪŀƴƭŀǊ 

ƳŜƪŀƴƛƐƛƴŘŜΣ ǘƛǘǊŜǒƛƳ ȅŀǇŀƴ ŎƛǎƛƳƭŜǊƛƴ ƘŀǊŜƪŜǘƭŜǊƛƴŘŜ ǎƤƪœŀ ƪŀǊǒƤƭŀǒƤƭƤǊΦ  

Å ¢ƛǘǊŜǒƛƳ ȅŀǇŀƴ ōƛǊ ǎƛǎǘŜƳƛƴ ŘƻƐŀƭ ŦǊŜƪŀƴǎƤ ƛƭŜ ŘƤǒŀǊƤŘŀƴ ǳȅƎǳƭŀƴŀƴ ǎǸǊǸŎǸ ƪǳǾǾŜǘƛƴ 

ŦǊŜƪŀƴǎƤ ōƛǊōƛǊƛƴŜŜǒƛǘ ǾŜȅŀ ȅŀƪƤƴ ƻƭƳŀǎƤ ǎƛǎǘŜƳƛƴ ƪŀǊŀǊƭƤƭƤƐƤ ŀœƤǎƤƴŘŀƴ ǾŜȅŀ 

malzemelerin elastik özelliklerinin incŜƭŜƴŘƛƐƛ ŘǳǊǳƳƭŀǊŘŀΣ ǒŜƪƛƭ ōƻȊǳƪƭǳƪƭŀǊƤƴƤƴ 

ōŀǒƭŀŘƤƐƤ ƴƻƪǘŀƭŀǊƤƴ ōŜƭƛǊƭŜƴƳŜǎƛƴŘŜ ǀȊŦƻƴƪǎƛȅƻƴƭŀǊƤƴ ŀƭŀŎŀƐƤ ǀȊŘŜƐŜǊƭŜǊ ǀƴŜƳƭƛ 

ƻƭƳŀƪǘŀŘƤǊΦ 



 
 

 

 

Uygulama 

!ƴŎŀƪ ŀȅǊƤƴǘƤƭŀǊŀ ƎƛǊƳŜŘŜƴ ǀƴŎŜ ŘǳǊŀƭƤƳ ǾŜ ōǀȅƭŜǎƛƴŜ ǎƻȅǳǘ ōƛǊ ƪŀǾǊŀƳƤƴ ƎǸȊŜƭƭƛƐƛƴƛ 

ŘŜƐŜǊƭŜƴŘƛǊŜƭƛƳΦ {ǇŜǎƛŦƛƪ ƻƭŀǊŀƪΣ ōƛǊœƻƪ ǇǊƻōƭŜƳΣ ǀȊŘŜƐŜǊƭŜǊŘŜƴ ǾŜ ǀȊǾŜƪǘǀǊƭŜǊŘŜƴ ǘǸǊŜǘƛƭŜƴ 

çözümlerle lineer cebir ile modellenebilir. 

.ƛǊœƻƪ ǎƛǎǘŜƳŘŜΣ ŘǳǊǳƳƭŀǊƤƴƤ ōƛǊ ǾŜƪǘǀǊŘŜΣ ŘŜƐƛǒƛƳ ƻǊŀƴƭŀǊƤ ƳŜǾŎǳǘ ŘǳǊǳƳƭŀǊŀ ŘƻƐǊǳǎŀƭ 

ƻƭŀǊŀƪ ōŀƐƭƤ ƻƭŀǊŀƪ ƛŦŀŘŜ ŜŘŜōƛƭƛǊƛȊ. Genel denklem 

 
ōǳǊŀŘŀ ƴ ǀȊŜƭƭƛƪǘŜƴ ƻƭǳǒǳǊΦ mȅƭŜȅǎŜ ȅǳƪŀǊƤŘŀƪƛ ŘŜƴƪƭŜƳƛ ǎŀƐƭŀȅŀƴ ǳόǘύ ƛœƛƴ ōƛǊ œǀȊǸƳ ǘŀƘƳƛƴ 

ŜŘŜƭƛƳΦ «ǎǘŜƭ ōƛǊ Ŧƻƴƪǎƛȅƻƴǳƴ ǘǸǊŜǾƛ ƪŜƴŘƛǎƛƴŜ Ŝǒƛǘ ƻƭŘǳƐǳƴŘŀƴΣ ǘŀƘƳƛƴŜ ǸǎǘŜƭ ōƛǊ ǘ 

Ŧƻƴƪǎƛȅƻƴǳ ƛƭŜ ōŀǒƭŀȅŀōƛƭƛǊ ǾŜ ƻƴǳ ōƛǊ Ȅ ǾŜƪǘǀǊǸ ƛƭŜ œŀǊǇŀōƛƭƛǊƛȊΦ 4ƤƪǘƤ Řŀ ōir vektör olacak ve 

ǎƻƴǊŀ Ȅ ǾŜ ˂ ŘŜƐŜǊƛƴƛ ƘŜǎŀǇƭŀȅŀŎŀƐƤȊΦ 

 



 
¸ǳƪŀǊƤŘŀƪƛ ƘŜǎŀǇƭŀƳŀŘŀƴΣ Ȅ ǾŜ ˂ !ϥƴƤƴ ǀȊǾŜƪǘǀǊƭŜǊƛ ǾŜ ǀȊŘŜƐŜǊƭŜǊƛ ƛǎŜΣ ǘŀƘƳƛƴƛƳƛȊ ŘǳκŘǘ Ґ 

!ǳϥȅǳ ǎŀƐƭŀȅŀŎŀƪǘƤǊΦ

 
{ƛǎǘŜƳƭŜǊŘŜΣ ǇǊƻōƭŜƳ ǀȊŘŜƐŜǊƭŜǊ ǾŜ ǀȊǾŜƪǘǀǊƭŜǊ ǘŀǊŀŦƤƴŘŀƴ ȅŜƴƛŘŜƴ ƛŦŀŘŜ ŜŘƛƭŜōƛƭƛǊ ve 

çözülebilir.   ƛƳŘƛ ǘŀƳ œǀȊǸƳǸƴǸ ōǳƭŀƭƤƳΦ .ƛǊƛƴŎƛ ƳŜǊǘŜōŜŘŜƴ ǘǸǊŜǾ ŘŜƴƪƭŜƳƛƳƛȊ ƭƛƴŜŜǊ ōƛǊ 

fonksiyondur. 

 
5ƻƐǊǳǎŀƭ ŦƻƴƪǎƛȅƻƴƭŀǊ ƛœƛƴ ǘŀƳ œǀȊǸƳΣ ōŜƭƛǊƭƛ œǀȊǸƳƭŜǊƛƴ ŘƻƐǊǳǎŀƭ ōƛǊƭŜǒƛƳƛŘƛǊΦ 4ǀȊǸƳƭŜǊ ǳ ǾŜ 

Ǿ ƛǎŜΣ /ѕǳ Ҍ /іǾ ŘŜ œǀȊǸƳŘǸǊΦ mȊŘŜƐŜǊƭŜǊƛ ˂ Ґ пΣ -2 ve -н ƻƭŀƴ ǀƴŎŜƪƛ ǀǊƴŜƐƛƳƛȊŘŜƴΣ ǘŀƳ 

œǀȊǸƳ ǒǀȅƭŜ ƻƭŀŎŀƪǘƤǊΥ 

 

 

 
.ƛǊ ǎƛǎǘŜƳ ƪŀǊŀǊƭƤ ōƛǊ ŘǳǊǳƳŀ ǳƭŀǒŀŎŀƪǎŀΣ ƻ ȊŀƳŀƴ ǘǸƳ ǀȊŘŜƐŜǊƭŜǊ ƴŜƎŀǘƛŦ ƻƭƳŀƭƤŘƤǊΦ !ƪǎƛ 

ǘŀƪŘƛǊŘŜΣ ƴŜƎŀǘƛŦ ƻƭƳŀȅŀƴ ǘŜǊƛƳ ǎǸǊŜƪƭƛ ƻƭŀǊŀƪ ŘŜƐƛǒŜŎŜƪǘƛǊΦ ǘҐл ŀƴƤƴŘŀ ǳόлύ ōŀǒƭŀƴƎƤœ 

durumunu ölçebilirΣ ώǳєѕΣ ǳєіΣ ǳєїϐⱨ ŘƛȅŜōƛƭƛǊ ǾŜ /ѕΣ /і ǾŜ /ї ǎŀōƛǘƛƴƛ œǀȊŜōƛƭƛǊƛȊΦ 

 



Harmonik bir osilatör ǀǊƴŜƐƛni seçelim. HŀǊƳƻƴƛƪ ƻǎƛƭŀǘǀǊ ǾŜ ƻƴǳƴ ȅŀƪƤƴ ƪǳȊŜƴƛ ƻƭŀƴ 

ƪǳŀƴǘǳƳ ƘŀǊƳƻƴƛƪ ƻǎƛƭŀǘǀǊ ǇŀǊœŀŎƤƪ ŦƛȊƛƐƛΣ ƪǳŀƴǘǳƳ ƳŜƪŀƴƛƐƛΣ ǎƛŎƛƳ ǘŜƻǊƛǎƛ ǾŜȅŀ ƎŜƴŜƭ ƻƭŀǊŀƪ 

fizik œŀƭƤǒƳŀƭŀǊƤƴŘŀ ǘŜƳŜƭŘƛǊΦ «ƴƭǸ CҐƳŀ ŘŜƴƪƭŜƳƛȅƭŜ ōŀǒƭŀȅŀƭƤƳ ǾŜ ƛƪƛƴŎƛ ŘŜǊŜŎŜŘŜƴ ǘǸǊŜǾƛ 

œǀȊƳŜƪ ƛœƛƴ ǀȊŘŜƐŜǊƭŜǊƛ ǾŜ ǀȊǾŜƪǘǀǊƭŜǊƛ ƪǳƭƭŀƴŀƭƤƳΦ YǸǘƭŜ ōƛǊƛƳƛƴƛ ǎŜœƳŜ ǀȊƎǸǊƭǸƐǸƴŜ ǎŀƘƛǇ 

ƻƭŘǳƐǳƳǳȊ ƛœƛƴΣ ŦƛȊƛƪœƛƭŜǊ ƎŜƴŜƭƭƛƪƭŜ ǘŀǊǘƤǒƳŀȅƤ ōŀǎƛǘƭŜǒǘƛǊƳŜƪ ƛœƛƴ ƳҐмϥƛ ŀȅŀǊƭarlar; 

 
IŀǊƳƻƴƛƪ ƻǎƛƭŀǘǀǊ ǇǊƻōƭŜƳƛƴƛ ŀǒŀƐƤŘŀ ǎŀƐ ŀƭǘǘŀƪƛ ƳŀǘǊƛǎ ŦƻǊƳǳƴŀ ȅŜƴƛŘŜƴ ŦƻǊƳǸƭŜ ŜŘƛȅƻǊǳȊΦ 

 

 
Sönümleme (Damping) harmonik osilatör 

 

.ǳΣ ǎƻƴ ǀǊƴŜƐƛƳƛȊƭŜ ŀȅƴƤ ŦƻǊƳŀ ǎŀƘƛǇǘƛǊ ǾŜ ōǳ ƴŜŘŜƴƭŜΣ ǘŀƳ œǀȊǸƳǸ ƻƭǳǒǘǳǊƳŀƪ ƛœƛƴ !ϥƴƤƴ 

ǀȊŘŜƐŜǊƭŜǊƛƴƛ ǾŜ ǀȊǾŜƪǘǀǊƭŜrini kullanabiliriz. 

 

«ƴƭǸ ȊŀƳŀƴŘŀƴ ōŀƐƤƳǎƤȊ {ŎƘǊǀŘƛƴƎŜǊ ŘŜƴƪƭŜƳƛΣ ǀȊŘŜƐŜǊƭŜǊ ǾŜ ǀȊǾŜƪǘǀǊƭŜǊƭŜ ƛŦŀŘŜ ŜŘƛƭƛǊΦ 

DǀȊƭŜƴŜƴ ǘǸƳ ǀȊŜƭƭƛƪƭŜǊΣ ƪǳŀƴǘǳƳ ƳŜƪŀƴƛƐƛƴŘŜƪƛ ǀȊŘŜƐŜǊƭŜǊƭŜ ƳƻŘŜƭƭŜƴƛǊΦ .ǳƴƭŀǊΣ ƳŀƪƛƴŜ 

ǀƐǊŜƴƛƳƛ ŘŜ ŘŀƘƛƭ ƻƭƳŀƪ ǸȊŜǊŜ ōƛǊœƻƪ ōŀǒƪŀ ǀǊƴŜƪǘƛǊΦ Hesaplanan en büyük özvektörlerden 

ōƛǊƛΣ DƻƻƎƭŜ ŀǊŀƳŀƴƤƴ ǘŜƳŜƭ ǇŀǊœŀǎƤ ƻƭŀƴ DƻƻƎƭŜ tŀƎŜwŀƴƪϥǘƛǊΦ 

 

 
 

Fundamentally, many systems can be modeled as 

 
 



aŀƪƛƴŜ ǀƐǊŜƴƛƳƛ ŀƳŀŎƤȅƭŀ ŀǒŀƐƤŘŀƪƛ ȊŀƳŀƴ ŘƛȊƛǎƛ ƳƻŘŜƭƛƴƛ ƛƴŎŜƭŜȅŜƭƛƳΦ 

 
 

Tƭƪ ƻƭŀǊŀƪΣ ǳє ōŀǒƭŀƴƎƤœ ŘǳǊǳƳǳƴǳƴ !ϥƴƤƴ ōƛǊ ǀȊǾŜƪǘǀǊǸ ƻƭŘǳƐǳƴǳ ǾŀǊǎŀȅƤȅƻǊǳȊΦ .ǳ ƴŜŘŜƴƭŜΣ 

ƎŜƭŜŎŜƪǘŜƪƛ ŘǳǊǳƳƭŀǊƤ ǒǳ ǒŜƪƛƭŘŜ ƘŜǎŀǇƭŀƴŀōƛƭƛǊΥ

 
 

Bu denklem, bir matrisin gücünü (Aꜘύ ƘŜǎŀǇƭŀƳŀǎƤ œƻƪ ƪƻƭŀȅ ƻƭŀƴ ōƛǊ ǎƪŀƭŜǊƛƴ ƎǸŎǸȅƭŜ 

ŘŜƐƛǒǘƛǊŜǊŜƪ ōŀǎƛǘƭŜǒǘƛǊƛƭŜōƛƭƛǊΦ !ǊŘƤƴŘŀƴΣ ǎƻǊǳƴǳ ƘŜǊƘŀƴƎƛ ōƛǊ ōŀǒƭŀƴƎƤœ ŘǳǊǳƳǳƴǳ ƛœŜǊŜŎŜƪ 

ǒŜƪƛƭŘŜ ƎŜƴŜƭƭŜǒǘƛǊŜƭƛƳΦ !ϥƴƤƴΣ wȞϥƴƛƴ ǘŜƳŜƭƛƴƛ ƻƭǳǒǘǳǊŀƴ ƴ ƭƛƴŜŜǊ ōŀƐƤƳǎƤȊ ǀȊǾŜƪǘǀǊŜ ǎŀƘƛǇ 

ƻƭŘǳƐǳƴǳ ŘǸǒǸƴǸƴΦ IŜǊƘŀƴƎƛ ōƛǊ wȞ ǾŜƪǘǀǊǸƴǸ ōǳ ǘŜƳŜƭŜ ŀȅǊƤǒǘƤǊŀōƛƭƛǊƛȊΦ ¸ƛƴŜ ǀȊŘŜƐŜǊƛƴ 

gücünü yeniden hesaplayarak zaman dizisi hesaplaƳŀǎƤƴƤ ōŀǎƛǘƭŜǒǘƛǊŜōƛƭƛǊƛȊΦ 

 

 
 

.ƛǊ ǎƛǎǘŜƳ ƪŀǊŀǊƭƤ ōƛǊ ŘǳǊǳƳŀ ǳƭŀǒŀŎŀƪǎŀΣ ȅƛƴŜ ˂ַײϥƴƛƴ мϥŘŜƴ ƪǸœǸƪ ǾŜȅŀ мϥŜ Ŝǒƛǘ ƻƭƳŀǎƤƴƤ 

ōŜƪƭŜƳŜƭƛȅƛȊΦ 9ƪ ƻƭŀǊŀƪΣ ōǳ ƪŀǊŀǊƭƤ ŘǳǊǳƳǳ ƘŜǎŀǇƭŀƳŀƪ ƛœƛƴ ˂ַײꜘ ŘŜƐŜǊƛ мϥŘŜƴ ƪǸœǸƪ ƻƭŀƴ 

ǘŜǊƛƳƭŜǊƛ ƎǀȊ ŀǊŘƤ ŜŘŜōƛƭƛǊƛȊΦ ½ŀƳŀƴ ƎŜœǘƛƪœŜ ōǳ ǘŜǊƛƳƭŜǊ ŀȊŀƭƤǊ лΦ 5ƻƭŀȅƤǎƤȅƭŀΣ ƪŀǊŀǊƭƤ ōƛǊ 

ŘǳǊǳƳ ōǳƭƳŀƪ ƛœƛƴ ˂ַײ Ґ м ƛƭŜ ƛƭƛǒƪƛƭƛ ǀȊǾŜƪǘǀǊƭŜǊŜ ƻŘŀƪƭŀƴŀōƛƭƛǊƛȊΦ 

 

¢ŀƳ ǇƻǘŀƴǎƛȅŜƭƛƴƛ ƎŜǊœŜƪƭŜǒǘƛǊƳŜƪ ƛœƛƴ ƎŜǊœŜƪ ōƛǊ Ƴǳƭǘƛ-ƳƛƭȅŀǊƭƤƪ ŦƛƪǊƛ ǘŀǊǘƤǒŀƭƤƳΦ ¢ŀǊǘƤǒƳŀƳƤȊƤ 

ōŀǎƛǘƭŜǒǘƛǊŜƭƛƳ ǾŜ ǘǸƳ ƛƴǘŜǊƴŜǘƛƴ ȅŀƭƴƤȊŎŀ Ǹœ ǿŜō ǎŀȅŦŀǎƤ ƛœŜǊŘƛƐƛƴƛ ǾŀǊǎŀȅŀƭƤƳΦ ! ƳŀǘǊƛǎƛƴƛƴ 

Aַײ ǀƐŜǎƛΣ ƪǳƭƭŀƴƤŎƤ Ƨ ǎŀȅŦŀǎƤƴŘŀȅƪŜƴ ƛ ǎŀȅŦŀǎƤƴŀ ƎƛǘƳŜ ƻƭŀǎƤƭƤƐƤŘƤǊΦ 

 



 

 
Given a specific page, if we sum over all the possibilities of the next page, it equals 1. i.e., all 

columns of A sum up to 1.0 and this kind of matrix is called the stochastic matrix, transition 

matrix or Markov matrix. 

 
 

Markov matrix has some important properties. The result of Ax or A x always sums up to 

one with its columns. The right-hand term is the chance of being on pages 1, 2 and 3 

respectively after each click. So it is obvious that it should sum up to one.  

 

 

 
Any Markov matrix A has an eigenvalue of 1 and the absolute value of other non-one 

eigenvalues to be smaller than one. This behavior is very important. In our example, 

 
For a Markov matrix, we can choose the eigenvector for ˂ Ґ1 to have elements sum up to 

1.0. So vectors v0 can be decomposed using the eigenvectors of A with Ŏѕ equals to 1 below. 



 
Since ǳѕΣ ǳіΣ ΧΣ ŀƴŘ un are eigenvectors, A  can be replaced by ˂ . Except for eigenvalue ˂ Ґ1, 

the power of the eigenvalue (˂) for a Markov matrix will diminish. So the system reaches a 

steady-state that approaches the eigenvector ǳѕ regardless of the initial state v0. The 

steady-state will equal the eigenvector ǳѕ as shown below. 

 
From our example, the chance we land on pages 1, 2 and 3 are about 0.41, 0.34 and 0.44 

respectively. This concept has many potential applications. For instance, many problems can 

be easily modeled with Markov processes and a Markov/transition matrix. 

 
Markov process and the transition matrix 

 

 

 

 

 

 

 

 

 

 



Google PageRank 

Robot crawlers first retrieve the webpages, and then index and catalog them by assigning 

Page Rank Values. The credibility of each page depends on the number of links to that page. 

The rank r (P) of a given page P is assumed as, 

 
Where, 

Bp = all pages pointing to P 

|Q| = number of outlinks from Q. 

P is the matrix with the terms, 

 
To find the convergence and convergence rates, the matrix P is adjusted. When the row 

Google matrix P reaches the sum to 1, then it is called a row stochastic matrix. The Page 

Rank iteration represents the evolution of a Markov Chain in which the web directed graph 

is represented as a transition probability matrix P. 

 
It shows the probability of a random surfer at each of the three pages at any point in time. 

First, a binary Adjacency matrix is created to signify the link structure, then it is transformed 

into a probability matrix by normalizing it. 

 

To compute the Page Rank, it is essential to solving an eigenvector problem for the linear 

system, 

 
¢ƘŜ ŜƛƎŜƴǾŀƭǳŜǎ ƻŦ {ǘƻŎƘŀǎǘƛŎ ƳŀǘǊƛȄ t Ŏŀƴ ōŜ ŀǎǎǳƳŜŘ ŀǎ мҔ ˂м җ ˂н җ Χ җ ˂ƴΣ 



ŀƴŘ ±мΣ ±нΣ ±оΣ ΧΧΣ ±ƴ ōŜ ǘƘŜ ŎƻǊǊŜǎǇƻƴŘƛƴƎ ŜƛƎŜƴǾŜŎǘƻǊǎΦ 

 

After the process of convergence, the dominant eigenvalue of matrix P sƘƻǳƭŘ ōŜ ˂Ґм ǘƻ 

satisfy, 

 
With, 

 
which is the steady state distribution of the Markov Model. 

The process of PageRank convergence is shown in this graph, 

 
This is how Google automatically characterizes the Page Rank value of each site. 

 

The core idea can be conceptualized as the following. PageRank outputs a probability 

distribution of pages that you may land on by following links on a web page after many 

many clicks. This probability will act as the ranking of a Web page. When many pages link to 

your Web page, Google will rank it higher considering it as a good indicator of popularity. 

In our previous example, we have not discussed ways to derive the values in the Markov 

matrix. For page rank, we compute the values as the sum of other page ranks linked to this 

page divided by its total number of outbound pages. 



 
Mathematically, PageRank tries to solve the PageRank vector R (an eigenvector) in the 

following equation. It initializes R with equal probability at the beginning and performs the 

calculation iteratively until it reaches a steady-state. 

 
The matrix element l  above is the ratio between the number of the outbound page from 

page j to page i to the total number of the outbound page of j. Each column of l adds up to 1 

and it is a Markov matrix. This equation has an enormous similarity with the example we 

discussed before if we ignore the damping factor d. This factor is introduced because we will 

not have a random walk to take forever steps. 

For Google, they do not compute the eigenvectors directly. In our previous example, the 

power of A converges very fast which the column of A³ converge to eigenvector ǳѕ already. 

 
The PageRank paper has demonstrated that with 322 million page links, the solution 

converges to a tolerable limit in 52 iterations. So the solution scales unexpectedly well. 

The Markov matrix leads us to the equation below which the steady-state depends on one 

principal component. 

 



In machine learning, information is tangled in raw data. Intelligence is based on the ability to 

extract the principal components of information inside a stack of hay. Mathematically, 

eigenvalues and eigenvectors provide a way to identify them. Eigenvectors identify the 

components and eigenvalues quantify its significance. As a preview, the equation below 

decomposes information in A into components. We can prioritize them based on the square 

root of eigenvalues and ignore terms with small h  values. This reduces the noise and helps 

us to extract the core information in A. (Details on a later article.) 

 
 

 

Solution 

I hope you can see the beauty of !Ȅ Ґ ˂Ȅ ŦƻǊ ƴƻǿΦ [ŜǘΩǎ ǎŜŜ Ƙƻǿ Ŏŀƴ ǿŜ ǎƻƭǾŜ ƛǘΦ 9ƛƎŜƴǾŀƭǳŜǎ 

and eigenvectors can be calculated by solving (A - ˂ Lύ Ǿ Ґ 0. To have a solution other 

than v=0 for !Ȅ Ґ ˂Ȅ, the matrix (A - ˂ L) cannot be invertible. i.e. it is singular. Its determinant 

is zero. det(A - ˂ L) = 0 is called the characteristic polynomial and the eigenvalues are the 

root of this polynomial. 

 
Example 

 
The eigenvalues are: 

 
Apply !Ǿ Ґ ˂ǾΣ we solve: 

 
[ŜǘΩǎ ŘŜǘŀƛƭ ǘƘŜ ǎǘŜǇ ǿƛǘƘ ŀ ƳƻǊŜ ŎƻƳǇƭƛŎŀǘŜŘ example, 

 



To find the eigenvalue ˂ Σ 

 
The possible factors for 16 are 1, 2, 4, 8, 16. 

 
[ŜǘΩǎ ŎŀƭŎǳƭŀǘŜ ǘƘŜ ŜƛƎŜƴǾŜŎǘƻǊ ŦƻǊ ŜƛƎŜƴǾŀƭǳŜ ˂  Ґ п through row reduction. 

 



 
We have three variables with 2 equations. We set Ȅї arbitrary to 1 and compute the other 

two variables. So for ˂ Ґп, the eigenvector is: 

 
We repeat the calculation for ˂ Ґ-2 and get 

 
²ƛǘƘ о ǾŀǊƛŀōƭŜǎ ŀƴŘ м ŜǉǳŀǘƛƻƴΣ ǿŜ ƘŀǾŜ н ŘŜƎǊŜŜǎ ƻŦ ŦǊŜŜŘƻƳ ƛƴ ƻǳǊ ǎƻƭǳǘƛƻƴΦ [ŜǘΩǎ ǎŜǘ ǘƘŜ 

value to one in one of the degrees of freedom while other(s) to 0. i.e. setting ȄіҐмΣ 

ȄїҐлΣ and ȄіҐлΣ ȄїҐм separately, the calculated eigenvectors will be: 

 
Note that the solution set for eigenvalues and eigenvectors are not unique. we can rescale 

the eigenvectors. We can also set different values for ȄіΣ Ȅї above. Hene, it is possible and 

desirable to choose our eigenvectors to meet certain conditions. For example, for a 

symmetric matrix, it is always possible to choose the eigenvectors to have unit length and 

orthogonal to each other. 



In our example, we have a repeated ŜƛƎŜƴǾŀƭǳŜ ά-нέΦ Lǘ ƎŜƴŜǊŀǘŜǎ ǘǿƻ ŘƛŦŦŜǊŜƴǘ 

eigenvectors. However, this is not always the case τ there are cases where repeated 

eigenvalues do not have more than one eigenvector. 

 

 

Diagonalizable 

[ŜǘΩǎ ŀǎǎǳƳŜ ŀ ƳŀǘǊƛȄ A has two eigenvalues and eigenvectors. 

 
We can concatenate them together and rewrite the equations in the matrix form. 

 
We can generalize it into any number of eigenvectors as 

 
since 

 
where V ŎƻƴŎŀǘŜƴŀǘŜǎ ŀƭƭ ǘƘŜ ŜƛƎŜƴǾŜŎǘƻǊǎ ŀƴŘ ɽ όǘƘŜ ŎŀǇƛǘŀƭ ƭŜǘǘŜǊ ŦƻǊ ˂ύ ƛǎ ǘƘŜ ŘƛŀƎƻƴŀƭ 

matrix containing the eigenvalues. 

 
A square matrix A is diagonalizable if we can convert it into a diagonal matrix, like 

 
i.e., 

 
.ƛǊ ƴ Ҏ ƴ ƪŀǊŜ ƳŀǘǊƛǎΣ ƴ ŘƻƐǊǳǎŀƭ ƻƭŀǊŀƪ ōŀƐƤƳǎƤȊ ǀȊǾŜƪǘǀǊŜ ǎŀƘƛǇǎŜ ƪǀǒŜƎŜƴƭŜǒǘƛǊƛƭŜōƛƭƛǊΦ .ƛǊ 

ƳŀǘǊƛǎ ǎƛƳŜǘǊƛƪ ƛǎŜΣ ƪǀǒŜƎŜƴƭŜǒǘƛǊƛƭŜōƛƭƛǊΦ .ƛǊ ƳŀǘǊƛǎ ǘŜƪǊŀǊƭŀƴŀƴ ǀȊŘŜƐŜǊŜ ǎŀƘƛǇ ŘŜƐƛƭǎŜΣ ƘŜǊ 

ȊŀƳŀƴ ōƛǊ ǾŜƪǘǀǊǸ ƪǀǒŜƎŜƴƭŜǒǘƛǊƳŜȅŜ ȅŜǘŜŎŜƪ ƪŀŘŀǊ ŘƻƐǊǳǎŀƭ ƻƭŀǊŀƪ ōŀƐƤƳǎƤȊ ǀȊǾŜƪǘǀǊƭŜǊ 

ǸǊŜǘƛǊΦ ¢ŜƪǊŀǊƭŀƴŀƴ ǀȊŘŜƐŜǊƭŜǊƛ ǾŀǊǎŀΣ ȅŜǘŜǊƭƛ ǀȊǾŜƪǘǀǊŜ ǎŀƘƛǇ ƻƭŘǳƐǳƳǳȊǳƴ ƎŀǊŀƴǘƛǎƛ ȅƻƪǘǳǊΦ 

.ŀȊƤƭŀǊƤ ƪǀǒŜƎŜƴƭŜǒǘƛǊƛƭŜƳŜȊΦ 

 



Eigendecomposition 

If A is a square matrix with N linearly independent eigenvectors (Ǿѕ, ǾіΣ Χ ϧ vn and 

corresponding eigenvalues ˂ ѕ, ˂ іΣ Χ ϧ ˂ ƴ), we can rearrange 

 
into 

 
For example, 

 
However, there are some serious limitations on eigendecomposition. First, A needs to be a 

square matrix. Second, V may not be invertible. As a preview, SVD solves both problems and 

SVD decomposes a matrix into orthogonal matrices which are easier to manipulate. But for 

matrices like symmetric matrices, this is not a problem. The power of a diagonalizable 

matrix A is easy to compute. 

 
This demonstrates the power of decomposing a matrix that can be manipulated easily. 

To recap, for states that can be expressed as 

 
A  ꜘcan be computed with eigenvalues. 

 

 

Properties of eigenvalue & eigenvectors 

Å !ȄΣ Ȅ ǀȊǾŜƪǘǀǊǸ ƛƭŜ ŀȅƴƤ ŘƻƐǊǳ ǸȊŜǊƛƴŘŜ ōǳƭǳƴǳǊ όŀȅƴƤ ǾŜȅŀ ǘŜǊǎ ȅǀƴύΦ 

Å mȊŘŜƐŜǊƭŜǊƛƴ ǘƻǇƭŀƳƤΣ ōƛǊ ƳŀǘǊƛǎƛƴ ƛȊƛƴŜ ŜǒƛǘǘƛǊ όƪǀǒŜƎŜƴ ŜƭŜƳŀƴƭŀǊƤƴ ǘƻǇƭŀƳƤύΦ 

Å mȊŘŜƐŜǊƭŜǊƛƴ œŀǊǇƤƳƤ ŘŜǘŜǊƳƛƴŀƴǘϥŀ ŜǒƛǘǘƛǊΦ 

Å ¸ǳƪŀǊƤŘŀƪƛ ƘŜǊ ƛƪƛ ƪƻǒǳƭ ŘŀΣ ǀȊŘŜƐŜǊƭŜǊƛƴ ƘŜǎŀǇƭŀƴƳŀǎƤƴŘŀ ƛȅƛ ōƛǊ ƪƻƴǘǊƻƭ ƛǒƭŜǾƛ ƎǀǊǸǊΦ 

Å IƛœōƛǊ ǀȊŘŜƐŜǊ ǘŜƪǊŀǊƭŀƴƳƤȅƻǊǎŀΣ ǘǸƳ ǀȊǾŜƪǘǀǊƭŜǊ ŘƻƐǊǳǎŀƭ ƻƭŀǊŀƪ ōŀƐƤƳǎƤȊŘƤǊΦ .ǀȅƭŜ 

ōƛǊ ƴ Ҏ ƴ ƳŀǘǊƛǎΣ ƴ ǀȊŘŜƐŜǊŜ ǾŜ ƴ ŘƻƐǊǳǎŀƭ ƻƭŀǊŀƪ ōŀƐƤƳǎƤȊ ǀȊǾŜƪǘǀǊŜ ǎŀƘƛǇ ƻƭŀŎŀƪǘƤǊΦ 

Å mȊŘŜƐŜǊƭŜǊ ǘŜƪǊŀǊƭŀƴƤǊǎŀΣ ōƛǊ ƪŀǊŜ ƳŀǘǊƛǎƛ ƪǀǒŜƎŜƴƭŜǒǘƛǊƳŜƪ ƛœƛƴ ƴ ƭƛƴŜŜǊ ōŀƐƤƳǎƤȊ 

özvektöre sahip olabilir veya olmayabiliriz. 

Å tƻȊƛǘƛŦ ǀȊŘŜƐŜǊƭŜǊƛƴ ǎŀȅƤǎƤΣ ǇƻȊƛǘƛŦ ǇƛǾƻǘƭŀǊƤƴ ǎŀȅƤǎƤƴŀ ŜǒƛǘǘƛǊΦ 

Å !Ȅ Ґ ˂Ȅ ƛœƛƴΣ 

 



 
 

Å ! ǘŜƪƛƭ ƛǎŜΣ ǀȊŘŜƐŜǊƛ лϥŘƤǊΦ ¢ŜǊǎƛƴŜ œŜǾǊƛƭŜōƛƭƛǊ ōƛǊ ƳŀǘǊƛǎƛƴ ǘǸƳ ǀȊŘŜƐŜǊƭŜǊƛ ǎƤŦƤǊ 

ŘŜƐƛƭŘƛǊΦ 

Å mȊŘŜƐŜǊƭŜǊ ǾŜ ǀȊǾŜƪǘǀǊƭŜǊ ƪŀǊƳŀǒƤƪ ǎŀȅƤƭŀǊ ƻƭŀōƛƭƛǊΦ 

Å TȊŘǸǒǸƳ ƳŀǘǊƛǎƭŜǊƛƴƛƴ ƘŜǊ ȊŀƳŀƴ ȅŀƭƴƤȊŎŀ м ǾŜ л ǀȊŘŜƐŜǊƭŜǊƛ ǾŀǊŘƤǊΦ ¸ŀƴǎƤƳŀ 

ƳŀǘǊƛǎƭŜǊƛƴƛƴ ǀȊŘŜƐŜǊƭŜǊƛ м ǾŜ -1'dir. 

 

mȊŘŜƐŜǊƭŜǊΣ ǀȊǾŜƪǘǀǊƭŜǊ ŘƻƐǊǳƭǘǳǎǳƴŘŀ ōƛƭƎƛƴƛƴ ǀƴŜƳƛƴƛ ǀƭœŜǊΦ .ǳ ōƛƭƎƛƭŜǊƭŜ ŘƻƴŀǘƤƭƳƤǒ ƻƭŀǊŀƪΣ 

ōƛƭƎƛƭŜǊƛƴ ƘŀƴƎƛ ƪƤǎƳƤƴƤƴ ƎǀȊ ŀǊŘƤ ŜŘƛƭŜōƛƭŜŎŜƐƛƴƛ ǾŜ ōƛƭƎƛƭŜǊƛƴ ƴŀǎƤƭ ǎƤƪƤǒǘƤǊƤƭŀŎŀƐƤƴƤ ό{±5Σ .ƻȅǳǘ 

ƪǸœǸƭǘƳŜ ǾŜ t/!ύ ōƛƭƛȅƻǊǳȊΦ !ȅǊƤŎŀΣ ƳŀƪƛƴŜ ǀƐǊŜƴƛƳƛ ƳƻŘŜƭƭŜǊƛƴƛ ƎŜƭƛǒǘƛǊƛǊƪŜƴ ǀȊŜƭƭƛƪƭŜǊƛ 

œƤƪŀǊƳŀƳƤȊŀ Řŀ ȅŀǊŘƤƳŎƤ ƻƭǳǊΦ .ŀȊŜƴΣ ƪŀǊƤǒƤƪ ōƛƭƎƛƭŜǊƛƴ ŀȊŀƭƳŀǎƤ ƴŜŘŜƴƛȅƭŜ ƳƻŘŜƭƛƴ 

ŜƐƛǘƛƭƳŜǎƛƴƛ ƪƻƭŀȅƭŀǒǘƤǊƤǊΦ !ȅǊƤŎŀ ƪŀǊƤǒƤƪ ƘŀƳ ǾŜǊƛƭŜǊƛ ƎǀǊǎŜƭƭŜǒǘƛǊƳŜ ŀƳŀŎƤƴŀ Řŀ ƘƛȊƳŜǘ ŜŘŜǊΦ 

5ƛƐŜǊ ǳȅƎǳƭŀƳŀƭŀǊΣ ǀƴŜǊƛ ǎƛǎǘŜƳƭŜǊƛƴƛ ǾŜȅŀ Ŧƛƴŀƴǎŀƭ Ǌƛǎƪ ŀƴŀƭƛȊƛƴƛ ƛœŜǊƛǊΦ mǊƴŜƐƛƴΣ ƪƛǒƛǎŜƭ ƛȊƭŜƳŜ 

davrŀƴƤǒƤƴƤȊŀ ǾŜ ŘƛƐŜǊƭŜǊƛƴŜ ƎǀǊŜ ŦƛƭƳƭŜǊ ǀƴŜǊƛȅƻǊǳȊΦ ±ŜǊƛƭŜǊ ŀǊŀǎƤƴŘŀƪƛ ƪƻǊŜƭŀǎȅƻƴƭŀǊƤ 

ŀƴƭŀƳŀƪ ƛœƛƴ ǀȊǾŜƪǘǀǊƭŜǊƛ ŘŜ ƪǳƭƭŀƴŀōƛƭƛǊƛȊΦ .ŜƭƛǊƭƛ ōƛǊ ǘǸǊ ƘŀǎǘŀƭƤƐƤ ǘŜǘƛƪƭŜȅŜƴ ƎŜƴƭŜǊƛƴ 

kombinasyonu gibi ortak faktörleri bulmak için bilgi ve küme bilgi trendlerini geƭƛǒǘƛǊƛƴΦ ±Ŝ 

ƘŜǇǎƛ ōŀǎƛǘ ŘŜƴƪƭŜƳŘŜƴ ōŀǒƭƤȅƻǊΥ 

 
 

aŀǘǊƛǎƭŜǊ Ŝǒƛǘ ƻƭŀǊŀƪ ƻƭǳǒǘǳǊǳƭƳŀȊΦ aŀƪƛƴŜ ǀƐǊŜƴƛƳƛƴŘŜ ōŀȊƤ ȅŀȅƎƤƴ ƳŀǘǊƛǎƭŜǊƛƴ ǀȊŜƭƭƛƪƭŜǊƛƴƛ 

ōƛƭƳŜƪ ǀƴŜƳƭƛŘƛǊΦ {ƻƴǊŀΣ ƻƴŀ ōƛǊ ƎǀȊ ŀǘŀŎŀƐƤȊΦ 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 



3. IŜǎŀǇƭŀƳŀƭƤ aŀǘŜƳŀǘƛƪ 
This article is organized as follows: 

1. Derivatives 

2. Integration 

3. Gradients 

4. Gradient Visualization 

5. Limit 

6. Mathematical Optimization 

 

Calculus is important because in order to optimize a neural network, we use variations 

of gradient descent, the most common of which is stochastic gradient descent. 

 
 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 



3.1. Derivatives 

The definition of a derivative can be understood in two different ways. The first way is in a 

geometric perspective, where the derivative is the slope of a curve. Essentially it is how 

much a curve is changing at a particular point. 

 

The second is a physical perspective, where the derivative is the rate of change. 

As we can see both of these perspectives are related to change. 

 

 
 

 

¢ŜƳŜƭ ǘǸǊŜǾ ǀȊŜƭƭƛƪƭŜǊƛ ǾŜ ƪǳǊŀƭƭŀǊƤΥ 

 



Derivative Notation 

The derivative operator is written as: ddxddx 

This could read as the derivative with respect to xx. 

 

Scalar Derivative Rules 

This is not an exhaustive list of the rules, but let's review a few of the basics. 

Constants - the derivative of any constant is 0. 

dxc=0 

 

For example: dx5=0 

This makes sense when you think about change, because the constant 5 is not changing at 

all. 

 

Power Rule - this is how you deal with variables in derivatives. If we have a derivative 

of xn with respect to xx, we calculate this as follows: dxn=nxƴҍм 

For example: dx4=4x3 

 

Multiplication - this is how we deal with multiplication of derivatives: 

dxcxn=cnxƴҍм  

 

The Sum Rule - if we have two functions and they are added together we can take the 

derivative of them both indivually:  

dx(f(x)+g(x))=dxf(x)+dxg(x) 

 

The Product Rule - multiplying two functions together is a bit more complicated, we take the 

derivate of the first function times the second plus the derivative of the second times the 

first: dx(f(x)g(x))=g(x)dxf(x)+f(x)dxd(x) 

 

The Chain Rule - the chain rule is important for machine learning because when we have 

multiple layers in a neural network we need this calculate the derivative of earlier layers. If 

we have a function g(x)g(x) inside another function f(x), we take the derivative of the 

outside function Ŧ times the derivative of the inside function Ǝ Υ 

ŘȄόŦόƎόȄύύҐŦ όƎόȄύύƎ όȄύύ 

 

These are just a few important rules, but let's move on to partial derivatives. 

 

Örnek: Matlab 

syms f(x) 

f(x) = sin(x^2); 

Df = diff(f,x) 

Df(x) = нxcos(x2) 



Partial Derivatives 

Partial derivatives are used for equations with more than one variable. 

If we have two variables we have the partial with respect to xx and the partial with respect 

to yy: ddxddyddxddy 

Now let's move on to integrals, which are essential to probability theory. 

 

 

TǾƳŜΥ 

CƛȊƛƪǘŜ ƛǾƳŜΣ ƘƤȊƤƴ  ȊŀƳŀƴŀ ƎǀǊŜ ǘǸǊŜǾƛ ƻƭŀǊŀƪ ǘŀƴƤƳƭŀƴƤǊΦ .ǸȅǸƪƭǸƐǸ ǳȊŀƪƭƤƪκȊŀƳŀƴ2 olan bir 

ǾŜƪǘǀǊŜƭ ƴƛŎŜƭƛƪǘƛǊ ǾŜ ŎƛǎƳƛƴ ƘŜƳ ƘƤȊƤƴƤƴ ƘŜƳ ŘŜ ȅǀƴǸƴǸƴ ǒƛŘŘŜǘƭŜǊƛƴŘŜƪƛ ŘŜƐƛǒƛƳƛƴƛ ƎǀǎǘŜǊƛǊΦ 

TǾƳŜǀƭœŜǊ ȅŀǊŘƤƳƤȅƭŀ ǀƭœǸƭŜƴ ƛǾƳŜƴƛƴ {L ōƛǊƛƳƛ ƳŜǘǊŜκǎŀƴƛȅŜчϥŘƛǊΦ 

 

hǊǘŀƭŀƳŀ TǾƳŜ: 

.ƛǊ ŎƛǎƳƛƴ ƻǊǘŀƭŀƳŀ ƛǾƳŜǎƛ ōŜƭƭƛ ōƛǊ ȊŀƳŀƴ ŀǊŀƭƤƐƤ ōŀǒƤƴŀ ŘǸǒŜƴ ōŜƭƭƛ ōƛǊ ƘƤȊ ƳƛƪǘŀǊƤŘƤǊΦ 

aŀǘŜƳŀǘƛƪǎŜƭ ƻƭŀǊŀƪ ŀǒŀƐƤŘŀƪƛ Ǝƛōƛ ƛŦŀŘŜ ŜŘƛƭƛǊΥ 

 

╪
Ў○

Ў◄
 

 

!ƴƭƤƪ TǾƳŜ 

.ƛǊ ŎƛǎƳƛƴ ŀƴƭƤƪ ƛǾƳŜǎƛ ŎƛǎƳƛƴ ŀƴƭƤƪ ȊŀƳŀƴŘŀ ǎŀƘƛǇ ƻƭŘǳƐǳ ƘƤȊ ƳƛƪǘŀǊƤƴŀ ŜǒƛǘǘƛǊΦ aŀǘŜƳŀǘƛƪǎŜƭ 

ƻƭŀǊŀƪ ŀǒŀƐƤŘŀƪƛ Ǝƛōƛ ƛŦŀŘŜ ŜŘƛƭƛǊΥ 

ὥ ÌÏÇЎᴼ
Ўὺ

Ўὸ

Ὠὺ

Ὠὸ
 

 

TǾƳŜ yolun ikinci türevi olarak da tarif edilebilir: 

 

ὥ  

 

x (t) burada yolun fonksiyonunu temsil eder. 

 

Genel olarak ivme ǘŜǊƛƳƛ ƘƤȊŘŀƪƛ όƘƤȊ ǾŜƪǘǀǊǸƴǸƴ ǒƛŘŘŜǘƛƴŘŜƪƛύ ŀǊǘƤǒ ƻƭŀǊŀƪ ƪǳƭƭŀƴƤƭƤǊΤ ƘƤȊŘŀƪƛ 

ŀȊŀƭƤǒŀ ƛǎŜ ȅŀǾŀǒƭŀƳŀ denir. CƛȊƛƪǘŜΣ ƘƤȊ ǾŜƪǘǀǊǸƴŘŜƪƛ ōƛǊ ŘŜƐƛǒƛƳ ƛǾƳŜ ƻƭŀǊŀƪ ƪŀōǳƭ ŜŘƛƭƛǊΥ 

ŘŀƛǊŜǎŜƭ ƘŀǊŜƪŜǘǘŜΣ ƘƤȊ ǾŜƪǘǀǊǸƴǸƴ ȅǀƴǸƴŘŜƪƛ ŘŜƐƛǒƛƳ ƳŜǊƪŜȊŎƛƭ όƳŜǊƪŜȊŜ ŘƻƐǊǳύ ƛǾƳŜ'ye yol 

ŀœŀǊΦ .ƛǊ ŎƛǎƳƛƴ ƪŀȊŀƴŘƤƐƤ ƛǾƳŜƭŜƴƳŜΣ ƻƴŀ ǳȅƎǳƭŀƴŀƴ ƪǳǾǾŜǘƛƴ ƪǸǘƭŜǎƛƴŜ ōǀƭǸƳǸƴǸƴ ōƛǊ 

fonksiyonudur. 

 

TǾƳŜ ƪŜƭƛƳŜǎƛ ƪǀƪŜƴ ƻƭŀǊŀƪ ƛǾ ƪǀƪǸƴŘŜƴ ƎŜƭƛǊ ǾŜ ƛǾŜŘƛΥŀŎŜƭŜΣ ƛǾŜƴΥŀŎŜƭŜ ŜŘŜƴΣ ƛǾƳŜƪΥŀŎŜƭŜ 

ŜǘƳŜƪ Ǝƛōƛ ƪŜƭƛƳŜƭŜǊƭŜ ŀȅƴƤ ŀƛƭŜŘŜ ōǳƭǳƴǳǊΦ 



Klasik mekanikte sabit kütleli bir cismin ƛǾƳŜǎƛΣ ŎƛǎƳŜ Ŝǘƪƛ ŜŘŜƴ ƴŜǘ ƪǳǾǾŜǘƭŜ ƻǊŀƴǘƤƭƤŘƤǊ 

(bŜǿǘƻƴϥǳƴ ƛƪƛƴŎƛ ȅŀǎŀǎƤ): 

Ὂ άὥ 

ὥ ὊȾά 

 

Formülde F cisme etki eden net kuvvet, m cismin kütlesi ve a da cismin ivmesini temsil eder. 

hǊǘŀƭŀƳŀ ƛǾƳŜ ƪŀǾǊŀƳƤ ƘƤȊ ǾŜƪǘǀǊǸƴŘŜƪƛ ŘŜƐƛǒƛƳƛƴ όɲǾύ geçen süreye όɲǘύ ōǀƭǸƳǸŘǸǊΦ !ƴƭƤƪ 

ƛǾƳŜ ŘŜΣ ɲǘ ǎƤŦƤǊŀ ȅŀƪƭŀǒƤǊƪŜƴΣ œƻƪ ƪƤǎŀ ȊŀƳŀƴ ŀǊŀƭƤƪƭŀǊƤƴŘŀΣ ōŜƭƛǊƭƛ ōƛǊ ƴƻƪǘŀƴƤƴ ƛǾƳŜǎƛŘƛǊΦ 

 

Kütleçekim ivmesi 

TǾƳŜ ƪǸǘƭŜœŜƪƛƳ ǎŜōŜōƛȅƭŜ ŘŜ ƻǊǘŀȅŀ œƤƪŀǊΦ 5Ǹƴȅŀ ǎƛƳŜǘǊƛƪ ōƛǊ ƪǸǊŜ ƻƭƳŀŘƤƐƤ ƛœƛƴΣ ŘŜƴƛȊ 

seviyesinde kütleçekimi ƘŜǊ ȅŜǊŘŜ ŀȅƴƤ ŘŜƐƛƭŘƛǊΦ aŜǎŜƭŀ tŀǊƛǎ ƪŜƴǘƛƴŘŜ ƛǾƳŜΤ 

Ὣ ωȢψπφφυάȾί 

 

 

3.2. .ƛǊƛƴŎƛ  ǾŜ TƪƛƴŎƛ ǘǸǊŜǾƛƴ ŀƴƭŀƳƤ 

.ƛǊƛƴŎƛ ǘǸǊŜǾƛƴ ǾŜǊŘƛƐƛ ōƛƭƎƛƭŜǊŘŜƴ ŦΩόǘύ ǾŜȅŀ ŘŦκŘǘ ƻƭŀǊŀƪ ȅŀȊƤƭŀƴ Ŧόǘύ Ŧƻƴƪǎƛȅƻƴǳƴǳƴ ilk türevi, t 

ƴƻƪǘŀǎƤƴŘŀƪƛ ǘŜƐŜǘ œƛȊƎƛǎƛ Ŧƻƴƪǎƛȅƻƴǳƴ ŜƐƛƳƛŘƛǊΦ Bunu grafik olmayan terimlerle ifade etmek 

ƎŜǊŜƪƛǊǎŜΣ ƛƭƪ ǘǸǊŜǾ ōƛȊŜ ōƛǊ Ŧƻƴƪǎƛȅƻƴǳƴ ƴŀǎƤƭ ŀǊǘǘƤƐƤƴƤ ǾŜȅŀ ŀȊŀƭŘƤƐƤƴƤ ȅŀ Řŀ ƴŜ ƪŀŘŀǊ 

ŀǊǘŀŎŀƐƤƴƤ ǾŜȅŀ ŀȊŀƭŀŎŀƐƤƴƤ ǎǀȅƭŜǊΦ tƻȊƛǘƛŦ ŜƐƛƳ ǘ ŀǊǘǘƤƪœŀ Ŧόǘύϥƴƛƴ ŘŜ ŀǊǘǘƤƐƤƴƤ ǎǀȅƭŜǊΦ bŜƎŀǘƛŦ 

ŜƐƛƳ ƛǎŜ ǘ ŀǊǘǘƤƪœŀ ŦόǘύΩƛƴ ŀȊŀƭŘƤƐƤƴƤ ǎǀȅƭŜǊΦ {ƤŦƤǊ ŜƐƛƳ ǀȊŜƭ ōƛǊ ǒŜȅ ǎǀȅƭŜƳŜȊΥ Ŧƻƴƪǎƛȅƻƴ ƻ 

ƴƻƪǘŀŘŀ ŀǊǘŀǊΣ ƴŜ ŀȊŀƭƤǊ ǾŜȅŀ ȅŜǊŜƭ ƳŀƪǎƛƳǳƳŘŀ ǾŜȅŀ ȅŜǊŜƭ ƳƛƴƛƳǳƳŘŀ ƻƭŀōƛƭƛǊΦ ¢ǸǊŜǾƭŜǊ 

ŀœƤǎƤƴŘŀƴ ōǳ ōƛƭƎƛƭŜǊ ȅŀȊƤƭƤǊǎŀΣ bƛǊ Ŧ Ŧƻƴƪǎƛȅƻƴǳƴ ƘŜǊƘŀƴƎƛ ōƛǊ ƴƻƪǘŀ ƪŀǊŀǊƭƤ ƻƭǳǇ ƻƭƳŀŘƤƐƤƴƤ 

belirlemek için  

 

πΣ  ƛǎŜ  ŦόǘύΣ ǘҐ ǇΩŘŜ ŀǊǘŀƴ ōƛǊ ŦƻƴƪǎƛȅƻƴŘǳǊΦ 

 

πΣ  ƛǎŜ  ŦόǘύΣ ǘҐ ǇΩŘŜ ŀȊŀƭŀƴ ōƛǊ ŦƻƴƪǎƛȅƻƴŘǳǊΦ 

 

πΣ  ƛǎŜ  ƻ ȊŀƳŀƴ ǘ Ґ ǇΣ Ŧ όǘύϥƛƴ ƪǊƛǘƛƪ ƴƻƪǘŀǎƤ ƻƭŀǊŀƪ ŀŘƭŀƴŘƤǊƤƭƤǊ ǾŜ ōǳ ƴƻƪǘŀŘŀ Ŧ όǘύ 'nin 

ŘŀǾǊŀƴƤǒƤ ƘŀƪƪƤƴŘŀ ȅƻǊǳƳ ȅŀǇƤƭŀƳŀȊΦ 

 

.ƛǊ Ŧƻƴƪǎƛȅƻƴǳƴ ƛƪƛƴŎƛ ǘǸǊŜǾƛΣ ŦΩΩ όǘύ ǾŜȅŀ  ƻƭŀǊŀƪ ȅŀȊƤƭƤǊΦ  

 

t = p'de    Ҕл ƛǎŜΣ ŦόǘύΣ  ǘ Ґ ǇϥŘŜ ȅǳƪŀǊƤ ŘƻƐǊǳ ƪŀǾƛǎƭƛŘƛǊΣ ōǀƭƎŜǎŜƭ ƳƛƳǳƳ ǾŀǊŘƤǊΦ 

 

t = p'de    <0 ise, f(t),  t Ґ ǇϥŘŜ ŀǒŀƐƤ ŘƻƐǊǳ ƪŀǾƛǎƭƛŘƛǊΣ ōǀƭƎŜǎŜƭ ƳŀƪǎƛƳǳƳ ǾŀǊŘƤǊΦ 

 

https://tr.wikipedia.org/wiki/Klasik_mekanik
https://tr.wikipedia.org/wiki/Newton%27%C4%B1n_hareket_yasalar%C4%B1#Newton'un_ikinci_yasas%C4%B1:_%C4%B0vme_yasas%C4%B1
https://tr.wikipedia.org/wiki/K%C3%BCtle


t = p'de    Ґл ƛǎŜΣ ƻ ȊŀƳŀƴ Ŧόǘύ ϥƛƴ ǘ Ґ ǇϥŘŜƪƛ ŘŀǾǊŀƴƤǒƤ ƘŀƪƪƤƴŘŀ ōƛǊ ȅƻǊǳƳ ȅŀǇŀƳƤȅƻǊǳȊΦ 

 

.ƛǊƛƴŎƛ ǘǸǊŜǾƛƴ ŀƴƭŀƳƤƴŘŀƴ ǘΣ Ŧόǘύ Ŧƻƴƪǎƛȅƻƴǳƴǳƴ ƪǊƛǘƛƪ ōƛǊ ƴƻƪǘŀǎƤ ƻƭŘǳƐǳƴŘŀΣ ƻ ƴƻƪǘŀŘŀ 

fonƪǎƛȅƻƴǳƴ ŘŀǾǊŀƴƤǒƤ ƘŀƪƪƤƴŘŀ ōƛǊ ȅƻǊǳƳ ȅŀǇŀōƛƭƳŜƪ ƛœƛƴΣ ǘΩƛƴ ōǀƭƎŜǎŜƭ ƳŀƪǎƛƳǳƳ ǾŜȅŀ 

ōǀƭƎŜǎŜƭ ƳƛƴƛƳǳƳ ƻƭŘǳƐǳƴǳ ǀƐǊŜƴƳŜƪ ƛœƛƴ ƎŜƴŜƭƭƛƪƭŜ ƛǒƭŜǾƛƴ ƛƪƛƴŎƛ ǘǸǊŜǾƛ ƪǳƭƭŀƴƤƭƤǊΦ  .ǀȅƭŜŎŜ  

ǘΣ ŦόǘύΩƛƴ ƪǊƛǘƛƪ ōƛǊ ƴƻƪǘŀǎƤȅǎŀ ǾŜ ŦόǘύΩƛƴ ƛƪƛƴŎƛ ǘǸǊŜǾƛ ǇƻȊƛǘƛŦǎŜΣ ǘΣ ŦόǘύΩƛn bölgesel minumumdur. 

.ŜƴȊŜǊ ǒŜƪƛƭŘŜΣ ǘΣ ŦόǘύΩƛƴ ƪǊƛǘƛƪ ōƛǊ ƴƻƪǘŀǎƤȅǎŀ ǾŜ ŦόǘύΩƛƴ ƛƪƛƴŎƛ ǘǸǊŜǾƛ ƴŜƎŀǘƛŦǎŜΣ ǘϥƛƴ Ŧόǘύ 

Ŧƻƴƪǎƛȅƻƴǳƴ ōǀƭƎŜǎŜƭ ƳŀƪǎƛƳǳƳ ƻƭŘǳƐǳ ŀƴƭŀǒƤƭƤǊΦ Ŧόǘύ Ŧƻƴƪǎƛȅƻƴǳƴ ǘ ƪǊƛǘƛƪ ōƛǊ ƴƻƪǘŀǎƤƴŘŀ Ŧόǘύ 

Ŧƻƴƪǎƛȅƻƴǳƴǳƴ ƛƪƛƴŎƛ ǘǸǊŜǾƛ ǎƤŦƤǊ ƻƭŘǳƐǳƴŘŀΣ ƴƻƪǘŀ ƘŀƪƪƤƴŘŀ ȅŜƴƛ ōƛǊ  ȅƻǊǳƳ ȅŀǇŀƳƤȅƻǊǳȊΦ 

TƪƛƴŎƛ ǘǸǊŜǾ ǘŜǎǘƛΣ ƪǊƛǘƛƪ ƴƻƪǘŀȅƤ ǎƤƴƤŦƭŀƴŘƤǊƳŀƪ ǾŜ ǀȊŜƭƭƛƪƭŜ ōǀƭƎŜǎŜƭ ƳŀƪǎƛƳǳƳ ǾŜ ōǀƭƎŜǎŜƭ 

ƳƛƴƛƳǳƳ ōǳƭƳŀƪ ƛœƛƴ ōƛǊ ȅƻƭ ǎŀƐƭŀǊΦ TƪƛƴŎƛ ǘǸǊŜǾ ǘŜǎǘƛƴƛ ǀȊŜǘƭŜƳŜƪ ƎŜǊŜƪƛǊǎŜΥ 

 

π ve    > 0 ƛǎŜΣ Ŧόǘύ ϥƛƴ ōǀƭƎŜǎŜƭ ōƛǊ ƳƛƴƛƳǳƳ ŘŜƐŜǊƛ ǘ Ґ ǇϥŘƛǊΦ 

 

π ve     ғ л ƛǎŜΣ Ŧ όǘύ ϥƛƴ ōǀƭƎŜǎŜƭ ōƛǊ ƳŀƪǎƛƳǳƳ ŘŜƐŜǊƛ ǘ Ґ ǇϥŘƛǊΦ 

 

π ve     Ґ л ƛǎŜΣ Ŧ όǘύ ϥƛƴ ǘ Ґ ǇϥŘŜƪƛ ŘŀǾǊŀƴƤǒƤ ƘŀƪƪƤƴŘŀ ōƛǊ ȅƻǊǳƳ ȅŀǇŀƳƤȅƻǊǳȊΦ 

 

.ǸƪǸƭƳŜ bƻƪǘŀƭŀǊƤΥ 

.ƛǊ Ŧόǘύ Ŧƻƴƪǎƛȅƻƴǳƴǳƴ ƎǊŀŦƛƐƛƴƛƴ ǘΩŘŜ ōƛǊ ōǸƪǸƭƳŜ ƴƻƪǘŀǎƤ ƻƭŘǳƐǳƴǳ ǾŀǊǎŀȅŀƭƤƳΦ Cƻƴƪǎƛȅƻƴǳƴ 

ƎǊŀŦƛƐƛ ȅǳƪŀǊƤ ŘƻƐǊǳ ƪŀǾƛǎŘŜƴ ŀǒŀƐƤ ŘƻƐǊǳ ƪŀǾƛǎŜ ǾŜȅŀ Ŧƻƴƪǎƛȅƻƴǳƴ ƎǊŀŦƛƐƛ ŀǒŀƐƤ ŘƻƐǊǳ 

ƪŀǾƛǎŘŜƴ ȅǳƪŀǊƤ ŘƻƐǊǳ ƪŀǾƛǎŜ ƎƛǘǎƛƴΦ !œƤƪ ōƛǊ ǒŜƪƛƭŘŜΣ ōƛǊ ōǸƪǸƭƳŜ ƴƻƪǘŀǎƤ ǎŀŘŜŎŜ ƛƪƛƴŎƛ ǘǸǊŜǾƛƴ 

л ƻƭŘǳƐǳ ƴƻƪǘŀƭŀǊŘŀ ƳŜȅŘŀƴŀ ƎŜƭŜōƛƭƛǊΣ ŀƪǎƛ ǘŀƪŘƛǊŘŜ ƎǊŀŦƛƪ ȅŀ ǘŀƳŀƳŜƴ ȅǳƪŀǊƤ ŘƻƐǊǳ ƪŀǾƛǎƭƛ 

ȅŀ Řŀ ƻ ƴƻƪǘŀŘŀ ǘŀƳŀƳŜƴ ŀǒŀƐƤ ŘƻƐǊǳ ƪŀǾƛǎƭƛ ƻƭŀŎŀƪǘƤr. 

 

.ǳƴǳƴƭŀ ōƛǊƭƛƪǘŜΣ ōǀƭƎŜǎŜƭ ƳŀƪǎƛƳǳƳ ǾŜ ōǀƭƎŜǎŜƭ ƳƛƴƛƳǳƳǳ ǾŜ ƛƭƪ ǘǸǊŜǾŘŜ ƻƭŘǳƐǳ ƎƛōƛΣ ōƛǊ 

Ŧƻƴƪǎƛȅƻƴǳƴ ƛƪƛƴŎƛ ǘǸǊŜǾƛƴƛƴ л ƻƭŘǳƐǳ ōƛǊ ƴƻƪǘŀƴƤƴ ǾŀǊƭƤƐƤΣ ƴƻƪǘŀƴƤƴ ōƛǊ ōǸƪǸƭƳŜ ƴƻƪǘŀǎƤ 

ƻƭŘǳƐǳƴǳ ƻǘƻƳŀǘƛƪ ƻƭŀǊŀƪ ǎǀȅƭŜƳŜȊΦ 5ƻƭŀȅƤǎƤȅƭŀΣ ƛƪƛƴŎƛ ǘǸǊŜǾ ōƛȊŜ ōƛǊ Ŧƻƴƪǎƛȅƻƴǳƴ ƎǊŀŦƛƐƛƴƛƴ 

ǒŜƪƭƛ ƘŀƪƪƤƴŘŀ œƻƪ ǒŜȅ ǎǀȅƭŜǎŜ ŘŜΣ ōƛȊŜ ƘŜǊ ǒŜȅƛ ǎǀȅƭŜȅŜƳŜȊΥ ōƛǊ Ŧƻƴƪǎƛȅƻƴǳƴ ƎǊŀŦƛƐƛƴƛƴ ōƛǊ 

ōǸƪǸƭƳŜ ƴƻƪǘŀǎƤ ƻƭǳǇ ƻƭƳŀŘƤƐƤƴƤ ōƛȊŜ ǎǀȅƭŜȅŜƳŜȊΤ ōƛȊŜ ǎŀŘŜŎŜ ōƛǊ ōǸƪǸƭƳŜ ƴƻƪǘŀǎƤ 

ƻƭŀōƛƭŜŎŜƐƛƴƛ ǎǀȅƭŜȅŜōƛƭƛǊΦ YƤǾǊƤƳ ƴƻƪǘŀƭŀǊƤƴƤ ƪŜǎƛƴ ƻƭŀǊŀƪ ōǳƭƳŀƪ ƛœƛƴ ƪǳƭƭŀƴŀōƛƭŜŎŜƐƛƳƛȊ ƛƪƛƴŎƛ 

ǘǸǊŜǾ ǘŜǎǘƛ Ǝƛōƛ ōƛǊ ǘŜǎǘƛ ŘǸǒǸƴŜōƛƭƛǊ ƳƛǎƛƴƛȊΚ 

 

 

 

 

 

 

 



3.3. Integration 

Let's now discuss integrals in the context of machine learning. Integration is used to find 

the area under a curve. The integral is the opposite of differentiation, and is often 

referred to as the anti-derivative. 

 
There are two types of integrals: definite and indefinite. 

 

Definite integrals ƘŀǾŜ ƭƛƳƛǘǎΣ ŀƴŘ Ŏŀƴ ōŜ ǿǊƛǘǘŜƴ ŀǎ ŦƻƭƭƻǿǎΥ ҝōŀŦόȄύŘȄҝŀōŦόȄύŘȄ 

 

Indefinite integrals have no limits, so we're taking the integral from negative infinity to 

ǇƻǎƛǘƛǾŜ ƛƴŦƛƴƛǘȅΥ ҝŦόȄύŘȄ 

 

As mentioned, the integral can be understood as the anti-derivative as it reverses 

differentiation. In the equation below we have the integral of Ŧ όȄύ is equal to f(x), so if we 

take the integral of a function we get back the original function. 

ҝŦ όȄύŘȄҐŦόȄύҌ/ 

 

The constant of integration and is there because the derivative of a constant is 0, so we 

don't know if it was there or not. 

 

 

The Rules of Integration 

Let's review a few of the rules of integration. 

The Power Rule - this is the reverse of the power rule in derivatives: 

ҝȄndx=xn+1 /(n+1)+C 

 

Constants - these follow the power rule: 



ҝƪŘȄҐƪȄҌ/ 

Evaluating Definite Integrals 

If we have limits on our integral a and b we evaluate them as follows: 

ҝōŀŦόȄύŘȄ 

 

This is the same as saying the (value of f(x) + C at x=b) - (value of f(x) + C at x=a). Since 

the C's are going to cancel out we're left with: 

ҝōŀŦόȄύŘȄҐŦόōύҍŦόŀύ 

ҝŀōŦόȄύŘȄҐŦόōύҍŦόŀύ 

 

This can also be written as: 

ҝōŀŦόȄύŘȄҐŦόȄύμōŀҐŦόōύҍŦόŀύҝŀōŦόȄύŘȄҐŦόȄύμŀōҐŦόōύҍŦόŀύ 

 

We'll discuss integrals more in our article on probability theory, but let's now move on to 

the concept of gradients. 

 

 
 

 

 

 

 

 



3.4. Diferansiyel Denklemlerin Faz Düzlemleri 

bir diferansiyel denkleme örnek olarak 

ώ σὼ τώ ὼὩ ςὧέὸὼ 

 

verilebilir. 

 

Bir diferansiyel denklemde en yüksek mertebeli türevin mertebesi diferansiyel denklemin 

mertebeǎƛƴƛ ǾŜǊƛǊΦ mǊƴŜƐƛƴ ǸǎǘǘŜƪƛ ŘŜƴƪƭŜƳ оΦ ƳŜǊǘŜōŜŘŜƴŘƛǊ ŘŜƴƛǊΦ .ǳƴǳƴ ȅŀƴƤƴŘŀΣ 

ƳŜǊǘŜōŜȅƭŜ ǎƤƪœŀ ƪŀǊƤǒǘƤǊƤƭŀƴ ōƛǊ ƪŀǾǊŀƳ ƻƭŀƴ dereceΩȅŜ ŘŜ ŘŜƐƛƴƳŜƪ ƎŜǊŜƪƛǊΦ .ƛǊ ŘƛŦŜǊŀƴǎƛȅŜƭ 

denklemde bulunan en yüksek mertebeli türevin üssüne, bu diferansiyel denklemin derecesi 

denecektir. 

 

.ƛǊ ŘƛŦŜǊŀƴǎƛȅŜƭ ŘŜƴƪƭŜƳŘŜƪƛ ōŀƐƤƳƭƤ ŘŜƐƛǒƪŜƴ ǾŜ ǘǸƳ ǘǸǊŜǾƭŜǊƛ ōƛǊƛƴŎƛ ŘŜǊŜŎŜŘŜƴ ƛǎŜΣ 

diferansiyel denkleme lineer diferansiyel denklem denir.  

 

5ƻƭŀȅƤǎƤȅƭŀ ƛœŜǊƛǎƛƴŘŜ y3 ΣόȅΩΩύ2 Σ ȅȅΩΣ ȅΩȅΩΩΩΣ ǎƛƴ ȅΣ Ŝy gibi terimler bulunan denklemler lineer 

ŘŜƐƛƭŘƛǊΦ .ǳƴǳƴ ȅŀƴƤƴŘŀ ŘŜƴƪƭŜƳ x2 Σ ȄȅΩΩ Σ ǎƛƴ ȄΣ  ƭƴ Ȅ  türünden ifadeler içerebilir. 

 

5ŀƘŀ ƎŜƴŜƭ ōƛǊ ƛŦŀŘŜȅƭŜ ŜƐŜǊ ōƛr diferansiyel denklem 

ώ Ὢὼώ Ὢὼώ Ễ Ὢὼώ Ὑὼ 

 

ŦƻǊƳǳƴŘŀ ƛŦŀŘŜ ŜŘƛƭŜōƛƭƛȅƻǊǎŀ ŘŜƴƪƭŜƳŜ ƭƛƴŜŜǊŘƛǊ ŘƛȅŜŎŜƐƛȊΣ ŀƪǎƛ ƘŀƭŘŜ ƭƛƴŜŜǊ ƻƭƳŀȅŀƴ ōƛǊ 

ŘƛŦŜǊŀƴǎƛȅŜƭ ŘŜƴƪƭŜƳ ǎǀȊ ƪƻƴǳǎǳŘǳǊΦ .ǳ ŘŜƴƪƭŜƳŘŜ ŜƐŜǊ R( x ) = 0 ise lineer diferansiyel 

denklem homojendir. Aksi durumda denklem homojen olmayan ŘƛŦŜǊŀƴǎƛȅŜƭ ŘŜƴƪƭŜƳ ŀŘƤƴƤ 

ŀƭƤǊΦ 

 

!ǒŀƐƤŘŀƪƛ ŘƛŦŜǊŀƴǎƛȅŜƭ ŘŜƴƪƭŜƳƭŜǊƛ ǎƤƴƤŦƭŀƴŘƤǊƤƴƤȊΦ 

Çözüm 

(1) ȅΩΩΩ + 3y = 0 όнΦ ƳŜǊǘŜōŜπƭƛƴŜŜǊπƘƻƳƻƧŜƴύ 

(2) ȅΩΩ + 3y = 2x + sin x  (2. ƳŜǊǘŜōŜπƭƛƴŜŜǊπƘƻƳƻƧŜƴ ŘŜƐƛƭύ 

(3) ȅΩΩ + оȅȅΩ = 0 όнΦ ƳŜǊǘŜōŜπƭƛƴŜŜǊ ŘŜƐƛƭύ 

(4) ȅΩΩΩ + ǎƛƴ Ȅ ȅΩ + cos y = eӇ2x όоΦ ƳŜǊǘŜōŜπƭƛƴŜŜǊ ŘŜƐƛƭπƘƻƳƻƧŜƴ ŘŜƐƛƭύ 

 

 

 

 

 

 

 

 

 



I Ṗ w ƻƭƳŀƪ ǸȊŜǊŜ ǘ ōŀƐƤƳǎƤȊ ŘŜƐƛǒƪŜƴƛƴƛƴ ǘǸǊŜǾƭŜƴŜōƛƭƛǊ ōƛǊ Ȅ Υ LҦR fonksiyonunu ele 

ŀƭŀƭƤƳΦ .ǳ bölümde f : RҦR olmak üzere 

ὼ= f (x) ( 

 

ŘƛŦŜǊŀƴǎƛȅŜƭ ŘŜƴƪƭŜƳƛƴŘŜ ōƛƭƛƴƳŜȅŜƴ Ȅ ŦƻƴƪǎƛȅƻƴǳƴŘŀ ǘǸǊŜǾ ǘ ŘŜƐƛǒƪŜƴƛƴŜ ƎǀǊŜΣ Ŧ ŦƻƴƪǎƛȅƻƴǳƴŘŀ ƛǎŜ Ȅ 

ŘŜƐƛǒƪŜƴƛƴŜ ƎǀǊŜ ƻƭŀŎŀƪǘƤǊΦ {ƤƪƭƤƪƭŀ ƪŀǊƤǒƤƪƭƤƪ ƻƭƳŀƳŀǎƤ ƛœƛƴ ŘȄκŘǘ ǾŜ ŘŦ κŘȄ ǘǸǊŜǾƭŜǊƛƴƛƴ ǎƤǊŀǎƤȅƭŀ ὼ ve 

ὪnotasȅƻƴƭŀǊƤ ƪǳƭƭŀƴƤƭƳŀƪǘŀŘƤǊΦ .ǳ ŘŜƴƪƭŜƳŜ ōƛǊ ǎƪŀƭŜǊ ƻǘƻƴƻƳ ŘŜƴƪƭŜƳ ŘŜƴƛǊΣ ǎƪŀƭŜǊ ŘŜƴƳŜǎƛƴƛƴ 

ǎŜōŜōƛ ōƛǊ ōƻȅǳǘƭǳ όǊŜŜƭ ŘŜƐƛǒƪŜƴƭƛύ ƻƭƳŀǎƤ ǾŜ ƻǘƻƴƻƳ ŘŜƴƳŜǎƛƴƛƴ ǎŜōŜōƛ ŘŜ Ŧ Ŧƻƴƪǎƛȅƻƴǳƴǳƴ ǘ 

ŘŜƐƛǒƪŜƴƛƴŘŜƴ ōŀƐƤƳǎƤȊ ƻƭƳŀǎƤŘƤǊΦ  

 

Otonom denklemlerin genel formu,  ὼ= ŦόȄύ ŘƤǊΦ .ƛǊ ŘƛŦŜǊŀƴǎƛȅŜƭ ŘŜƴƪƭŜƳƛƴ ƻǘƻƴƻƳ ƻƭŀōƛƭƳŜǎƛ 

ƛœƛƴ  ǘǸǊŜǾ ŜǒƛǘƭƛƐƛƴƛƴ ƪŀǊǒƤǎƤƴŘŀ ŦƻƴƪǎƛȅƻƴŘŀ ǎŀŘŜŎŜ Ȅ ƛŦŀŘŜƭŜǊƛ ƻƭƳŀǎƤŘƤǊΦ .ŀǒƪŀ ōƛǊ ŘŜƐƛǒƪŜƴ 

ƻƭƳŀƳŀǎƤŘƤǊΦ .ǳ ŦƻǊƳŘŀƪƛ ŘŜƴƪƭŜƳƭŜǊŜ ƻǘƻƴƻƳ ŘƛŦŀǊŜƴǎƛȅŜƭ ŘŜƴƪƭŜƳƭŜǊ ŀŘƤ ǾŜǊƛƭƛǊΦ hǘƻƴƻƳ 

diferansiyel denkƭŜƳƭŜǊƛƴ ŘŀǾǊŀƴƤǒƤ ƎŜƴŜƭƭƛƪƭŜ ὼ-x ƎǊŀŦƛƐƛ œƛȊƛƭŜǊŜƪ ŀƴƭŀǒƤƭƳŀȅŀ œŀƭƤǒƤƭƤǊΦ 

5ŀǾǊŀƴƤǒǘŀƴ ƪŀǎǘŜŘƛƭŜƴ œǀȊǸƳ ŜƐǊƛƭŜǊƛƴƛ ǘŀƘƳƛƴ ŜǘƳŜƪǘƛǊΦ ὼ-x ƎǊŀŦƛƐƛ ȅƻǊǳƳƭŀƴŀǊŀƪ œǀȊǸƳ 

ŜƐǊƛƭŜǊƛƴƛƴ ƎǀǊǸƴǸƳǸ ǘŀƘƳƛƴ ŜŘƛƭŜōƛƭƛǊΦ  DǊŀŦƛƪ œƛȊƛƭŜǊŜƪ œǀȊǸƳ ŜƐǊƛƭŜǊƛƴƛƴ ǘŀƘƳƛƴ ŜŘƛƭƳŜǎƛne 

faz düzlem analizi denir. 

 

Öncelikle ὼ-x ƎǊŀŦƛƐƛƴƛ œƛȊƛƭƛǊΦ 

 
 Ŝƪƛƭ нΦмΦм 

 

.ǳ ƎǊŀŦƛƐƛ œƛȊŘƛƪǘŜƴ ǎƻƴǊŀ ǒǳ ȅƻǊǳƳƭŀǊƤ ȅŀǇŀǊƤȊΦ ȅҐŀΣ ȅҐōΣ ȅҐŎ ŘŜƐŜǊƭŜǊƛ ȅΩҐȅ Ŧƻƴƪǎƛȅƻƴǳƴǳƴ 

kökleridir. 

ȅғŀ            ƛǎŜ        ȅΩғл 

ȅҐŀ            ƛǎŜ        ȅΩҐл 

a<y<b       ƛǎŜ        ȅΩҔл 

ȅҐō            ƛǎŜ       ȅΩҐл 

ōғȅғŎ        ƛǎŜ       ȅΩғл 

ȅҐŎ            ƛǎŜ        ȅΩҐл 

ȅҔŎ            ƛǎŜ        ȅΩҔл 



 

DǊŀŦƛƐŜ ōŀƪŀǊŀƪ ōǳ ȅƻǊǳƳƭŀǊƤ ƪƻƭŀȅƭƤƪƭŀ ȅŀǇŀōƛƭƛǊƛȊΦ .ǳ ƛǒƭŜƳŘŜƴ ǎƻƴǊŀ ŜƭŘŜ ŜǘǘƛƐƛƳƛȊ 

bilgilerden yararlanarak çözüm eƐǊƛƭŜǊƛƴƛƴ ǒŜƪƭƛƴƛ ǘŀƘƳƛƴ ŜŘŜǊƛȊΦ  ǀȅƭŜƪƛΤ ȅΩҔл ƛǎŜ œǀȊǸƳ 

ŜƐǊƛƭŜǊƛ ȅǳƪŀǊƤ ŘƻƐǊǳ ƳŜȅƛƭƭƛ ƻƭŀŎŀƪǘƤǊΦ 4ǸƴƪǸ ǘǸǊŜǾƛƴ ǇƻȊƛǘƛŦ ƻƭŀōƛƭƳŜǎƛ ƛœƛƴ ȅ ƴƛƴ ƎǊŀŦƛƐƛ ōǳ 

ǒŜƪƛƭŘŜ  ōƛǊ ŜƐǊƛ ƻƭƳŀƭƤŘƤǊΦ 5ƻƭŀȅƤǎƤȅƭŀ ōǳƴŀ œƛȊƛƭŜƴ ǘŜƐŜǘ ȅŀƴƛ ǘǸǊŜǾ ǇƻȊƛǘƛŦ ƻƭƳŀƭƤŘƤǊΦ¢ŜƐŜǘƛƴ 

ŜƐƛƳƛ ǒŜƪƛƭŘŜƪƛ Ǝƛōƛ ǇƻȊƛǘƛŦǘƛǊΦ ȅΩғл ƛǎŜ œǀȊǸƳ ŜƐǊƛƭŜǊƛ ŀǒŀƐƤ ƳŜȅƛƭƭƛ ƻƭŀŎŀƪǘƤǊΦ ȅΩҐл ƛǎŜ œǀȊǸƳ 

ŜƐǊƛƭŜǊƛ ŜƐƛƳƛ ǎƤŦƤǊ ƻƭŀƴ ŘǸȊ ōƛǊŜǊ œƛȊƎƛ ƻƭŀŎŀƪǘƤǊΦ  .ǳ ōƛƭƎƛƭŜǊƛ ƪǳƭƭŀƴŀǊŀƪ ōŀǎƛǘœŜ œǀȊǸƳ 

ŜƐǊƛƭŜǊƛƴƛƴ ǒŜƪƭƛƴƛ œƛȊŜōƛƭƛǊƛȊΦ  

 

4ǀȊǸƳ ŜƐǊƛƭŜǊƛ œƛȊƛƭƛǊΦ ¸-ekseni ve y ƴƛƴ ōŀƐƭƤ ƻƭŘǳƐǳ ŘŜƐƛǒƪŜƴ ŎƛƴǎƛƴŘŜƴ ŜƪǎŜƴƭŜǊ œƛȊƛƭƛǊΦ .ƛȊ ǘ 

ŘŜƐƛǒƪŜƴƛ ƪǳƭƭŀƴŀŎŀƐƤȊΦ ¸ǳƪŀǊƤŘŀ ŦŀȊ ŘǸȊƭŜƳ ŀƴŀƭƛȊƛƴŘŜ ȅΩ-ȅ ƎǊŀŦƛƐƛ œƛȊƛƭƛǇ ȅƻǊǳƳƭŀƴŘƤΦ .ǳ ƛǎŜ 

œǀȊǸƳ ŜƐǊƛƭŜǊƛƴƛ ƎǀǎǘŜǊŜƴ ȅ-ǘ ƎǊŀŦƛƐƛ ƻƭŀŎŀƪǘƤǊΦ 

 

y

t

y=c

y=b

y=a
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y=a , ȅҐō ǾŜ ȅҐŎ ƴƻƪǘŀƭŀǊƤƴŘŀ ǘǸǊŜǾƛƳƛȊ άлέ ŀ Ŝǒƛǘ ƻƭŘǳƐǳ ƛœƛƴ ŜƐǊƛƭŜǊƛƳƛȊƛƴ ŜƐƛƳƛ ǎƤŦƤǊ ƻƭŀƴ ŘǸȊ 

œƛȊƎƛƭŜǊ ƻƭƳŀƪ ȊƻǊǳƴŘŀŘƤǊΦ 5ǸȊ ƻƭŀǊŀƪ œƛȊŘƛƐƛƳƛȊ œǀȊǸƳ ŜƐǊƛƭŜǊƛƴŜ ŘŜƴƎŜ œǀȊǸƳƭŜǊƛ ŀŘƤ ǾŜǊƛƭƛǊΦ 

5ƛƪƪŀǘ ŜŘƛƴ ƘƛœōƛǊ œǀȊǸƳ ŜƐǊƛǎƛ ōƛǊōƛǊƛƴŜ ŘŜƐƳŜƳŜƭƛŘƛǊΦ 5ŜƴƎŜ œǀȊǸƳƭŜǊƛ ƛƭŜ ŘŜ ƪŜǎƛǒƳŜȊΦ 

DǊŀŦƛƪǘŜ ƎǀǊǸƭŜƴ œǀȊǸƳ ŜƐǊƛƭŜǊƛƴƛƴ ǒŜƪƛƭƭŜǊƛ ōǀȅƭŜƭƛƪƭŜ ǘŀƘƳƛƴ ŜŘƛƭƛǊΦ CŀȊ ŘǸȊƭŜƳ ŀƴŀƭƛȊƛ ȅΩ-y 

ƎǊŀŦƛƐƛƴƛ ƛƴŎŜƭŜȅŜǊŜƪ ōǳ ǎƻƴǳœƭŀǊŀ ǾŀǊŘƤƪΦ 5ƛƐŜǊ œǀȊǸƳƭŜǊ ŘŜƴƎŜ œǀȊǸƳƭŜǊƛƴŜ όȅΩҐл ƻƭŀƴ 

œƛȊƎƛƭŜǊŜύ ȅŀƪƭŀǒƳŀȅŀ œŀƭƤǒƤǊΦ {ŀƴƪƛ ŘƛƐŜǊ œǀȊǸƳ ŜƐǊƛƭŜǊƛ ōƛǊ ǒŜƪƛƭŘŜ ŘŜƴƎŜǎƛƴƛ ŀǊƤȅƻǊ ǾŜ ƻǊŀȅŀ 

ŘƻƐǊǳ ȅŀƪƭŀǒƳŀȅŀ œŀƭƤǒƤȅƻǊΦ .ǳ ȅǸȊŘŜƴ ŘŜƴƎŜ œǀȊǸƳƭŜǊƛ ƻƭŀǊŀƪ ŀŘƭŀƴŘƤǊƤƭƳƤǒǘƤǊΦ .ǳ ŘŜƴƎŜ 

œǀȊǸƳƭŜǊƛ ǀǊƴŜƐƛƳƛȊ ƛœƛƴΤ  ȅҐŀΣ ȅҐō ǾŜ ȅҐŎ ƻƭƳŀƪ ǸȊŜǊŜ ǸœǘŀƴŜŘƛǊΦ 



 

5ŜƴƎŜ œǀȊǸƳƭŜǊƛƴƛƴ о œŜǒƛŘƛ ǾŀǊŘƤǊΥ 

¶ YŀǊŀǊƭƤ ŘŜƴƎŜ œǀȊǸƳǸƭŜǊi 

¶ YŀǊŀǊǎƤȊ ŘŜƴƎŜ œǀȊǸƳƭŜǊƛ 

¶ ¸ŀǊƤ ƪŀǊŀǊƭƤ ŘŜƴƎŜ œǀȊǸƳƭŜǊƛ 

 

 .ǳƴƭŀǊƤ ŀƴƭŀƳŀƪ ƛœƛƴ ǘŜƪǊŀǊ ƎǊŀŦƛƐŜ ōŀƪƤƭƤǊǎŀΣ ȅҐŎ ŘŜƴƎŜ œǀȊǸƳǸƴŜ ōŀƪƤƭƤǊǎŀ ŀƭǘƤƴŘŀ ǾŜ 

ǸǎǘǸƴŘŜ ƪŀƭŀƴ œǀȊǸƳ ŜƐǊƛƭŜǊƛƴŜ ƎǀǊŜ ȅƻǊǳƳƭŀƴƤǊΦ ǘ ǎƻƴǎǳȊŀ ƎƛŘŜǊƪŜƴ ŀƭǘƤƴŘŀƪƛ ǾŜ ǸǎǘǸƴŘŜƪƛ 

ƛƪƛ œǀȊǸƳ ŜƐǊƛǎƛ ŘŜ ȅҐŎ ŘŜƴƎŜ œǀȊǸƳǸƴŘŜƴ ǳȊŀƪƭŀǒƳŀƪǘŀŘƤǊΦ 5ƻƭŀȅƤǎƤȅƭŀ άȅҐŎέ ȅŜ ƪŀǊŀǊǎƤȊ 

ŘŜƴƎŜ œǀȊǸƳǸ ŘŜƴƛǊΦ YŀǊŀǊǎƤȊ ŘŜƴƎŜŘŜΣ œǀȊǸƳŘŜƴ ōƛǊŀȊ ŘƤǒŀǊƤ œƤƪƤƭŘƤƐƤƴŘŀ œǀȊǸƳƭŜǊ 

ŘŜƴƎŜŘŜƴ ǳȊŀƪƭŀǒƤǊΦ 

 

ȅҐō ŘŜƴƎŜ œǀȊǸƳǸƴŜ ōŀƪŀǊǎŀƪΣ ǘ ǎƻƴǎǳȊŀ ƎƛŘŜǊƪŜƴ œǀȊǸƳŘŜƴ ōƛǊŀȊ ŘƤǒŀǊƤ œƤƪƤƭŘƤƐƤƴŘŀ ŀƭǘǘŀƪƛ 

ǾŜ ǸǎǘǘǘŜƪƛ ƛƪƛ œǀȊǸƳ ŜƐǊƛǎƛ ŘŜ ȅҐō ŘŜƴƎŜ œǀȊǸƳǸƴŜ ȅŀƪƭŀǒƳŀƪǘŀŘƤǊΦ 5ƻƭŀȅƤǎƤȅƭŀ άȅҐōέ ȅŜ 

ƪŀǊŀǊƭƤ ŘŜƴƎŜ œǀȊǸƳǸ ŘŜƴƛǊΦ YŀǊŀǊƭƤ ŘŜƴƎŜ œǀȊǸƳǸƴŘŜΣ œǀȊǸƳŘŜƴ ōƛǊŀȊ ŘƤǒŀǊƤ œƤƪƤƭŘƤƐƤƴŘŀ 

œǀȊǸƳƭŜǊ ŘŜƴƎŜȅŜ ȅŀƪƭŀǒƳŀ ŜƐƛƭƛƳƛ ƎǀǎǘŜǊƛǊΦ 

 

ȅҐŀ ŘŜƴƎŜ œǀȊǸƳǸƴŜ ōŀƪŀǊǎŀƪΣ ǘ ǎƻƴǎǳȊŀ ƎƛŘŜǊƪŜƴ ŀƭǘƤƴŘŀ ǾŜ ǸǎǘǸƴŘŜ ƪŀƭŀƴ ƛƪƛ œǀȊǸƳ ŜƐǊƛsi 

ŘŜ άȅҐŀέ  œǀȊǸƳǸƴŘŜƴ ǳȊŀƪƭŀǒƳŀƪǘŀŘƤǊΦ 5ƻƭŀȅƤǎƤȅƭŀ άȅҐŀέ ȅŀ ƪŀǊŀǊǎƤȊ ŘŜƴƎŜ œǀȊǸƳǸ ŘŜƴƛǊΦ 

¸ŀǊƤ ƪŀǊŀǊƭƤ ŘŜƴƎŜ œǀȊǸƳǸƴǸƴǸ ƎǀǎǘŜǊƳŜƪ ƎŜǊŜƪƛǊǎŜ  άȅҐŘέ ŘŜ ŘŜƴƎŜ œǀȊǸƳǸƳǸȊ ǾŀǊ 

diyelim. 

 
 Ŝƪƛƭ нΦмΦо 

 

 ǘ ǎƻƴǎǳȊŀ ŘƻƐǊǳ ƎƛŘŜǊƪŜƴ  άȅҐŘέ ŘƻƐǊǳǎǳƴŘŀƴ ȅǳƪŀǊƤ ŘƻƐǊǳ ȅŀƪƭŀǒǘƤƐƤƴŘŀ άȅҐŘέ 

ŘƻƐǊǳǎǳƴŘŀƴ ǳȊŀƪƭŀǒƤǊƪŜƴΦ !ǒŀƐƤŘŀƪƛ œǀȊǸƳ ŜƐǊƛǎƛƴŜ ȅŀƪƭŀǒƤƭŘƤƐƤƴŘŀ άȅҐŘέ ŘƻƐǊǳǎǳƴŀ 

ȅŀƪƤƴƭŀǒƳŀƪǘŀŘƤǊΦ ¸ŀǊƤ ƪŀǊŀǊƭƤ ŘŜƴƎŜ œǀȊǸƳǸҐ œǀȊǸƳ ŜƐǊƛƭŜǊƛƴŘŜƴ ōƛǊƛ œǀȊǸƳ ŘƻƐǊǳǎǳƴŀ 

ȅŀƪƭŀǒƤǊƪŜƴ ŘƛƐŜǊƛ ǳȊŀƪƭŀǒƤȅƻǊǎŀ ōǳƴŀ ȅŀǊƤ ƪŀǊŀǊƭƤ ŘŜƴƎŜ œǀȊǸƳǸ ŘŜƴƛǊΦ 

 CŀȊ ŘǸȊƭŜƳ ŀƴŀƭƛȊƛƴƛ ŘŀƘŀ ƛȅƛ ƪŀǾǊŀƳŀƪ ƛœƛƴ ōŀǒƪŀ ōƛǊ ǀǊƴŜƪ ǸȊŜǊƛƴŘŜƴ ƎƛŘŜƭƛƳ 

 

 



Örnek: 

ȅΩҐȅόȅ-1).(2-ȅύ ŘƛŦŜǊŀƴǎƛȅŜƭ ŘŜƴƪƭŜƳƛ ƛœƛƴ ǀƴŎŜƭƛƪƭŜ ȅΩ-ȅ  ƎǊŀŦƛƐƛƴƛ œƛȊŜƭƛƳ ǾŜ œǀȊǸƳ ŜƐǊƛƭŜǊƛƴƛ 

tahmin edelim. 4ǀȊǸƳ ȅόǘύ ǒŜƪƭƛƴŘŜ ƛŦŀŘŜ ŜŘƛƭƳŜƪǘŜŘƛǊΦ Daha sonra denge çözümlerini 

ōǳƭŀƭƤƳ ǾŜ ƪŀǊŀǊƭƤƭƤƪ ŘǳǊǳƳƭŀǊƤƴƤ ƛƴŎŜƭŜȅŜƭƛƳΦ 5ŀƘŀ ǎƻƴǊŀ ȅόнύҐр Σ ȅόмлύҐн Σ ȅόмύҐоκн Σ ȅόоύҐмΣ 

y(1)=-н ōŀǒƭŀƴƎƤœ ƴƻƪǘŀƭŀǊƤ ƻƭƳŀƪ ǸȊŜǊŜ ǘ ǎƻƴǎǳȊŀ ƎƛŘŜǊƪŜƴ ȅόǘύ ƴŜ ƻƭǳǊ ƛƴŎŜƭŜȅŜƭƛƳΦ 

  5ŜƴƪƭŜƳ ƎǀǊŘǸƐǸƳǸȊ ǸȊŜǊŜ ǘŜƪ ŘŜƐƛǒƪŜƴ άȅέ ƻƭŘǳƐǳ ƛœƛƴ ƻǘƻƴƻƳ bir denklemdir. Çünkü, 

ŘŜƴƪƭŜƳŘŜ ǎŀŘŜŎŜ ȅϥƭƛΩƛŦŀŘŜƭŜǊ ōǳƭǳƴƳŀƪǘŀŘƤǊΦ Tƭƪ ƛǒƛƳƛȊ ȅΩ-ȅ ƎǊŀŦƛƐƛƴƛ œƛȊƳŜƪ ƻƭŀŎŀƪǘƤǊΦ  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 Ŝƪƛƭ нΦмΦп 

 

4ǀȊǸƳ ŜƐǊƛƭŜǊƛΥ 

4ǀȊǸƳ ŜƐǊƛƭŜǊƛƴƛ ǘŀƘƳƛƴ ŜǘƳŜƪ ƛœƛƴ ŦŀȊ ŘǸȊƭŜƳƛ ŀƴŀƭƛȊ ȅŀǇƤƭƤǊΦ  DǊŀŦƛƪ ǸȊŜǊƛƴŘŜ ǘǸǊŜǾƛƴ 

ǎƤŦƤǊŘŀƴ ōǸȅǸƪΣ ǎƤŦƤǊŘŀƴ ƪǸœǸƪ ǾŜ ǎƤŦƤǊŀ Ŝǒƛǘ ƻƭƳŀǎƤ ȅƻǊǳƳƭŀƴƤǊΦ  4ǀȊǸƳ ŜƐǊƛƭŜǊƛƴƛ ǘŀƘƳƛƴ 

edelim.  

 

ȅғл ŘŜƐŜǊƭŜǊƛ ƛœƛƴ ȅΩҔл ƻƭǳǊΦ h ƘŀƭŘŜ œǀȊǸƳ ŜƐǊƛǎƛ ȅǳƪŀǊƤ ŘƻƐǊǳ ƳŜȅƛldir ve y=0 çizgisine 

ŘŜƐƳŜȊΦ 

ȅҐл ƛƭŜ ȅҐм ŀǊŀƭƤƐƤƴŘŀ ȅΩғл ƻƭǳǊΦ h ƘŀƭŘŜ œǀȊǸƳ ŜƐǊƛǎƛ ŀǒŀƐƤ ŘƻƐǊǳ ƳŜȅƛƭŘƛǊ ǾŜ ȅҐл ǾŜ ȅҐм 

œƛȊƎƛƭŜǊƛƴŜ ŘŜƐƳŜȊΦ 

ȅҐм ƛƭŜ ȅҐн ŀǊŀƭƤƐƤƴŘŀ ȅΩҔл ƻƭǳǊΦ h ƘŀƭŘŜ œǀȊǸƳ ŜƐǊƛǎƛ ȅǳƪŀǊƤ ŘƻƐǊǳ ƳŜȅƛƭŘƛǊ ǾŜ ȅҐм ƛƭŜ ȅҐн 

œƛȊƎƛƭŜǊƛƴŜ ŘŜƐƳŜȊΦ 

y>2 ŘŜƐŜǊƭŜǊƛ ƛœƛƴ ȅΩғл ƻƭǳǊΦ h ƘŀƭŘŜ œǀȊǸƳ ŜƐǊƛǎƛ ŀǒŀƐƤ ŘƻƐǊǳ ƳŜȅƛƭŘƛǊ ǾŜ ȅҐн œƛȊƎƛǎƛƴŜ 

ŘŜƐƳŜȊΦ 

 

 

 

 



y

t

y=2

y=1

y=0

 
 Ŝƪƛƭ нΦмΦр 4ǀȊǸƳ ŜƐǊƛƭŜǊƛ 

 

5ŜƴƎŜ 4ǀȊǸƳƭŜǊƛ ǾŜ YŀǊŀǊƭƤƭƤƪ 5ǳǊǳƳƭŀǊƤΥ 

5ŜƴƎŜ œǀȊǸƳƭŜǊƛ ǘǸǊŜǾƛƴ ǎƤŦƤǊŀ Ŝǒƛǘ ƻƭŘǳƐǳ ŘǳǊǳƳƭŀǊŘƤǊΦ YŀǊŀƭƤƭƤƪ ŘǳǊǳƳƭŀǊƤ ŀƴŀƭƛȊ ŜŘƭƛǊƪŜƴ 

ŘŜƴƎŜ œǀȊǸƳƭŜǊƛƴŜ ōŀƪƤƭƤǊΦ 4ǀȊǸƳ ŜƐǊƛƭŜǊƛ ƪŜǎƛǒƳŜȊΤ ȅҐлΣ ȅҐм ǾŜ ȅҐн ŘŜƴƎŜ œǀȊǸƳƭŜǊƛŘƛǊΦ 

 ƛƳŘƛ ŘŜƴƎŜ œǀȊǸƳƭŜǊƛƴŜ ǾŜ ƪŀǊŀǊƭƤƭƤƪ ŘǳǊǳƳƭŀǊƤƴŀ ōŀƪŀƭƤƳΦ  

 

 Ŝƪƛƭ оΦрΩŘŜ ȅҐнΩŘŜƴ ōƛǊŀȊ ȅǳƪŀǊƤ ŘƻƐǊǳ œƤƪƤƭƤǊǎŀ ȅҔн ōǀƭƎŜǎƛƴŘŜƪƛ ŜƐǊƛȅƛ ȅŀkalar ve t 

ōǸȅǸŘǸƪŎŜ ȅҐн œƛȊƎƛǎƛƴŜ ȅŀƪƭŀǒƤǊΦ ȅҐнΩŘŜƴ ōƛǊŀȊ ŀǒŀƐƤ ŘƻƐǊǳ ƛƴƛƭƛǊǎŜ ȅғн ōǀƭƎŜǎƛƴŘŜƪƛ ŜƐǊƛȅƛ 

ȅŀƪŀƭŀǊ ǾŜ ǘ ōǸȅǸŘǸƪŎŜ ȅҐн œƛȊƎƛǎƛƴŜ ȅŀƪƭŀǒƤǊΦ h ƘŀƭŘŜ ȅҐн œƛȊƎƛǎƛ ƪŀǊŀǊƭƤ ōƛǊ ŘŜƴƎŜ 

çözümüdür. 

 

 Ŝƪƛƭ оΦрΩŘŜ ȅҐмΩŘŜƴ ōƛǊŀȊ ȅǳƪŀǊƤ ŘƻƐǊǳ œƤƪƤƭƤǊǎŀ ȅҔм ōǀƭƎŜǎƛƴŘŜƪƛ ŜƐǊƛȅƛ ȅŀƪŀƭŀǊ ǾŜ ǘ 

ōǸȅǸŘǸƪŎŜ ȅҐн œƛȊƎƛǎƛƴŜ ȅŀƪƭŀǒƤǊΦ ȅҐмΩŘŜƴ ōƛǊŀȊ ŀǒŀƐƤ ŘƻƐǊǳ ƛƴƛƭƛǊǎŜ ȅғм ōǀƭƎŜǎƛƴŘŜƪƛ ŜƐǊƛȅƛ 

ȅŀƪŀƭŀǊ ǾŜ ǘ ōǸȅǸŘǸƪŎŜ ȅҐл œƛȊƎƛǎƛƴŜ ȅŀƪƭŀǒƤǊΦ h ƘŀƭŘŜ ȅҐм œƛȊƎƛǎƛ ƪŀǊŀǊǎƤȊ ōƛǊ ŘŜƴƎŜ 

çözümüdür. 

 

 Ŝƪƛƭ оΦрΩŘŜ ȅҐлΩŘŜƴ ōƛǊŀȊ ȅǳƪŀǊƤ ŘƻƐǊǳ œƤƪƤƭƤǊǎŀ ȅҔл ōǀƭƎŜǎƛƴŘŜƪƛ ŜƐǊƛȅƛ ȅŀƪŀƭŀǊ ǾŜ ǘ 

ōǸȅǸŘǸƪŎŜ ȅҐл œƛȊƎƛǎƛƴŜ ȅŀƪƭŀǒƤǊΦ ȅҐлΩŘŜƴ ōƛǊŀȊ ŀǒŀƐƤ ŘƻƐǊǳ ƛƴƛƭƛǊǎŜ ȅғл ōǀƭƎŜǎƛƴŘŜƪƛ ŜƐǊƛȅƛ 

ȅŀƪŀƭŀǊ ǾŜ ǘ ōǸȅǸŘǸƪŎŜ ȅҐл œƛȊƎƛǎƛƴŜ ȅŀƪƭŀǒƤǊΦ h ƘŀƭŘŜ ȅҐл œƛȊƎƛǎƛ ƪŀǊŀƭƤ ōƛǊ ŘŜƴƎŜ œǀȊǸƳǸŘǸǊΦ 

 

y(2)=5 , y(10)=2 , y(1)=3/2 , y(3)=1, y(1)=-нΣ   ōŀǒƭŀƴƎƤœ ƴƻƪǘŀƭŀǊƤ ƛœƛƴ ǘ ǎƻƴǎǳȊŀ ƎƛǘǘƛƐƛƴŘŜ 

œǀȊǸƳ ŜƐǊƛƭŜǊƛƴƛƴ ŘŀǾǊŀƴƤǒƭŀǊƤƴƤƴ ŀƴƭƛȊ ŜŘƛƭƳŜǎƛΥ 

 



y

t

y=2

y=1

y=0

(2,5)

(1,3/2)

(3,1)

(1,-2)

 
 Ŝƪƛƭ нΦмΦс 

 

ǘҐнΣ ƛƪŜƴ ȅҐр ƴƻƪǘŀǎƤ ȅҔн œǀȊǸƳ ŜƐǊƛǎƛ ǸȊŜǊƛƴŜ ŘǸǒŜǊΦ ǘ Ҧ  ƻƭǳǊǎŀΣ ȅҐн œƛȊƎƛǎƛƴŜ ȅŀƪƭŀǒƤǊΦ 

ÌÏÇOώὸ ςΦ YŀǊŀǊƭƤŘƤǊΦ 

 

ǘҐмΣ ƛƪŜƴ ȅҐоκн ƴƻƪǘŀǎƤ ȅғн ǾŜȅŀ ȅҔм œǀȊǸƳ ŜƐǊƛǎƛ ǸȊŜǊƛƴŜ ŘǸǒŜǊΦ ǘ Ҧ  ƻƭǳǊǎŀΣ ȅҐн œƛȊƎƛǎƛƴŜ 

ȅŀƪƭŀǒƤǊΦ ÌÏÇOώὸ ςΦ YŀǊŀƭƤŘƤǊΦ 

 

ǘҐоΣ ƛƪŜƴ ȅҐм ƴƻƪǘŀǎƤ ȅŀ ȅҔм ȅŀ Řŀ ȅғм œǀȊǸƳ ŜƐǊƛǎƛ ǸȊŜǊƛƴŜ ŘǸǒŜǊΦ ǘ Ҧ  ƻƭǳǊǎŀΣ ȅŀ y=2 ya da 

ȅҐл œƛȊƎƛǎƛƴŜ ȅŀƪƭŀǒƤǊΦ YŀǊŀǊǎƤȊŘƤǊΦ 

 

t=1, iken y=-н ƴƻƪǘŀǎƤ ȅғл œǀȊǸƳ ŜƐǊƛǎƛ ǸȊŜǊƛƴŜ ŘǸǒŜǊΦ ǘ Ҧ  ƻƭǳǊǎŀΣ ȅҐл œƛȊƎƛǎƛƴŜ ȅŀƪƭŀǒƤǊΦ 

ÌÏÇOώὸ πΦ YŀǊŀǊƭƤŘƤǊΦ 

 

Örnek: 

ȅΩҐώ-4ώ+5y-н ŘƛŦŜǊŀƴǎƛȅŜƭ ŘŜƴƪƭŜƳ ƛœƛƴΣ ȅΩ-ȅ ƎǊŀŦƛƐƛƴƛ œƛȊŜƭƛƳ ǾŜ œǀȊǸƳ ŜƐǊƛƭŜǊƛ ƎǊŀŦƛƐƛƴƛ 

ȅŀǇŀƭƤƳΦ 5ŜƴƎŜ œǀȊǸƳƭŜǊƛ ǾŜ ƪŀǊŀǊƭƤƭƤƪ ŘǳǊǳƳƭŀǊƤƴƤ ŀƴŀƭƛȊ ŜŘŜƭƛƳΦ .ŀǒƭŀƴƎƤœ ƴƻƪǘŀǎƤ ȅόлύҐώ 

kabul edilirse ώ Ƥƴ ƘŀƴƎƛ ŘŜƐŜǊƭŜǊƛ ƛœƛƴ œǀȊǸƳ ŜƐǊƛƭŜǊƛƴƛƴ ƭƛƳƛǘ ŘŀǾǊŀƴƤǒƤ ƴŜ ƻƭǳǊΚ 

mƴŎŜƭƛƪƭŜ ŘŜƴƪƭŜƳƛƳƛȊƛƴ ȅ ŜƪǎŜƴƛƴƛ ƴŜǊŜƭŜǊŘŜ ƪŜǎǘƛƐƛƴƛ ōǳƭƳŀƪ ƛœƛƴ œŀǊǇŀƴƭŀǊƤƴŀ ŀȅƤǊƳŀƳƤȊ 

gerekiyor 

ȅΩҐόȅ-2).( ώ ςώ ρ 

ȅΩҐόȅ-2). ώ ρ        

ȅҐн ǾŜ ȅҐм   ƪŜǎƛƳ ƴƻƪǘŀƭŀǊƤ 

ȅҐм œƛŦǘ  ƪŀǘ ƪǀƪ ƻƭŘǳƐǳ ƛœƛƴ ǘŜƐŜǘ ƪŜǎŜŎŜƪǘƛǊΦ 

 



 
 Ŝƪƛƭ нΦмΦт 

 

 

 

 

 

 

 

DǊŀŦƛƐƛƳƛȊƛ œƛȊŘƛƪǘŜƴ ǎƻƴǊŀ œǀȊǸƳ ŜƐǊƛƭŜǊƛƴƛ ǘŀƘƳƛƴ ŜǘƳŜȅŜ ōŀǒƭŀȅŀōƛƭƛǊƛȊΦ 

y

t

y=2

y=1

 
 Ŝƪƛƭ нΦмΦу 

 



ȅҐн ǾŜ ȅҐм ŘŜƴƎŜ œǀȊǸƳƭŜǊƛŘƛǊΣ ŀǊŀƭŀǊƤƴŘŀ ƪŀƭŀƴ ŜƐǊƛƭŜǊ ƛǎŜ œǀȊǸƳ ŜƐǊƛƭŜǊƛƴƛ ǾŜǊƳŜƪǘŜŘƛǊΦ 

5ŜƴƎŜ œǀȊǸƳƭŜǊƛƴƛƴ ƪŀǊŀǊƭƤƭƤƪ ŘǳǊǳƳƭŀǊƤ ƛƴŎŜƭŜƴƛǊǎŜΣ  

ȅҐн ƛœƛƴ ǘ ǎƻƴǎǳȊŀ ƎƛŘŜǊƪŜƴ ƛƪƛ œǀȊǸƳ ŜƐǊƛǎƛ ŘŜ ȅҐн ŘƻƐǊǳǎǳƴŘŀƴ ǳȊŀƪƭŀǒǘƤƐƤ ƛœƛƴ ƪŀǊŀǊǎƤȊ 

denge çözümüdür. 

ȅҐм ƛœƛƴ ǘ ǎƻƴǎǳȊŀ ƎƛŘŜǊƪŜƴ  ǸǎǘǘŜ ƪŀƭŀƴ  œǀȊǸƳ ŜƐǊƛǎƛƴƛ ȅŀƪŀƭŀŘƤƐƤƳƤȊŘŀ ȅҐм ŘƻƐǊǳǎǳƴŀ 

ȅŀƪƭŀǒƤȅƻǊΣ ŀƭǘǘŀ ƪŀƭŀƴ œǀȊǸƳ ŜƐǊƛǎƛ ƛǎŜ ȅҐм ŘƻƐǊǳǎǳƴŘŀƴ ǳȊŀƪƭŀǒƳŀƪǘŀŘƤǊΦ .ǳƴŀ ŘŀȅŀƴŀǊŀƪ 

ȅҐм ƛœƛƴ ȅŀǊƤ ƪŀǊŀǊƭƤ ŘŜƴƎŜ œǀȊǸƳǸ ƻƭŘǳƐǳƴu söyleriz. 

 

(0, ώύ ƴƻƪǘŀǎƤƴŀ ōŀƪǘƤƐƤƳƤȊŘŀ ȅҐм ŘƻƐǊǳǎǳƴǳƴ ŀƭǘƤƴŘŀ ƪŀƭŀƴ ōƛǊ œǀȊǸƳ ŜƐǊƛǎƛ ȅŀƪŀƭŀŘƤƐƤƴƤ 

görüyoruz. T sonsuza giderken y ise eksi sonsuza gider. 

(0, ώ)  

ώғм           ƛœƛƴ      ǘҦЊ     ȅҦ-Њ 

1 ώғн     ƛœƛƴ     ǘҦЊ      ȅҦм 

ώ=2           ƛœƛƴ      ǘҦЊ      ȅҦн 

ώҔн           ƛœƛƴ      ǘҦЊ      ȅҦЊ 

hǘƻƴƻƳ ŘŜƴƪƭŜƳƭŜǊ ǾŜ ŦŀȊ ŘǸȊƭŜƳ ŀƴŀƭƛȊƛ ȅŜǘŜǊƛƴŎŜ ƛȅƛ ŀƴƭŀǒƤƭŘƤƐƤƴŘŀ ǎǸǊǸ ŘŀǾǊŀƴƤǒƤ 

ǎŜǊƎƛƭŜȅŜƴ ƛƴǎŀƴǎƤȊ ƘŀǾŀ ŀǊŀœƭŀǊƤƴƤƴ ǘŀƪƛǇ ŜǘǘƛƪƭŜǊƛ ȅǀǊǸƴƎŜƭŜǊƛƴƛƴ ŘŜƴƎŜ œǀȊǸƳƭŜǊƛƴŜ 

ōŀƪƤƭŀǊŀƪ ƪŀǊŀǊƭƤ ȅŀŘŀ ƪŀǊŀǊǎƤȊ ƻƭŘǳƐǳ ƘŀƪƪƤƴŘŀ ȅƻǊǳƳ ȅŀǇŀōƛƭƛǊΦ 

 

Örnek: 

ȅΩҐ-y(y-1)=y(1-y) 

y=0 ve y=1   denge çözümleridir. 

 

 
ȅғл ƻƭŘǳƐǳƴŘŀ ȅΩғл olur. h ƘŀƭŘŜ ȅғл ƻƭŘǳƐǳ ȅŜǊƭŜǊŘŜ œǀȊǸƳ ŜƐǊƛƭŜǊƛ ŀǒŀƐƤ ŘƻƐǊǳ ƳŜȅƛƭŘƛǊΣ 

œǀȊǸƳ ŜƐǊƛƭŜǊƛ ȅҐл œƛȊƎƛǎƛƴŜ ŘŜƐƳŜȊΦ 

 

лғȅғм ŀǊŀƭƤƐƤƴŘŀ ȅΩ>0  olur. h ƘŀƭŘŜ ōǳ ŀǊŀƭƤƪǘŀ œǀȊǸƳ ŜƐǊƛƭŜǊƛ ȅǳƪŀǊƤ ŘƻƐǊǳ ƳŜȅƛƭŘƛǊΣ œǀȊǸƳ 

ŜƐǊƛƭŜǊƛ ȅҐл ǾŜ ȅҐм œƛȊƎƛƭŜǊƛƴŜ ŘŜƐƳŜȊΦ 
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мғȅΣ ȅΩғл ƻƭǳǊΦ h ƘŀƭŘŜ œǀȊǸƳ ȅҔм ƻƭŘǳƐǳ ȅŜǊƭŜǊŘŜ œǀȊǸƳ ŜƐǊƛƭŜǊƛ ŀǒŀƐƤ ŘƻƐǊǳ ƳŜȅƛƭŘƛǊΣ ȅҐм 

œƛȊƎƛǎƛƴŜ ŘŜƐƳŜȊΦ 

 

y=0 denge çözüm çizgisinden birŀȊ ȅǳƪŀǊƤ ƎƛŘƛƭŘƛƐƛƴŘŜΣ œǀȊǸƳ ŜƐǊƛǎƛ ȅǳƪŀǊƤ ŘƻƐǊǳ ȅҐм 

œƛȊƎƛǎƛƴŜ ȅǀƴŜƭƛǊΦ .ƛǊŀȊ ŀǒŀƐƤ ƎƛŘƛƭŘƛƐƛƴŘŜ œǀȊǸƳ ŜƐǊƛƭŜǊƛ ŀǒŀƐƤ ŘƻƐǊǳ -Њ a yönelir. Bu nedenle 

ȅҐл ŘŜƴƎŜ œǀȊǸƳǸ ƪŀǊŀǊǎƤȊŘƤǊΦ  

 

ȅҐм ŘŜƴƎŜ ŘǳǊǳƳǳƴŘŀƴ ōƛǊŀȊ ȅǳƪŀǊƤ ƎƛŘƛƭŘƛƐƛƴŘŜΣ œǀȊǸƳ ŜƐǊƛǎƛ ŀǒŀƐƤ ŘƻƐǊǳ ȅ=1 çizgisine   

ȅǀƴŜƭƛǊΦ .ƛǊŀȊ ŀǒŀƐƤ ƎƛŘƛƭŘƛƐƛƴŘŜ ŘŜ œǀȊǸƳ ŜƐǊƛǎƛ ȅǳƪŀǊƤ ŘƻƐǊǳ ȅҐм œƛȊƎƛǎƛƴŜ yönelir. Bu 

ƴŜŘŜƴƭŜ ȅҐм ŘŜƴƎŜ œǀȊǸƳǸ ƪŀǊŀǊƭƤŘƤǊΦ  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 



3.5. 5ƛŦŜǊŀƴǎƛȅŜƭ 5ŜƴƪƭŜƳƭŜǊ - 5ƻƐǊǳƭǘǳ ŀƭŀƴƭŀǊƤ ǾŜ œǀȊǸƳ ŜƐǊƛƭŜǊƛ 

 

.ƛǊ ŘƻƐǊǳƴǳƴ ŜƐƛƳƛ ȅŀ Řŀ ƎǊŀŘȅŀƴƤ ƻ ŘƻƐǊǳƴǳƴ ŘƛƪƭƛƐƛƴƛΣ ŜƐƛƳƭƛƭƛƐƛƴƛ ōŜƭƛǊǘƛǊΦ 

ώ άὼ Ὧ 

ώ=m 

 

9ƐƛƳΣ ōƛǊ ŘƻƐǊǳƴǳƴ ƘŜǊƘŀƴƎƛ ƛƪƛ ƴƻƪǘŀǎƤ ŀǊŀǎƤƴŘŀƪƛ ŘƛƪŜȅ ŘŜƐƛǒƛƳƛƴ ȅŀǘŀȅ ŘŜƐƛǒŜ ƻǊŀƴƤ ƻƭŀǊŀƪ 

ǘŀƴƤƳƭŀƴŀōƛƭƛǊΦ .ƛǊ ŘƻƐǊǳ ǸȊŜǊƛƴŘŜ όx1,y1) ve (x2,y2ύ ƪƻƻǊŘƛƴŀǘƭŀǊƤƴŘŀ ƛƪƛ ƴƻƪǘŀ ǾŜǊƛƭŘƛƐƛƴŘŜ 

ŘƻƐǊǳƴǳƴ ŜƐƛƳƛΣ Ƴ 

 

ά
ώ ώ

ὼ ὼ
 

 

ile bulunur. .ƛǊ ŘƻƐǊǳƴǳƴ ǇƻȊƛǘƛŦ Ȅ ŀƪǎƛǎƛȅƭŜ ȅŀǇǘƤƐƤ ʻ ŀœƤǎƤΣ ǘŀƴƧŀƴǘ Ŧƻƴƪǎƛȅƻƴǳ ŀǊŀŎƤƭƤƐƤȅƭŀ Ƴ 

ŜƐƛƳƛȅƭŜ ȅŀƪƤƴŘŀƴ ƛƭƎƛƭƛŘƛǊΣ 

 

ά ὸὥὲ—. 

 

y2-ȅм ƛǒŀǊŜǘƛ Ҍ ǾŜ Ȅн-Ȅм ƛǒŀǊŜǘƛ Ҍ ƛǎŜ мΦ .ǀƭƎŜ 

y2-y1 ƛǒŀǊŜǘƛ Ҍ ǾŜ Ȅн-Ȅм ƛǒŀǊŜǘƛ -  ise 2. Bölge 

y2-ȅм ƛǒŀǊŜǘƛ  - ve x2-Ȅм ƛǒŀǊŜǘƛ -  ise 3. Bölge 

y2-ȅм ƛǒŀǊŜǘƛ  - ve x2-Ȅм ƛǒŀǊŜǘƛ Ҍ ƛǎŜ пΦ .ǀƭƎŜ 

 

 

.ƛǊƛƴŎƛ ŘŜǊŜŎŜŘŜƴ ƭƛƴŜŜǊ ŘƛŦŜǊŀƴǎƛȅŜƭ ŘŜƴƪƭŜƳƭŜǊƛ ŦŀȊ ŘǸȊƭŜƳƛ ŀƴŀƭƛȊƛƴŘŜ ƪǳƭƭŀƴƤƭƳŀƪǘŀŘƤǊΦ 

Diferansiyel denklemlŜǊƛΣ ŎŜōƛǊǎŜƭ ŘŜƴƪƭŜƳƭŜǊŘŜƴ ŀȅƤǊŀƴ Ŝƴ ǀƴŜƳƭƛ ǀȊŜƭƭƛƪ άŦƻƴƪǎƛȅƻƴ 

ǘǸǊŜǾƭŜǊƛέ ƛœŜǊƳŜƭŜǊƛŘƛǊΦ .ƛǊ ȅŀ Řŀ ŘŀƘŀ ŦŀȊƭŀ Ŧƻƴƪǎƛȅƻƴǳƴ ǘǸǊŜǾƭŜǊƛƴƛ ƛœŜǊŜƴ ŘŜƴƪƭŜƳƭŜǊŜ 

ŘƛŦŜǊŀƴǎƛȅŜƭ ŘŜƴƪƭŜƳ ŘƛȅƻǊǳȊΦ 5ƛƐŜǊ ōƛǊ ƛŦŀŘŜȅƭŜ ŘƛŦŜǊŀƴǎƛȅŜƭ ŘŜƴƪƭŜƳ ōƛǊ ǘŀƪƤƳ ŦƻƴƪǎƛȅƻƴƭŀǊ 

ile bunlaǊƤƴ ǘǸǊŜǾƭŜǊƛ ŀǊŀǎƤƴŘŀƪƛ ƛƭƛǒƪƛȅƛ ǘŜƳǎƛƭ ŜŘŜǊΦ 4ƻƐǳ ōƛƭƛƳǎŜƭ ǇǊƻōƭŜƳƭŜǊƛƴ ǘŀǊƛŦ ŜŘƛƭƳŜǎƛ 

ōŀȊƤ ŀƴŀƘǘŀǊ ŘŜƐƛǒƪŜƴƭŜǊƛƴ ŘƛƐŜǊ ŘŜƐƛǒƪŜƴƭŜǊŜ ƎǀǊŜ ƻƭŀƴ ŘŜƐƛǒƛƳƭŜǊƛƴƛ ƛœŜǊƛǊΦ DŜƴŜƭƭƛƪƭŜ ōǳ 

ŘŜƐƛǒƪŜƴƭŜǊŘŜƪƛ œƻƪ ƪǸœǸƪ ŘŜƐƛǒƛƳƭŜǊƛƴ ŘƛƪƪŀǘŜ ŀƭƤƴƳŀǎƤ ŘŀƘŀ ƎŜƴŜƭ ǾŜ Ƙŀǎǎŀǎ ōƛǊ ǘŀƴƤƳƭŀƳŀ 

ǎŀƐƭŀǊΦ  

 

 

 

 

 

 

 

 

 



Grafiksel olarak faz düzlemi: 

(x,y)

(x, y)
. .

 
 Ŝƪƛƭ пΦ мΦ 

 

(x,y) ƴƻƪǘŀǎƤƴŘŀƴ œƤƪŀƴ ōƛǊ ǾŜƪǘǀǊǸƴ ȅǀƴǸ ό ȄΣȅύΩŘŜƴ ǎƻƴǊŀ ƎƛǘǘƛƐƛ ƴƻƪǘŀƴƤƴ ŘƛƐŜǊ ǳŎǳ ƻƭŀŎŀƪǘƤǊΦ 

¢ŀōƛƛ ƻ ƴƻƪǘŀŘŀ Řŀ ōƛǊ ōŀǒƪŀ ǾŜƪǘǀǊ ƻƭǳǊΣ ǎƻƴǊŀ ƻ ǾŜƪtör takip edilir, bu süreç böyle devam 

ŜŘŜǊΦ {ǸǊŜƪƭƛ ǾŜƪǘǀǊƭŜǊƛ ǘŀƪƛǇ ŜŘŜǊŜƪ ōƛǊ ƎƛŘƛǒ ȅƻƭǳ ǸȊŜǊƛƴŘŜƪƛ ȅǀǊǸƴƎŜŘŜ ƘŀǊŜƪŜǘ ŜŘƛƭƛǊΦ 

 

 

 

9ƐŜǊ œǀȊǸƳƭŜǊ ǀȊƎǸƴ ƛǎŜΣ ƎƛŘƛǒ ȅƻƭƭŀǊƤ ōƛǊōƛǊƛȅƭŜ ƪŜǎƛǒŜƳŜȊƭŜǊΦ ¸ŀƴƛ ŦŀȊ ǇƻǊǘǊŜƭŜǊƛƴƛ œƛȊŜǊƪŜƴ 

ǒǀȅƭŜ ōƛǊ ǒŜƪƛƭ ƎǀǊƳŜƳƛȊ ƳǸƳƪǸƴ ŘŜƐƛƭŘƛǊΦ 

 
 Ŝƪƛƭ пΦ нΦ 

 

.ǳ ƳǸƳƪǸƴǎǸȊƭǸƐǸƴ ǎŜōŜōƛƴƛ ŀƴƭŀƳŀƪ ƛœƛƴ ƘŜǊƘŀƴƎƛ ōƛǊ Ƙŀȅŀƭƛ ƪŜǎƛǒƳŜ ƴƻƪǘŀǎƤƴŘŀ ƛǎŜƪ ōƛǊ 

ǎƻƴǊŀƪƛ ƎƛŘƛǒŀǘƤƴ ƴŜ ƻƭŀŎŀƐƤƴƤ ŘǸǒǸƴƳŜƪ ȅŜǘŜǊƭƛΦ mȅƭŜ ōƛǊ ŘǳǊǳƳŘŀ ƪŜǎƛǒƳŜ ƴƻƪǘŀǎƤƴŘŀƴ 

ǎƻƴǊŀ ƛƪƛ ǘŀƴŜ ŦŀǊƪƭƤ ƎƛŘƛǒ ȅǀƴǸ ƻƭǳǊŘǳΣ ǾŜ ōǳ ƛƪƛ ǎŜœŜƴŜƪ ǾŀǊƭƤƐƤ œǀȊǸƳƭŜǊƛƴ ǀȊƎǸƴƭǸƐǸ 

ǇǊŜƴǎƛōƛƴŜ ŀȅƪƤǊƤŘƤǊΦ 

5ƛƐŜǊ ȅŀƴŘŀƴ ƎƛŘƛǒ ȅƻƭƭŀǊƤ ǎŀōƛǘ ƴƻƪǘŀƭŀǊŘŀ ōƛǊōƛǊƛƴŜ ȅŀƪƭŀǒŀōƛƭƛǊΣ ŀƭǘǘŀƪƛ Ǝƛōƛ ōƛǊ ǒŜƪƛƭ 

mümkündür, 



 
 Ŝƪƛƭ пΦ оΦ 

 

ve sabit bir noktada kalƤǊΣ ƻ ƴƻƪǘŀȅŀ ŘƻƐǊǳ ƛǒŀǊŜǘ ŜŘŜƴ ƎŜƭƛǒ ȅƻƭƭŀǊƤ ǎŀōƛǘ ƴƻƪǘŀȅŀ ŘƻƪǳƴƳŀȊ 

ŀǎƭƤƴŘŀΣ ǎŀŘŜŎŜ ƻ ƴƻƪǘŀȅŀ ȅŀƪƭŀǒƤǊΦ  

 

Tƪƛ ōƻȅǳǘƭǳ ŘǳǊǳƳŘŀ ǎŀōƛǘ ƴƻƪǘŀƭŀǊƤƴ ƻƭǳǒƳŀǎƤƴƤƴ ǒŀǊǘƤ ōƛǊ ȄΣȅ ƴƻƪǘŀǎƤ ƛœƛƴ ƘŜƳ ȄɢҐлΣ ƘŜƳ 

de ȅɢҐл ƻƭƳŀǎƤŘƤǊΦ ¸ŀ Řŀ ǾŜƪǘǀǊ ƴƻǘŀǎȅƻƴǳ ƛƭŜ f(ὼᶻύҐлΦ 9ǒƛǘƭƛƐƛƴ ǎŀƐƤƴŘŀƪƛƴŜ ŘƛƪƪŀǘΣ ōǳ ōƛǊ ϦǎƤŦƤǊ 

ǾŜƪǘǀǊǸϦΣ ƛœƛƴŘŜ ǎŀŘŜŎŜ ǎƤŦƤǊ ŘŜƐŜǊƭŜǊƛ ǾŀǊΦ 

 

DƛŘƛǒ ȅƻƭƭŀǊƤƴƤƴ ƪŜǎƛǒƳŜƳŜ ǒŀǊǘƤƴƤƴ ǘƻǇƻƭƻƧƛƪ ǎƻƴǳœƭŀǊƤƴŀ ōƛǊ ōŀƪŀƭƤƳΦ 5ƛȅŜƭƛƳ ƪƛ ŜƭƛƳƛȊŘŜ 

ƪŀǇŀƭƤ ōƛǊ ȅǀǊǸƴƎŜ όŎƭƻǎŜŘ ƻǊōƛǘύ ǾŀǊΣ Ὑ  için olsun, 

 
 Ŝƪƛƭ 

 

.ƛǊ ƴƻƪǘŀŘŀƴ ōŀǒƭŀƴƤǊΣ ƎƛŘƛǒ ȅƻƭǳ ƎƛŘŜ ƎƛŘŜ ǘŜƪǊŀǊ ƪŜƴŘƛǎƛƴŜ ŘǀƴŜǊΦ .ǳ ǘǸǊ ōƛǊ ȅƻƭ ŘƛŦŜǊŀƴǎƛȅŜƭ 

ŘŜƴƪƭŜƳƭŜǊƛƴ ŘǀƴŜƳǎŜƭ ōƛǊ œǀȊǸƳǸ ƻƭŘǳƐǳƴǳ ƎǀǎǘŜǊƛǊΦ  ƛƳŘƛ ŘƤǒŀǊƤŘŀƴ ŘǀƴƎǸȅŜ ȅŀƪƭŀǒŀƴ ōƛǊ 

ƎƛŘƛǒ ȅƻƭǳ ŘǸǒǸƴŜƭƛƳ όǸǎǘǘŜƪƛ ǊŜǎƛƳŘŜ ȅƛƴŜύΣ ȅƻƭ ŘǀƴƎǸƴǸƴ içine "giremez"; o zaman özgünlük 

ǇǊŜƴǎƛōƛ ƛƘƭŀƭ ŜŘƛƭƳƛǒ ƻƭǳǊΦ IŀŘƛ ōƛǊƭŜǒƛƳ ƻƭŘǳƐǳƴǳ ǾŀǊǎŀȅŀƭƤƳΣ ǾŜ ōƛǊƭŜǒƛƳ ǎƻƴǊŀǎƤ ōƛǊ 

ƴƻƪǘŀŘŀƴ ȊŀƳŀƴƤ ƎŜǊƛ ǎŀǊŀƭƤƳΤ ōƛǊƭŜǒƳŜ ŀƴƤƴŘŀ ȊŀƳŀƴ ƘŀƴƎƛ ƎƛŘƛǒ ȅƻƭǳƴŀ ǎŀǇŀŎŀƪΚ .ǳ ōƛǊ 

œŜƭƛǒƪƛ ƻǊǘŀȅŀ œƤƪŀǊǘƤǊΦ ¸ŀƴƛ ōƛǊ ŘǀƴƎǸƴǸƴ ǾŀǊƭƤƐƤ ƛƪƛ ōƻȅǳǘǘŀ ŘƛƐŜǊ ƎƛŘƛǒ ȅƻƭƭŀǊƤ ƛœƛƴ ŎƛŘŘƛ ōŀȊƤ 

ƪƤǎƤǘƭŀƳŀƭŀǊŀ ǎŜōŜǇ ƻƭǳȅƻǊΦ 

 

ὙϥǘŜ ƎƛŘƛǒ ȅƻƭƭŀǊƤ ōƛǊƭŜǒŜōƛƭƛǊΣ œǸƴƪǸ Ǹœ ōƻȅǳǘǘŀ ōƛǊ ŘǀƴƎǸ ǳȊŀȅŘŀ ōƛǊ ŀȅǊƤƳ ȅŀǊŀǘŀƳŀȊΣ ǾŜ ōǳ 

ŘǳǊǳƳ ōŀȊƤ ǒŀǊǘƭŀǊŘŀ ƪŀƻǎ ƻǊǘŀȅŀ œƤƪŀǊǘƤǊΦ Tƪƛ ōƻȅǳǘǘŀ ƪŀƻǎ ƻƭƳŀǎƤ ƳǸƳƪǸƴ ŘŜƐƛƭdir. 

IŀǘƤǊƭŀǊǎŀƪΣ ǘŜƪ ōƻȅǳǘǘŀ ȅŀǇƤƭŀōƛƭŜŎŜƪƭŜǊ œƻƪ ōŀǎƛǘǘƛΣ ǎŀōƛǘ ƴƻƪǘŀȅŀΣ ȅŀ Řŀ ǎƻƴǎǳȊƭǳƐŀ ŘƻƐǊǳ 



ŀƪƤȅƻǊ ƘŜǊ ǒŜȅΦ Tƪƛ ōƻȅǳǘǘŀ ǎŀōƛǘ ƴƻƪǘŀȅŀΣ ȅŀ Řŀ ŘǀƴŜƳǎŜƭ ōƛǊ ȅǀǊǸƴƎŜȅŜ ƎƛŘƛƭŜōƛƭƛǊΦΦ ŦŀǊƪƭƤ 

ōƛǊŀȊ ŘŀƘŀ ŜƎȊƻǘƛƪ ǒŜȅƭŜǊ ŘŜ ƳǸƳƪǸƴΣ Ŧŀƪŀǘ ƪŀƻǎ ƳǸƳƪǸƴ ŘŜƐƛƭΦ «œ boyutta kaos olabilir, 

ȊŀǘŜƴ Ǹœ ōƻȅǳǘ ƪŀƻǎǳƴ ƛƭƪ ƻǊǘŀȅŀ œƤƪŀōƛƭŜŎŜƐƛ ȅŜǊΦ 

 

.ƛǊ ȄΩҐŦόȄύ ǎƛǎǘŜƳƛ ƛœƛƴ ŦŀȊ ǇƻǊǘǊŜǎƛƴƛ όƎǊŀŦƛƐƛƴƛύ œƛȊƳŜƪΣ ōǳƴǳ ƴƛǘŜƭƛƪǎŜƭ ƻƭŀǊŀƪ ŦŀǊƪƭƤ ƻƭŀƴ ǘǸƳ 

ƎƛŘƛǒ ȅƻƭƭŀǊƤƴƤƴ ƎǀǎǘŜǊŜǊŜƪ ȅŀǇƳŀƪΣ ǎŀōƛǘ ƴƻƪǘŀƭŀǊƤΣ ǎǘŀōƛƭƛǘŜǎƛΣ ǾŜ ƳǳƘǘŜƳŜƭ ƪŀǇŀƭƤ ȅǀǊǸƴƎŜƭŜǊ 

ƘŀƪƪƤƴŘŀ ȅƛƴŜ ƴƛǘŜƭƛƪǎŜƭ ōƛƭƎƛ ǘƻǇƭŀƳŀƪΦ .ǳ ƛǒƭŜƳ ƛƪƛ ōƻȅǳǘǘŀ ǎŀōƛǘ ƴƻƪǘŀ ŜǘǊŀŦƤƴŘŀ 

ƭƛƴŜŜǊƛȊŀǎȅƻƴ ƪǳƭƭŀƴŀǊŀƪ ȅŀǇƤƭƤǊΦ ¢Ŝƪ ōƻȅǳǘǘŀ ǎƛǎǘŜƳƛ ƻƭŘǳƐǳ Ǝƛōƛ ŀƴŀƭƛȊ ŜǘƳŜƪ ƪƻƭŀȅŘƤ Ŧŀƪŀǘ ƛƪƛ 

boyutta bu biraz daha zor. 

 

Lineer veya lineer olmayan tipten, Ø ÆÔȟØȟØ   ŘŜƴƪƭŜƳƭŜǊ ǘŜƻǊƛǎƛƴŘŜ  Ȅόǘύ œƻƐǳ ƪŜȊ Ȅ-

ŜƪǎŜƴƛƴŘŜ ƘŀǊŜƪŜǘ ŜŘŜƴ ōƛǊ ƴƻƪǘŀƴƤƴ ǘ ŀƴƤƴŘŀƪƛ ȅŜǊƛƴƛ ǾŜ ȅόǘύҐὼὸ ŘŜ ǘ ŀƴƤƴŘŀƪƛ ƘƤȊƤƴƤ 

ǘŀƴƤƳƭŀǊΦ όȄόǘύΣȅόǘύύ ƛƪƛƭƛǎƛΣ ōƛǊƭƛƪǘŜΣ ǎƛǎǘŜƳƛƴ ǘ ŀƴƤƴŘŀƪƛ ŘǳǊǳƳǳƴǳ ōŜƭƛǊƭŜǊΦ    

 

{ƛǎǘŜƳƛƴ ŘŀǾǊŀƴƤǒƤΣ όx,y)-ŘǸȊƭŜƳƛƴŘŜ όȄόǘύΣȅόǘύύ ƴƻƪǘŀǎƤƴƤƴ ƎŜƻƳŜǘǊƛƪ ȅŜǊƛ ƛƭŜ ǘŀǊƛŦ ŜŘƛƭŜōƛƭƛǊΦ .ǳ 

ōƛœƛƳŘŜ ŘƛŦŜǊŀƴǎƛȅŜƭ ŘŜƴƪƭŜƳ ƛƭŜ ƛƭƛǒƪƛƭŜƴŘƛǊƛƭŜƴ όȄΣȅύ-ŘǸȊƭŜƳƛ ŦŀȊ ŘǸȊƭŜƳƛ ƻƭŀǊŀƪ ŀŘƭŀƴŘƤǊƤƭƤǊΦ 

όȄόǘύΣȅόǘύύ ǇŀǊŀƳŜǘǊƛƪ œǀȊǸƳ ŜƐǊƛǎƛƴŜ ȅǀǊǸƴƎŜ ǾŜ ƻƴǳƴ ƎǀǊǸƴǘǸǎǸƴŜ ŘŜ ƻǊōƛǘ ǾŜȅŀ iz denir. Bir 

ȅǀǊǸƴƎŜ ƛƭŜ ƻǊōƛǘ ŀǊŀǎƤƴŘŀƪƛ ŦŀǊƪΣ ȅǀǊǸƴƎŜƴƛƴ œǀȊǸƳ ŜƐǊƛǎƛƴƛƴ ƻǊȅŀƴǘŀǎȅƻƴǳƴǳ ǾŜǊŜƴ ǘ 

ǇŀǊŀƳŜǘǊŜǎƛ ƛƭŜ ŘƻƴŀǘƤƭƳƤǒ ƻƭƳŀǎƤŘƤǊΦ  

 

TƪƛƴŎƛ ƳŜǊǘŜōŜŘŜƴ ƭƛƴŜŜǊ ŘƛŦŜǊŀƴǎƛȅŜƭ ŘŜƴƪƭŜƳƭŜǊƛƴ ǾŜȅŀ ŘŀƘŀ ƎŜƴŜƭ ƻƭŀǊŀƪ ƛƪƛ ōƻȅǳǘƭǳ ƭƛƴŜŜǊ 

diferansiyel denklemler ǎƛǎǘŜƳƛƴƛƴ ƪŀƭƛǘŀǘƛŦ ŘŀǾǊŀƴƤǒƤƴƤ ŦŀȊ ŘǸȊƭŜƳƛƴŘŜƪƛ ȅǀǊǸƴƎŜƭŜǊƛ œƛȊŜǊŜƪ 

ƛƴŎŜƭŜȅŜŎŜƐƛȊΦ 

 

 

.ƛǊ ŘƛŦŜǊŀƴǎƛȅŜƭ ŘŜƴƪƭŜƳ ȅΩҐŦόȄΣȅύ ōƛœƛƳƛƴŘŜ ȅŀȊƤƭŀōƛƭƛȅƻǊǎŀΣ ōǳ Ŝǒƛǘƭƛƪ ŘƻƐǊǳƭǘǳ ŀƭŀƴƤ 

ƻƭǳǒǘǳǊƳŀƪ ƛœƛƴ ȅŀȊƤƭŀōƛƭƛǊΦ  

 

 

 
 

 



 
 

 
 

5ƛŦŜǊŀƴǎƛȅŜƭ ŘŜƴƪƭŜƳƭŜǊ ŦŀǊƪƭƤ ƎǀǊǸƴǸƳƭŜǊ ƛœŜǊŜōƛƭƛǊΦ DŜƴŜƭ œǀȊǸƳΣ ώ ὧὩ  dir. Burada c, 

ƛƴǘŜƎǊŀƭ ǎŀōƛǘƛŘƛǊΦ IŜǊ Ŏ ŘŜƐŜǊƛƴŜ ƪŀǊǒƤƴ ŦŀǊƪƭƤ ōƛǊ œǀȊǸƳ ŜƐǊƛǎƛ ōǳƭǳƴǳǊΦ .ǳ ŜƐŜǊƛƭŜǊƛƴ ƘŜǊōƛǊƛǎƛ 

ŘƛŦŜǊŀƴǎƛȅŜƭ ŘŜƴƪƭŜƳƛƴƛ ǎŀƐƭŀǊΦ 5ƛŦŜǊŀƴǎƛȅŜƭ ŘŜƴƪƭŜƳƭŜǊƛƴ œǀȊǸƳǸ olarak sonsuz fonksiyon 

ōǳƭǳƴǳǊΦ {ƻƴǎǳȊ ŦŀǊƪƭƤ Ŧƻƴƪǎƛȅƻƴ ǎƻƴǎǳȊ œǀȊǸƳ ŜƐǊƛǎƛƴƛ ǘŜƳǎƛƭ ŜŘŜǊΦ .ŜƭƛǊƭƛ ōƛǊ Ŏ ŘŜƐŜǊƛ ƛœƛƴ ƛǎŜ 

ōŜƭƛǊƭƛ ōƛǊ ŜƐǊƛȅƛ ǘŜƳǎƛƭ ŜŘŜǊΦ .ŜƭƛǊƭƛ ōƛǊ ōŀǒƭŀƴƎƤœ ƪƻǒǳƭǳ ƛœƛƴ ōŜƭƭƛ ōƛǊ Ŏ ŘŜƐŜǊƛ ōǳƭǳƴŘǳƐǳƴŘŀΣ 

ōǳ œǀȊǸƳŜ ōŀƐƭŀƴƎƤœ ƪƻǒǳƭǳƴǳ ǎŀƐƭŀȅŀƴ ǀȊŜƭ œǀȊǸƳ ŜƭŘŜ ŜŘƛƭƳƛǒ ƻƭǳǊΦ  h Řŀ œǀȊǸƳ 

ŜƐǊƛƭŜǊƛƴŘŜƴ ōƛǊ ǘŀƴŜǎƛƴŜ ƪŀǊǒƤƭƤƪ ƎŜƭƛǊΦ Çözüm ŜƐǊƛƭŜǊi hiçbir zaman birbirini kesmez.  Kesmesi 

ǎŀœƳŀ ōƛǊ ŘǳǊǳƳ ƻƭǳǊΤ œǸƴƪǸ ƻ ȊŀƳŀƴ ōƛǊ ƴƻƪǘŀ ƛœƛƴ ƛƪƛ ŀȅǊƤ œǀȊǸƳ ŜƐǊƛǎƛ ƻƭƳǳǒ ƻƭǳǊŘǳΦ 

!ƴƭŀƳǎƤȊƭƤƪ ƻƭǳǊΦ  IŜǊ ōƛǊ œǀȊǸƳ ŜƐǊƛǎƛΣ ƎŜƴŜƭ œǀȊǸƳŘŜƪƛ ǎŀōƛǘƛƴ ōƛǊ ŘŜƐŜǊƛƴŜ ƪŀǊǒƤƭƤƪ ƎŜƭƛǊΦ 

mȊŜƭ œǀȊǸƳΣ ƛŦŀŘŜ ŜŘŜƴ œǀȊǸƳ ŜƐǊƛǎƛ ƛǎŜ  ōŀƭŀƴƎƤœ ŘŜƐŜǊƭŜǊƛƴƛ ǎŀƐƭŀȅŀƴ ƛƴǘŜƎǊŀƭ ǎŀōƛǘƛƴƛƴ 

ōǳƭǳƴƳŀǎƤȅƭŀ ŀȅƤǊǘ ŜŘƛƭƛǊΦ 

 

 

 

 

 

 

 

 

 

 

 



Örnek: 

ώ ὼ ςώ   

a) 5ƛŦŜǊŀƴǎƛȅŜƭ ŘŜƴƪƭŜƳƛƴ ŘƻƐǊǳƭǘǳ ŀƭŀƴƤƴƤ çiziniz 

b) 4ǀȊǸƳ ŜƐǊƛƭŜǊƛƴƛ œƛȊƛƴƛȊ 

c) ώ ὼ ὧὩ  ƛŦŀŘŜǎƛƴƛƴ ƎŜƴŜƭ œǀȊǸƳ ƻƭŘǳƐǳƴǳ ŘƻƐǊǳƭŀȅƤƴƤȊΦ 

d) 4ǀȊǸƳ ŜƐǊƛƭŜǊƛƴƛƴ ƘŀƴƎƛ Ŏ ŘŜƐŜǊƭŜǊƛƴŜ ƪŀǊǒƤƭƤƪ ƎŜƭŘƛƐƛƴƛ ȅƻǊǳƳƭŀȅƤƴƤȊΦ 

 

(x,y) ȅΩ 

(0,0) 0 

(1,0) 1 

(0,1) 2 

  
 
 
(1,1) 

3 

(-1,0) -1 

(-1,1) 1 

(-2,0) 2 

(-2,1) 0 

(-2,-1) -4 

(-1,-1) -3 

(0,-1) -2 

(1,-1) -1 

(2,-1) 0 

(2,0) 2 

(2,1) 4 

 

 

 
 

 

b) 



 
 

c) 

 

 

ώ ὼ ὧὩ   ƛŦŀŘŜǎƛƴƛƴ ǘǸǊŜǾƛ ŀƭƤƴƤǊΣ ώ ὼ ςώ  ifadesinde yerine konursa 

 

ςὧὩ ὼ ὼ ςὧὩ   ƛŦŀŘŜǎƛƴŘŜ ƎǀǊǸƭŜŎŜƐƛ ǸȊŜǊŜ Ŝǒƛǘƭƛƪ ǎŀƐƭŀƴŘƤΣ 

ŘƻƭŀȅƤǎƤȅƭŀ ōǳ ōƛǊ ƎŜƴŜƭ œǀȊǸƳŘǸǊΦ 

 

  

d) ώ ὼ ὧὩ  ƛŦŀŘŜǎƛƴŘŜ ŎҐл ƻƭŘǳƐǳƴŘŀ ώ ὼ   ōƛǊ ŘƻƐǊǳǎŀƭ ŘŜƴƪƭŜƳ ƻƭŘǳƐǳ 

ƎǀǊǸƭƳŜƪǘŜŘƛǊΦ ŎҔл ƻƭŘǳƐǳƴŘŀ ȅǳƪŀǊƤ ŘƻƐǊǳ ƻƭŀƴ ŜƐǊƛƭŜǊƛΣ Ŏғл ƻƭŘǳƐǳƴŘŀ ŀǒŀƐƤ ŘƻƐǊǳ ŜƐǊƛƭŜǊƛ 

temsil etmektedir. 



 
4ǀȊǸƳ ŜƐǊƛƭŜǊƛ ƘƛœōƛǊ ȊŀƳŀƴ ƪŜǎƛǒŜƳŜȊΦ 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 



3.6. TƪƛƴŎƛ ƳŜǊǘŜōŜŘŜƴ ŘƛŦŜǊŀƴǎƛȅŜƭ ŘŜƴƪƭŜƳƭŜǊƛƴ ŦŀȊ ŘǸȊƭŜƳƭŜǊƛ  

 

DŜƴŜƭ ōƛǊ ōƛœƛƳŘŜ ȅŀȊƤƭŀōƛƭŜƴ ŘǸȊƭŜƳ ƻǘƻƴƻƳ ƭƛƴƴŜǊ ŘŜƴƪƭŜƳ ǎƛǎǘŜƳƛƴƛ ƎǀȊ ǀƴǸƴŜ ŀƭŀƭƤƳΦ 

 

Ὠὼ

Ὠὸ
ὥὼ ὦώ 

 

Ὠώ

Ὠὸ
ὧὼὨώ 

 

ōǳǊŀŘŀ Ȅ όǘύ ǾŜ ȅ όǘύΣ ǘ ȊŀƳŀƴƤƴƤƴ ōƛƭƛƴƳŜȅŜƴ ŦƻƴƪǎƛȅƻƴƭŀǊƤŘƤǊ ǾŜ ŀΣ ōΣ ŎΣ Ř ǎŀōƛǘƭŜǊŘƛǊΦ 

 

Örnek: 

ȄΨ Ґ рȄ-y 

ȅΩҐоȄҌȅ 

 

mȊŘŜƐŜǊƭŜǊƛƴ ōǳƭǳƳŀǎƤΣ 

 

ὼᴂ
ώᴂ

υ ρ
σ ρ

ὼ
ώ 

 

Det(
υ ‗ ρ
σ ρ ‗

ύҐлΣ ˂2 - с˂ Ҍ уҐлΣ  ˂мҐнΣ ˂нҐп 

˂мҐн ƛœƛƴ mȊǾŜƪǘǀǊƭŜǊƛƴ ōǳƭǳƴƳŀǎƤΣ  

 

υ ρ
σ ρ

ό
ὺ

ς
ό
ὺ

 

3u=v, u=1 olursa v=3 olur.  Özvektör: 
ρ
σ

 

˂мҐп ƛœƛƴ mȊǾŜƪǘǀǊƭŜǊƛƴ ōǳƭǳƴƳŀǎƤΣ  

 

υ ρ
σ ρ

ό
ὺ

τ
ό
ὺ

 

u=v, u=1 olursa v=1 olur.  Özvektör: 
ρ
ρ

 

mȊŘŜƐŜǊƭŜǊ ƎŜǊœŜƪ ǾŜ ǇƻȊƛǘƛŦǘƛǊΣ ŘƻƭŀȅƤǎƤȅƭŀ ƪǊƛǘƛƪ ƴƻƪǘŀ ƪŀǊŀǊǎƤȊ ōƛǊ ŘǸƐǸƳŘǸǊΦ 

 

ά
ώᴂ

ὼᴂ
 

 

— ÁÒÃÔÁÎ ά  

 .ǳǊŀŘŀ ȅΩ ǾŜ ȄΩ ƴƛƴ ƛǒŀǊŜǘƭŜǊƛ ȅǀƴǸƴ ōǀƭƎŜǎƛƴƛ Σ — ŀœƤǎƤ ƛǎŜ ŘƛƪƭƛƐƛƴƛ ǾŜǊƳŜƪǘŜŘƛǊΦ 

 



TƪƛƴŎƛ ƳŜǊǘŜōŜŘŜƴ ƭƛƴŜŜǊ ŘƛŦŜǊŀƴǎƛȅŜƭ ŘŜƴƪƭŜƳƭŜǊƛƴ ǾŜȅŀ ŘŀƘŀ ƎŜƴŜƭ ƻƭŀǊŀƪ ƛƪƛ ōƻȅǳǘƭǳ ƭƛƴŜŜǊ 

diferansiyel denklemler sisteminin kaƭƛǘŀǘƛŦ ŘŀǾǊŀƴƤǒƤ ŦŀȊ ŘǸȊƭŜƳƛƴŘŜƪƛ ȅǀǊǸƴƎŜƭŜǊƛ œƛȊƛƭŜǊŜƪ 

incelenmektedir. 

  

9ƴ ōŀǎƛǘ ŘǳǊǳƳŘŀΣ ǇΣǉ ǎŀōƛǘƭŜǊ ƻƭƳŀƪ ǸȊŜǊŜ   ǳΩΩ Ҍ ǇǳΩ Ҍ ǉǳ Ґ л  ŘŜƴƪƭŜƳƛ ƛœƛƴ ȅŀȊƤƭƤǊΦ .ǳǊŀŘŀƴ 

(u,v) 

 

ό
ὺ

 π       ρ
ὴ      ή

ό
ὺ

 

 

denkleminin çözümü olur.  

 

ὼ = ax + by 

ώ = cx + dy 

 

ὼ
ώ

  ὥ       ὦ
ὧ       Ὠ

ὼ
ώ  

  

A=
  ὥ       ὦ
ὧ       Ὠ

 

 

5Ŝǘό˂L-A)=0,  

 

ὥ ʇ ὦ
ὧ Ὠ ʇ

π 

 

 ʇ Á Äʇ ÁÄÂÃπ     

 

 ʇ ʐʇɝ  

 

 ̱ƳŀǘǊƛǎƛƴ ƛȊƛŘƛǊ όǘǊŀŎŜύΣ ȅŀƴƛ ! ƳŀǘǊƛǎƛƴƛƴ ƪǀǒŜƎŜƴƛƴŘŜƪƛ ǀƐŜƭŜǊƛƴ ǘƻǇƭŀƳƤŘƤǊΦ ɲ ise A matrisin 

ŘŜǘŜǊƳƛƴŀƴǘƤŘƤǊΦ 

 

ˍҐtraceA=a+d 

ɲҐŘŜǘ!ҐŀŘҍōŎ 

TƪƛƴŎƛ ŘŜǊŜŎŜŘŜƴ ƪǀƪ ōǳƭƳŀ ŦƻǊƳǸƭǸ ƪǳƭƭŀƴŀǊŀƪ ˂ΩƭŀǊƤ ōǳƭŀōƛƭƛǊƛȊΣ 

‗ȟ
ʐ Ѝʐ τɝ

ς
 

ʐ Ґ ˂1 Ҍ  ˂2 

ɲ Ґ ˂1 ˂ 2 

 

{ŀōƛǘ ƪŀǘǎŀȅƤƭƤΣ ƘƻƳƻƧŜƴ ƭƛƴŜŜǊ ǎƛǎǘŜƳƭŜǊŘŜΣ  A ōƛǊ ǎŀōƛǘ ƪŀǘǎŀȅƤƭŀǊ ƳŀǘǊƛǎƛΣ ǾŜ ǎŀȅƤƭŀǊ ǊŜŜƭΦ .ǳ 

ǘǸǊ ǎƛǎǘŜƳƭŜǊŘŜ ƻǊƛƧƛƴ ƘŜǊ ȊŀƳŀƴ ōƛǊ ǎŀōƛǘ ƴƻƪǘŀŘƤǊΦ CŀȊ ǇƻǊǘǊŜǎƛ !ϥƴƛƴ ǀȊŘŜƐŜǊƭŜǊƛ ǾŜ 



ǀȊǾŜƪǘǀǊƭŜǊƛ ǸȊŜǊƛƴŘŜƴ ǘŀƴƤƳƭƤŘƤǊΣ ƪƛ ǀȊŘŜƐŜǊ κ ǾŜƪǘǀǊƭŜǊ ǎŀȅŜǎƛƴŘŜ ƭƛƴeer diferansiyel 

denklemleri çözülebilir. 

 

Orjin (x(t),y(t))ḳπ  ƘŜǊ ȊŀƳŀƴ ȅǳƪŀǊƤŘŀƪƛ ŘŜƴƪƭŜƳƛƴ ōƛǊ œǀȊǸƳǸŘǸǊ ǾŜ ƪǊƛǘƛƪ ƴƻƪǘŀΣ ǎŀōƛǘ 

œǀȊǸƳ ǾŜȅŀ ŘŜƴƎŜ ƴƻƪǘŀǎƤ ƻƭŀǊŀƪ ŀŘƭŀƴŘƤǊƤƭƤǊΦ 9ƐŜǊ ! ƳŀǘǊƛǎƛ ǘŜƪƛƭ ŘŜƐƛƭǎŜΣ ȅŀƴƛ ȿὃȿ π ise 

όлΣлύ ȅǳƪŀǊƤŘŀƪƛ ŘŜƴƪƭŜƳƛƴ ƪǊƛǘƛƪ ƴƻƪǘŀǎƤŘƤǊΦ  ȿὃȿ π durumu dejenere durum olarak 

ŀŘƭŀƴŘƤǊƤƭƤǊΦ 

 

Örnek: 

ὼ φὼ υὼ πΣ ŘŜƴƪƭŜƳƛƴ ŦŀȊ ŘǸȊƭŜƳƛ ŀƴŀƭƛȊƛƴƛ ȅŀǇƤƴƤȊΦ 

 

ὼ = y 

ώ = -5x -6y 

 

ὼ
ώ

  π       ρ
υ     φ

ὼ
ώ  

  

A=
 π       ρ
υ      φ

 

 

5Ŝǘό˂L-A)=0,  

 

ʇ ρ
υ φ ʇ

π 

 

ʇ φʇ υ π     

ό˂ Ҍ рύό˂ Ҍ 1)=0 

 

mȊŘŜƐŜǊƭŜǊΥ   ‗ υ  ,  ‗ ρ olarak bulunur. 

 

 ʇ ʐʇɝ =0 

ʐ Ґ ˂1 Ҍ  ˂2=-6 

ɲ Ґ ˂1 ˂ 2=5 

 

mȊǾŜƪǘǀǊƭŜǊƛƴ ōǳƭǳƴƳŀǎƤΥ 

ὃ ‗Ὅὺ π   , i=1,2, ... 

 

1˂=-р ŘŜƐŜǊƛ ƛœƛƴ ǀȊǾŜƪǘǀǊǸƴ ōǳƭǳƴƳŀǎƤΥ 

 π υ       ρ
υ      φ υ

  
ὺ
ὺ =

π
π

 

 

  5ὺ + ὺ =0 

-5ὺ -  ὺ =0 



 

.ǳ ŘŜƴƪƭŜƳƭŜǊ ōƛǊōƛǊƛƴƛƴ ƪŀǘƤ ƻƭŀŎŀƐƤ ƛœƛƴ œǀȊǸƳ ƛœƛƴ ōƛǊ ŘŜƴƪƭŜƳƛ ŀƭƳŀƳƤȊ ȅŜǘŜǊƭƛ ƻƭŀŎŀƪǘƤǊΦ 

Her zaman ikinci vektör birimi olan ὺΩȅŜ ōƛǊ ŘŜƐŜǊ ŀǘŀnarak ὺ bulunur. 

 

ὺ ρ  ise    ὺ -1/5  

 

1˂=-р ŘŜƐŜǊƛ ƛœƛƴ ǀȊǾŜƪǘǀǊΣ 
ρ
ρȾυ

 

 

1˂ ƴŜƎŀǘƛŦ ƻƭŘǳƐǳƴŘŀ ƪŀǊŀǊƭƤ ƴƻƪǘŀȅŀ ȅŀƪƭŀǒŀƴ ōƛǊ ǀȊŜƭƭƛƪ ƎǀǎǘŜǊƛǊΦ [ƛƴŜŜǊ ŘŜƴƪƭŜƳ ŘŜƐŜǊƛƴƛ 

bulmak için, ὺ ώ  ve    ὺ Ȅ ŘŜƐŜǊƛ ƪƻƴŘǳƐǳƴŘŀ  ȅҐ-3x elde edilir. 

 

2˂=-м ŘŜƐŜǊƛ ƛœƛƴ ǀȊǾŜƪǘǀǊǸƴ ōǳƭǳƴƳŀǎƤΥ 

 π ρ       ρ
υ      φ ρ

  
ὺ
ὺ =

π
π

 

 

  ὺ + ὺ =0 

-5ὺ -  υὺ =0 

 

Bu ŘŜƴƪƭŜƳƭŜǊ ōƛǊōƛǊƛƴƛƴ ƪŀǘƤ ƻƭŀŎŀƐƤ ƛœƛƴ œǀȊǸƳ ƛœƛƴ ōƛǊ ŘŜƴƪƭŜƳƛ ŀƭƳŀƳƤȊ ȅŜǘŜǊƭƛ ƻƭŀŎŀƪǘƤǊΦ 

Her zaman ikinci vektör birimi olan ὺΩȅŜ ōƛǊ ŘŜƐŜǊ ŀǘŀǊŀƪ ὺ bulunur. 

 

ὺ ρ  ise    ὺ -1 

 

2˂=-м ŘŜƐŜǊƛ ƛœƛƴ ǀȊǾŜƪǘǀǊΣ 
 ρ
ρ

 

 

[ƛƴŜŜǊ ŘŜƴƪƭŜƳ ŘŜƐŜǊƛƴƛ ōǳƭƳŀƪ ƛœƛƴΣ ὺ ώ  ve    ὺ Ȅ ŘŜƐŜǊƛ ƪƻƴŘǳƐǳƴŘŀ  ȅҐ-x elde edilir. 

 

 
 

 Ŝƪƛƭ пΦфΦ 

 

 

 

 



˂мΣ ˂н ƎŜǊœŜƪ ǾŜ ȊƤǘ ƛǒŀǊŜǘƭƛΥ 

 
 Ŝƪƛƭ пΦмлΦ 

 

Bir çizgi üzerinde ve ˂ мҔл ƛǎŜΣ ƻǊƛƧƛƴŘŜƴ ōǸȅǸȅŜǊŜƪ ǳȊŀƪƭŀǒŀŎŀƪ ǒŜƪƛƭŘŜ ƘŀǊŜƪŜǘ ŜŘŜǊΦ Cŀƪŀǘ 

ŘƛƐŜǊ ϦǀȊŘŜƐŜǊϦ ƛœƛƴ ˂ 2ғл ƛǎŜ ǸǎǘŜƭ ōƛǊ ŀȊŀƭƳŀ ǾŀǊ ŘŜƳŜƪǘƛǊΦ hƭŀƴƭŀǊ ŘŜƴƎŜόŜƐŜǊύ ƴƻƪǘŀǎƤ 

ǘŀƴƤƳƤƴŀ ǘŀƳ ǳȅƎǳƴΣ ōƛǊ ǎŀōƛǘ ƴƻƪǘŀȅŀ ƘŜƳ ƎƛŘŜƴ ƘŜƳ ŘŜ ƻƴŘŀƴ ƪŀœŀƴ ƎƛŘƛǒ ȅƻƭƭŀǊƤ ǾŀǊŘƤǊΦ 

YƤǾǊƤƳƭƤ ƎƛŘƛǒ ȅǀǊǸƴƎŜƭŜǊƛ ŘƻƭŘǳǊǳƭǳǊƪŜƴ ƴŜƎŀǘƛŦ ǾŜ ǇƻȊƛǘƛŦ ǎƻƴǎǳȊƭǳƪǘŀƴ ƎŜƭƛǒ ǾŜ ƎƛŘƛǒ 

ǀȊŘŜƐŜǊƭŜǊ ƎǀȊ ǀƴǸƴŜ ŀƭƤƴƤǊΦ   

 

Örnek: 

ὼ =4x -3y 

ώ = 6x -7y 

 

Çözüm öngörüsü: Ὡ ὺᴆ ya da ὸὩ ὺᴆ dir. Burada ὺᴆ, özvektördür. 

Kritik noktalar: ὼ =0 , ώ Ґл ŘƤǊΦ  

 

ὼ
ώ

  τ      σ
  φ     χ

ὼ
ώ  

  

A=
 τ      σ
φ      χ

 

 

5Ŝǘό˂L-A)=0,  

 

τ ʇ σ
φ χ ʇ

π 

 

ʇ σʇ ρπ π     

ό˂ Ҍ рύό˂ -2)=0 

 

mȊŘŜƐŜǊƭŜǊΥ   ‗ υ  ,  ‗ ς olarak bulunur. 

mȊŘŜƐŜǊΣ ˂1ғл  ƛœƛƴ ǸǎǘŜƭ ōƛǊ ŀȊŀƭƳŀ ǎǀȊ ƪƻƴǳǎǳŘǳǊΦ  ˂2Ҕл ƻƭŘǳƐǳƴŘŀƴ ƻǊƛƧƛƴŘŜƴ ōǸȅǸȅŜǊŜƪ 

ǳȊŀƪƭŀǒŀŎŀƪ ǒŜƪƛƭŘŜ ƘŀǊŜƪŜǘ ŜŘŜǊΦ hƭŀƴƭŀǊ ŘŜƴƎŜόŜȅŜǊύ ƴƻƪǘŀǎƤ ǘŀƴƤƳƤƴŀ ǘŀƳ ǳȅƎǳƴdur. 



mȊǾŜƪǘǀǊƭŜǊƛƴ ōǳƭǳƴƳŀǎƤΥ 

ὃ ‗Ὅὺ π   , i=1,2, ... 

 

1˂=-р ŘŜƐŜǊƛ ƛœƛƴ ǀȊǾŜƪǘǀǊǸƴ ōǳƭǳƴƳŀǎƤΥ 

 

A=
 τ      σ
φ      χ

 

 

 τ υ      σ
φ      χ υ

  
ὺ
ὺ =

π
π

 

 

  9ὺ - 3ὺ =0 

6ὺ -  ςὺ =0 

.ǳ ŘŜƴƪƭŜƳƭŜǊ ōƛǊōƛǊƛƴƛƴ ƪŀǘƤ ƻƭŀŎŀƐƤ ƛœƛƴ œǀȊǸƳ ƛœƛƴ ōƛǊ ŘŜƴƪƭŜƳƛ ŀƭƳŀƳƤȊ ȅŜǘŜǊƭƛ ƻƭŀŎŀƪǘƤǊΦ 

Her zaman ikinci vektör birimi olan ὺΩȅŜ ōƛǊ ŘŜƐŜǊ ŀǘŀǊŀƪ ὺ bulunur. 

 

ὺ ρ  ise    ὺ -1/3  

 

1˂=-р ŘŜƐŜǊƛ ƛœƛƴ ǀȊǾŜƪǘǀǊΣ 
ρ
ρȾσ

 

 

1˂ ƴŜƎŀǘƛŦ ƻƭŘǳƐǳƴŘŀƴ ƪŀǊŀǊƭƤ ƴƻƪǘŀȅŀ ȅŀƪƭŀǒŀƴ ōƛǊ ǀȊŜƭƭƛƪ ƎǀǎǘŜǊƛǊΦ [ƛƴŜŜǊ ŘŜƴƪƭŜƳ ŘŜƐŜǊƛƴƛ 

bulmak için, ὺ ώ  ise    ὺ Ȅ ŘŜƐŜǊƛ ƪƻƴŘǳƐǳƴŘŀ  ȅҐ-3x elde edilir. 

 

2˂Ґн ŘŜƐŜǊƛ ƛœƛƴ ǀȊǾŜƪǘǀǊǸƴ ōǳƭǳƴƳŀǎƤΥ 

 τ ς      σ
φ      χ ς

  
ὺ
ὺ =

π
π

 

 

  ςὺ -3ὺ =0 

6ὺ -  ωὺ =0 

 

.ǳ ŘŜƴƪƭŜƳƭŜǊ ōƛǊōƛǊƛƴƛƴ ƪŀǘƤ ƻƭŀŎŀƐƤ ƛœƛƴ œǀȊǸƳ ƛœƛƴ ōƛǊ ŘŜƴƪƭŜƳƛ ŀƭƳŀƳƤȊ ȅŜǘŜǊƭƛ ƻƭŀŎŀƪǘƤǊΦ 

Her zaman ikinci vektör birimi olan ὺΩȅŜ ōƛǊ ŘŜƐŜǊ ŀǘŀǊŀƪ ὺ bulunur. 

 

ὺ ρ  ise    ὺ 3/2 

 

2˂Ґн ŘŜƐŜǊƛ ƛœƛƴ ǀȊǾŜƪǘǀǊΣ 
 ρ
σȾς

 

 

2˂ pozitif olduƐǳƴŘŀ ƪŀǊŀǊƭƤ ƴƻƪǘŀŘŀƴ ǳȊŀƪƭŀǒŀƴ ōƛǊ ǀȊŜƭƭƛƪ ƎǀǎǘŜǊƛǊΦ [ƛƴŜŜǊ ŘŜƴƪƭŜƳ ŘŜƐŜǊƛƴƛ 

bulmak için, ὺ ώ  ise    ὺ Ȅ ŘŜƐŜǊƛ ƪƻƴŘǳƐǳƴŘŀ  ώ ὼ  elde edilir. 

 

 



 

y

x

y=3x

y=2/3x

 
 Ŝƪƛƭ пΦммΦ 

 

˂мΣ ˂н ǎƤŦƤǊ ƻƭƳŀȅŀƴ ƎŜǊœŜƪ ǇŀǊœŀƭŀǊŀ ǎŀƘƛǇ ƪƻƳǇƭŜƪǎ ŜǒƭŜniklerdir. 

 

 
 Ŝƪƛƭ пΦмнΦ 

 

Bu durumda ɲҔлΣ ǾŜ ƴŀƎŀǘƛŦ ƛȊ ̱ ғлΣ ƻƴƭŀǊƤ œŜƪŜƴ όŀǘǘǊŀŎǘƛƴƎύ ƘŀƭŜ ƎŜǘƛǊŜƴ ʐҍпɲғл olur, o 

zaman kökler, ˂ ϥƭŀǊΣ ƪƻƳǇƭŜƪǎΣ ǾŜ ǀȊŘŜƐŜǊƭŜǊ ǊŜŜƭ ƻƭƳŀȅŀŎŀƪΦ CŀȊ ŘǸȊƭŜƳƛƴŘŜ ƪƻƳǇƭŜƪǎ 

özvektörlerle ilgilenilmez, düzlemde sadece reel ǀȊǾŜƪǘǀǊƭŜǊ ƎǀǊǸƴǸǊΦ mȊŘŜƐŜǊƭŜǊ ōƛǊōƛǊƛƴƛƴ 

ƪƻƳǇƭŜƪǎ ŜǒƭŜƴƛƐƛ ƻƭŀǊŀƪ ǘŀōƛƛ ƪƛ ōŜƭƭƛ ǾŜ ōƛǊōƛǊƛƴŘŜƴ ŀȅǊƤŘƤǊ όŘƛǎǘƛƴŎǘύΣ ˂ Ґ„ ҕƛ˖ formunda 

gösterelir. 

 



„Σ˖ϥƴƛƴ ŦƛȊƛƪǎŜƭ ȅƻǊǳƳƭŀƳŀǎƤ ȅŀǇƤƭŀōƛƭƛǊΦ „<0 ŘǳǊǳƳǳ ŀȊŀƭƳŀ ȅŀ Řŀ ŀǊǘƳŀ ƻǊŀƴƤƴƤ ƪƻƴǘǊƻƭ 

eder, ̟  ise ǎŀǊƳŀƭƤƴ ŘǀƴƳŜ ƻǊŀƴƤƴƤ ǘŜƳǎƛƭ ŜŘŜǊΦ 9ƐŜǊ x(t) œǀȊǸƳƭŜǊƛ ȅŀȊƤƭƤǊǎŀΣ ƭƛƴŜŜǊ ŎŜōƛǊŘŜ 

Ȅϥƛƴ ƘŜǊ ōƛƭŜǒŜƴƛ Ὡ ÃÏÓʖt ve Ὡ ÓÉÎʖt 'nin bir lineer kombinasyonudur. Sarmallar sönümlü 

ǘƛǘǊŜǒƛƳƭŜǊƛƴ ƎŜƻƳŜǘǊƛƪ ƪŀǊǒƤƭƤƐƤŘƤǊΦ 

 

YŀǊŀƭƤ ǾŜ ƪŀǊŀǎƤȊ ŘǸƐǸƳƭŜǊƛƴ ƻƭŘǳƐǳ Ǝƛōƛ ƪŀǊŀǊƭƤ ȅŀ Řŀ ƪŀǊŀǊǎƤȊ  ǎŀǊƳŀƭƭŀǊ Řŀ ƻƭŀōƛƭƛǊΦ hƪƭŀǊƤƴ 

ȅǀƴǸ ŘŜƐƛǒǘƛǊƛƭŜǊŜƪ ŜƭŘŜ ŜŘƛƭƛǊΦ !ǎƭƤƴŘŀ ǎŀǊƳŀƭƤ ŘŀƘŀ ŜƭƛǇǘƛƪ ōƛǊ ǒŜƪƛƭŘŜ œƛȊƛƭƳŜǎƛ ƎŜǊŜƪƛǊΣ 

ƳŜǎŜƭŀ ǸǎǘǘŜƴ ŘŀƘŀ ōŀǎƤƪ ōƛǊ ȅǳǾŀǊƭŀƪǘƤǊΦ  

 

 

˂мΣ ˂нΣ ƎŜǊœŜƪ ǇŀǊœŀƭŀǊƤ лϥŀ Ŝǒƛǘ ƻƭŀƴ ƪƻƳǇƭŜƪǎ ŜǒƭŜƴƛƪƭŜǊŘƛǊ 

SŀǊƳŀƭƭŀǊƤƴ ǀȊŜƭ ōƛǊ Ƙŀƭƛ „ =0 ƻƭŘǳƐǳ ȊŀƳŀƴŘƤǊΦ 

 
 Ŝƪƛƭ пΦмоΦ 

 

Bu durumda ɲҔлΣ ̱ Ґл ve ˂ Ґҕƛ˖Σ ȅŀƴƛ ǇǸǊ ƪƻƳǇƭŜƪǎΦ aŜǊƪŜȊ ƘŀƭƛƴŘŜ ƘŜǊ ƎƛŘƛǒ ȅƻƭǳ ƪŀǇŀƭƤΣ 

ǘƛǇƛƪ ȅǳƪŀǊƤŘŀƪƛ ǊŜǎƛƳŜ ōŜƴȊŜǊΦ DƛŘƛǒ ȅƻƭƭŀǊƤƴƤƴ ƘŜǇǎƛ ŀȅƴƤ ȅǀƴŜ ƛǒŀǊŜǘ ŜŘŜǊΦ aŜǊƪŜȊϥƛƴ Ŝƴ ƛȅƛ 

bilinen örnŜƪƭŜǊƛƴŘŜƴ ōƛǊƛΣ ǎǀƴǸƳǎǸȊ ōŀǎƛǘ ƘŀǊƳƻƴƛƪ ǘƛǘǊŜǒƛǊƭŜǊƛƴ ŦŀȊ ŘǸȊƭŜƳƛ œƛȊƛƭƛƴŎŜ ōǳ ǒŜƪƛƭ 

œƤƪŀǊΣ x¨+x=0 ǎƛǎǘŜƳƛƴƛƴ ŦŀȊ ŘǸȊƭŜƳƛ ōǳ ȅŀǇƤȅŀ ōŜƴȊŜǊΦ 

 

ȄɢҐȅ 

ȅɢҐ-x 

 

Tƭƪ ǀƴŎŜ ŜƪǎŜƴƭŜǊŘŜƴ œƤƪŀƴ ƻƪƭŀǊ œƛȊƛƭƛǊΣ ŀǊŘƤƴŘŀƴ ōƛǊƪŀœ ǘŀƴŜ ŘƛƐŜǊ ȅŜǊƭŜǊŘŜƴ ŜƪƭŜǊƛ œƛȊƛƭƛǊΦ 

DƛŘƛǒ ȅƻƭƭŀǊƤ ōƛǊ ǎŀōƛǘ ƴƻƪǘŀȅŀ ȅŀƪƭŀǒƳŀȊΦ IŜǊ ƎƛŘƛǒ ȅƻƭǳ ƪŀǇŀƭƤΣ ȅŀƴƛ ƎƛŘƛǇ ƎƛŘƛǇ ƪŜƴŘƛƭŜǊƛƴŜ 

ŘǀƴŜǊƭŜǊΦ hǊƛƧƛƴŘŜ ōƛǊ ǎŀōƛǘ ƴƻƪǘŀ ǾŀǊΣ Ŧŀƪŀǘ ŘƛƐŜǊ ǘǸƳ ƎƛŘƛǒ ȅƻƭƭŀǊƤ ƻƴǳƴ ŜǘǊŀŦƤƴŘŀ ōƛǊ ƪŀǇŀƭƤ 

yörüngedir. 

 

˂мҐ ˂нΣ ƪǀƪƭŜǊ ƎŜǊœŜƪ ǾŜ ōƛǊōƛǊƛƴŜ Ŝǒƛǘ 

 

9ƐŜǊ ɲҐл ise o zamŀƴ ƳŀǘǊƛǎƛƴ ŘŜǘŜǊƳƛƴŀƴǘƤ ǎƤŦƤǊ ŘŜƳŜƪǘƛǊΣ ǾŜ ǎŀōƛǘ ƴƻƪǘŀ ōǳƭƳŀƪ ƛœƛƴ Ax=0'i 

œǀȊƳŜȅŜ ǳƐǊŀǒƤǊƪŜƴ ōƛǊ ǀȊƎǸƴ œǀȊǸƳ ōǳƭǳƴŀƳŀȊΦ aǸƳƪǸƴ œǀȊǸƳǸ ƻƭǳǒǘǳǊŀƴ ǘǸƳ ǎŀōƛǘ 

ƴƻƪǘŀƭŀǊ ōƛǊ œƛȊƎƛΣ Ƙŀǘǘŀ ōƛǊ ŘǸȊƭŜƳ ƻƭǳǒǘǳǊŀŎŀƪƭŀǊŘƤǊΦ 5ǸȊƭŜƳΣ ȅŀƴƛ ƻ ŘǸȊƭŜƳŘŜƪƛ ƘŜǊ ƴƻƪǘŀ 

sabit - bǳ œƻƪ ǎƤƪƤŎƤ ōƛǊ ŘƛƴŀƳƛƪ ǎƛǎǘŜƳŘƛǊΦ ȄɢҐлΦ bŜǊŜŘŜ ƻƭǳǊǎŀƴ ƻƭΣ Ƙƛœ ƘŀǊŜƪŜǘ ŜŘŜƳƛȅƻǊǎǳƴΦ 



.ǳ ǎƛǎǘŜƳƛƴ ŀƴŀƭƛȊƛ œƻƪ ƪƻƭŀȅ όΗύΦ 4ƛȊƎƛŘŜ ǎŀōƛǘ ƴƻƪǘŀƭŀǊ ōŜƭƪƛ ōƛǊŀȊ ŘŀƘŀ ƛƭƎƛƴœΣ ŀƭǘǘŀƪƛ ǒŜƪƛƭŘŜ 

ƎǀǊǸƭŘǸƐǸ Ǝƛōƛ ōƛǊ ŘǳǊǳƳ ƻƭŀōƛƭƛǊΦ 

 

 
 Ŝƪƛƭ 4.14. 

 

4ƻƪ ȅŀȅƎƤƴ ƻƭƳŀǎŀ Řŀ ƻǊǘŀȅŀ œƤƪŀōƛƭƛȅƻǊΦ «ǎǘǘŜƪƛ ŘǳǊǳƳŀ лϥŘŀ ƛȊƻƭŜ ƻƭƳŀȅŀƴ ǎŀōƛǘ ƴƻƪǘŀ 

ŘǳǊǳƳǳϦ ƛǎƳƛ ǾŜǊƛƭƛǊΣ œǸƴƪǸ ƻǊƛƧƛƴƛƴ ȅŀƪƤƴƤƴŘŀ ŘƛƐŜǊ ǎŀōƛǘ ƴƻƪǘŀƭŀǊ ǾŀǊΦ 

 

ⱲҍпɲҐл  durumu: 

.ǳǊŀŘŀ ǘŜƪǊŀǊƭŀƴŀƴ ƪǀƪƭŜǊ ǾŀǊΣ ǾŜ ŘŜƧŜƴŜǊŜ ŘǸƐǸƳƭŜǊ ƻǊǘŀȅŀ œƤƪŀōƛƭƛȅƻǊΦ IŜǊ ȅǀƴ ōƛǊ ǀȊǾŜƪǘǀǊ 

ƻƭǳȅƻǊΣ ǾŜ ƳŜǎŜƭŀ ǘǸƳ ƎƛŘƛǒ ȅƻƭƭŀǊƤ ŘǸȊ ōƛǊ ǒŜƪƛƭŘŜ ǘŜƪ ōƛǊ ǎŀōƛǘ ƴƻƪǘŀȅŀ ŀƪƤȅƻǊƭŀǊΣ ōƛǊ ȅƤƭŘƤȊ 

ǒŜƪƭƛ ƻƭǳǒǘǳǊǳȅƻǊƭŀǊΦ ¸ŀ Řŀ ǘŜƪ ōƛǊ ǀȊȅǀƴ ǾŀǊΣ ƳŜǎŜƭŀ 

 

ʇ ρ
π ʇ

 

ƳŀǘǊƛǎƛƴƛƴ ǀȊǾŜƪǘǀǊ ȅŀ Řŀ ǀȊŘŜƐŜǊƭŜǊƛ ōǳƴǳ ǾŜǊƛǊΦ YƻƴǘǊƻƭ ŜŘŜōƛƭƛǊsiniz, üstteki matrisin iki 

ŘŜƐƛƭ ǎŀŘŜŎŜ ōƛǊ ǘŀƴŜ ǀȊǾŜƪǘǀǊ ǾŀǊŘƤǊΦ aŜƪŀƴƛƪ ōŀƐƭŀƳƤƴŘŀ ōǳ ŘǳǊǳƳ ƪǊƛǘƛƪ ǎǀƴǸƳƭǸŘǸǊ 

(critically damped). 

 
 Ŝƪƛƭ пΦмр 

 

 

 

 

 

 

 

 



3.7. 5ŜƴƎŜ ŘǳǊǳƳ ƴƻƪǘŀƭŀǊƤ ǾŜ ŦŀȊ ŘǸȊƭŜƳƭŜǊƛ 

Lineer veya lineer olmayan tipten ὼ Ὢὸȟὼȟὼȟ      ŘŜƴƪƭŜƳƭŜǊ ǘŜƻǊƛǎƛƴŘŜ Ȅόǘύ œƻƐǳ ƪŜȊ Ȅ-

ŜƪǎŜƴƛƴŘŜ ƘŀǊŜƪŜǘ ŜŘŜƴ ōƛǊ ƴƻƪǘŀƴƤƴ ǘ ŀƴƤƴŘŀƪƛ ȅŜǊƛƴƛ ǾŜ ȅόǘύ ὼὸ ŘŜ ǘ ŀƴƤƴŘŀƪƛ ƘƤȊƤƴƤ 

ǘŀƴƤƳƭŀǊΦ όȄόǘύΣ ȅόǘύύ ƛƪƛƭƛǎƛΣ ōƛǊƭƛƪǘŜΣ ǎƛǎǘŜƳƛƴ ǘ ŀƴƤƴŘŀƪƛ ŘǳǊǳƳǳƴǳ ōŜƭƛǊƭŜǊΦ 

 

{ƛǎǘŜƳƛƴ ŘŀǾǊŀƴƤǒƤΣ όȄΣȅ) -ŘǸȊƭŜƳƛƴŘŜ όȄόǘύΣ ȅόǘύύ ƴƻƪǘŀǎƤƴƤƴ ƎŜƻƳŜǘǊƛƪ ȅŜǊƛ ƛƭŜ ǘŀǊƛŦ ŜŘƛƭŜōƛƭƛǊΦ 

.ǳ ōƛœƛƳŘŜ ŘƛŦŜǊŀƴǎƛȅŜƭ ŘŜƴƪƭŜƳ ƛƭŜ ƛƭƛǒƪƛƭŜƴŘƛǊƛƭŜƴ  όȄΣȅύ-düzlemi faz düzlemi olarak 

ŀŘƭŀƴŘƤǊƤƭƤǊΦ όȄόǘύΣ ȅόǘύύ ǇŀǊŀƳŜǘǊƛƪ œǀȊǸƳ ŜƐǊƛǎƛƴŜ ȅǀǊǸƴƎŜ ǾŜ ƻƴǳƴ ƎǀǊǸƴǘǸǎǸƴŜ ŘŜ ƻǊōƛǘ 

veya ƛȊ ŘŜƴƛǊΦ .ƛǊ ȅǀǊǸƴƎŜ ƛƭŜ ƻǊōƛǘ ŀǊŀǎƤƴŘŀƪƛ ŦŀǊƪΣ ȅǀǊǸƴƎŜƴƛƴ œǀȊǸƳ ŜƐǊƛǎƛƴƛƴ 

ƻǊȅŀƴǘŀǎȅƻƴǳƴǳ ǾŜǊŜƴ ǘ ǇŀǊŀƳŜǘǊŜǎƛ ƛƭŜ ŘƻƴŀǘƤƭƳƤǒ ƻƭƳŀǎƤŘƤǊΦ 

 

ὼ Ὢὸȟὼȟὼȟ  ƎŜƴŜƭ ŘŜƴƪƭŜƳƛ ƛœƛƴΣ ŘŜƴƎŜ ƴƻƪǘŀƭŀǊƤ Ȅ ŜƪǎŜƴƛƴŘŜ ōǳƭǳƴǳǊ ǾŜ ǘǸƳ ŦόȄΣ лύ Ґ л 

œǀȊǸƳƭŜǊƛ ǘŀǊŀŦƤƴŘŀƴ ǘŀƴƤƳƭŀƴƤǊΦ  ό Ȅ Σ ȅ ύ ό ȅҐ ὼ ύ ŘǸȊƭŜƳŘŜƪƛ ŦŀȊ ȅƻƭƭŀǊƤ ōƛǊƛƴŎƛ ƳŜǊǘŜōŜŘŜƴ 

ŘŜƴƪƭŜƳƛƴ œǀȊǸƳƭŜǊƛ ȅŀǊŘƤƳƤȅƭŀ ōŜƭƛǊƭŜƴƛǊΦ  
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x ve y eksenlerindeki ǀƭœŜƪƭŜǊƛƴ ƘŜǊ ȊŀƳŀƴ ŀȅƴƤ ƻƭƳŀŘƤƐƤ ǳƴǳǘǳƭƳŀƳŀƭƤŘƤǊΦ DŜƴŜƭƭƛƪƭŜ Ŝǒ 

ȊŀƳŀƴƭƤ ŘƛŦŜǊŀƴǎƛȅŜƭ ŘŜƴƪƭŜƳƭŜǊ ƻƭŀǊŀƪ ƳǳŀƳŜƭŜ ŜŘƛƭŜƴ ŦόȄΣ ȅύ œǀȊǸƳǸ ƻƭŀƴ όȄ όǘύΣ ȅ όǘύύΣ ǘ 

cinsinden parametrik olarak elde edilir. 

 

 

 

 

 

 

 

 

 

 

 

 



Örnek: 

ὼ ψὼὼ π    diferansiyel  f(x, y) = уȄȅ ƻƭǳǊΦ ŦόȄΣ лύ Ґ л ƻƭŘǳƐǳƴŘŀƴΣ Ȅ ŜƪǎŜƴƛƴŘŜƪƛ ƘŜǊ ƴƻƪǘŀ 

ōƛǊ ŘŜƴƎŜ ƴƻƪǘŀǎƤŘƤǊΦ CŀȊ ȅƻƭƭŀǊƤ ƛœƛƴ ŘƛŦŜǊŀƴǎƛȅŜƭ ŘŜƴƪƭŜƳΣ 

ὼ ψὼὼ 

ὼ ώ 

ώ ψὼώ 

 

ψὼ,   genel çözüm, y=4x2 + C dir. 

ŦόȄΣ ȅύ Ґ уȄȅ ŘŜƴƪƭŜƳƛƴƛƴ ŦŀȊ œǀȊǸƳ œƛȊƎƛƭŜǊƛ ŀǒŀƐƤŘŀƪƛ ǒŜƪƛƭŘŜ ǾŜǊƛƭƳƛǒǘƛǊΦ 

 
 

 Ŝƪƛƭ оΦ  

 

 

 

aŀǘƭŀō ¸ŀȊƤƭƤƳ ƪƻŘǳΥ 

clear all 

close all 

x = linspace(-1.5,1.5,15); 

y = linspace(-4,4,15); 

[M1,M2]=size(y); 

[X,Y] = meshgrid(x,y); 

U = Y; 

for i=1:M2 

    for j=1:M2 

   V(i,j)=-8*X(i,j)*Y(i,j); 

    end 

end 

figure(1), quiver(X,Y,U,V,'r') 

 

 

 



Örnek:  ὼ τὼ τπὼ π    diferansiyel  f(x, y) = 4y-плȄ ƻƭǳǊΦ ŦόȄΣ лύ Ґ л ƻƭŘǳƐǳƴŘŀƴΣ Ȅ 

ŜƪǎŜƴƛƴŘŜƪƛ ƘŜǊ ƴƻƪǘŀ ōƛǊ ŘŜƴƎŜ ƴƻƪǘŀǎƤŘƤǊΦ CŀȊ ȅƻƭƭŀǊƤ ƛœƛƴ ŘƛŦŜǊŀƴǎƛȅŜƭ ŘŜƴƪƭŜƳΣ 

f(x, y) =4y-плȄ ŘŜƴƪƭŜƳƛƴƛƴ ŦŀȊ œǀȊǸƳ œƛȊƎƛƭŜǊƛ ŀǒŀƐƤŘŀƪƛ ǒŜƪƛƭŘŜ ǾŜǊƛƭƳƛǒǘƛǊΦ 

 

 
 Ŝƪƛƭ оΦн 

 

aŀǘƭŀō ¸ŀȊƤƭƤƳ YƻŘǳΥ 

clear all 

close all 

x = linspace(-1,1,20); 

y = linspace(-4,4,20); 

[M1,M2]=size(y); 

[X,Y] = meshgrid(x,y); 

U = Y; 

for i=1:M2 

    for j=1:M2 

    F(i,j)=-40*X(i,j)+4*Y(i,j); 

    end 

end 

figure(1), quiver(X,Y,U,F,'r') 

 

 

 

 

 

 

 

 

 

 



Örnek:  ὼ Ὡ ὥ π    diferansiyel  f(x, y) = Ὡ ὥ olur.  

f(x, y) = Ὡ ὥ denkleminin a=-нΣ ŀҐн ǾŜ ŀҐл ŘŜƐŜǊƭŜǊƛ ƛœƛƴ ŦŀȊ œǀȊǸƳ œƛȊƎƛƭŜǊƛƴƛƴ ōǳƭǳƴƳŀǎƤΦ 

 

ŀғл ƛœƛƴ ǘŜƪ ŘŜƴƎŜ ƴƻƪǘŀǎƤ ǾŀǊŘƤǊΦ 

ŀҔл ƛœƛƴ ŘŜƴƎŜ ƴƻƪǘŀǎƤ ȅƻƪǘǳǊΦ 

ŀҐл ƛœƛƴ ŘŜƴƎŜ ƴƻƪǘŀǎƤ ȅƻƪǘǳǊΦ 

 

 
 ŜƪƛƭΥ ŀғл ƛœƛƴ ŦŀȊ ŘƛȅŀƎǊŀƳƤ  ǾŜ ŘŜƴƎŜ ƴƻƪǘŀǎƤ 

 

 
 ŜƪƛƭΥ ŀҔл ƛœƛƴ ŦŀȊ ŘƛȅŀƎǊŀƳƤ  ǾŜ ŘŜƴƎŜ ƴƻƪǘŀǎƤ ȅƻƪǘǳǊΦ 

 

 

 

 

 

 

 



3.8. 5ƻƐǊǳǎŀƭ hƭƳŀȅŀƴ hǘƻƴƻƳ 5ƛŦŜǊŀƴǎƛȅŜƭ 5ŜƴƪƭŜƳ {ƛǎǘŜƳƭŜǊƛ 

 

Örnek: 

 

ȄΩҐмлȄ-5xy 

ȅΩҐоȅҌȄȅ-3y2 

 

To find the critical points, we need to find every ordered pair of real numbers (x, y) at which 

ōƻǘƘ Ȅ  ŀƴŘ ȅ  ŀǊŜ ȊŜǊƻΦ ¢Ƙƛǎ ƳŜŀƴǎ ŀƭƎŜōǊŀƛŎŀƭƭȅ ǎƻƭǾƛƴƎ ǘƘŜ ǎȅǎǘŜƳ 

 

лҐ млȄ ҍ рȄȅ 

л Ґ оȅ Ҍ Ȅȅ ҍ оȅ2 

 

5x(2-y)=0 denkleminden x=0 ve y=2 elde edilir. 

 

ȄҐл ŘŜƐŜǊƛ ƛƪƛƴŎƛ denklemde yerine konulursa, 3y-3y2=0 elde edilir. Burdan 3y(1-y)=0  

denkleminin kökleri y=0 ve y=1 bulunur. 

 

ȅҐн ŘŜƐŜǊƛ ƛƪƛƴŎƛ ŘŜƴƪƭŜƳŘŜ ȅŜǊƛƴŜ ƪƻƴǳƭǳǊǎŀΣ сҌнȄ-12=0 elde edilir. Burdan da x=3 bulunur. 

 

5ƛŦŜǊŀƴǎƛȅŜƭ ŘŜƴƪƭŜƳƛƴ Ǹœ ƪǊƛǘƛƪ ƴƻƪǘŀǎƤ ǾŀǊŘƤǊΣ  όлΣ 0), (0,1), (3,2). 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 



[ƛƴŜŜǊ hƭƳŀȅŀƴ {ƛǎǘŜƳƭŜǊƛƴ YŀǊŀǊƭƤƭƤƐƤ: 
5ǸȊƎǸƴ h59ϥƭŜǊƛƴ ǘƛǇƛƪ ŘŜƴƎŜƭŜǊƛƴƛƴ ƪŀǊŀǊƭƤƭƤƐƤΣ WŀŎƻōƛŀƴ ƳŀǘǊƛǎƛƴƛƴ ǀȊŘŜƐŜǊƭŜǊƛƴƛƴ ƎŜǊœŜƪ 

ƪƤǎƳƤƴƤƴ ƛǒŀǊŜǘƛȅƭŜ ōŜƭƛǊƭŜƴƛǊΦ .ǳ ǀȊŘŜƐŜǊƭŜǊ ƎŜƴŜƭƭƛƪƭŜ ϥŘŜƴƎŜƴƛƴ ǀȊŘŜƐŜǊƭŜǊƛϥ ƻƭŀǊŀƪ 

ŀŘƭŀƴŘƤǊƤƭƤǊΦ 5ǸȊƎǸƴ h59ϥƭŜǊŘŜƴ ƻƭǳǒŀƴ ōƛǊ ǎƛǎǘŜƳƛƴ WŀŎƻōƛŀƴ ƳŀǘǊƛǎƛΣ ŘǳǊǳƳ ŘŜƐƛǒƪŜƴƭŜǊƛƴŜ 

ƎǀǊŜ ǎŀƐ ǘŀǊŀŦƤƴ ƪƤǎƳƛ ǘǸǊŜǾƭŜǊƛƴƛƴ ƳŀǘǊƛǎƛŘƛǊΦ 

 

mȊŘŜƐŜǊƭŜǊƛΣ ŘŜƴƎŜƴƛƴ ŘƻƐǊǳǎŀƭ ƪŀǊŀǊƭƤƭƤƪ ǀȊŜƭƭƛƪƭŜǊƛƴƛ ōŜƭƛǊƭŜǊΦ ¢ǸƳ ǀȊŘŜƐŜǊƭŜǊƛƴ ƴŜƎŀǘƛŦ ǊŜŜƭ 

ƪƤǎƤƳƭŀǊƤ ǾŀǊǎŀΣ ōƛǊ ŘŜƴƎŜ ŀǎƛƳǇǘƻǘƛƪ ƻƭŀǊŀƪ ƪŀǊŀǊƭƤŘƤǊΤ Ŝƴ ŀȊ ōƛǊ ǀȊŘŜƐŜǊƛƴ ǇƻȊƛǘƛŦ ǊŜŜƭ ƪƤǎƳƤ 

ǾŀǊǎŀ ƪŀǊŀǊǎƤȊŘƤǊΦ 

 

WŀŎƻōƛŀƴ ƳŀǘǊƛǎƛƴƛƴ ǘǸƳ ǀȊŘŜƐŜǊƭŜǊƛ ǎƤŦƤǊ ƻƭƳŀȅŀƴ ǊŜŜƭ ƪƤǎƤƳƭŀǊŀ ǎŀƘƛǇǎŜ ŘŜƴƎŜƴƛƴ ƘƛǇŜǊōƻƭƛƪ 

ƻƭŘǳƐǳ ǎǀȅƭŜƴƛǊΦ 

 

 
ȄΩҐмлȄ-5xy 

ȅΩҐоȅҌȄȅ-3y2 

 

f(x,y)= 10x-5xy 

g(x,y)= 3y+xy-3y2 
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.ƛǊ ǎƛǎǘŜƳ ŘǸǒǸƴǸƴ 



ȄΩόǘύ Ґ ŦόȄΤ ȅύΤ  

ȅΩόǘύ Ґ ƎόȄΤ ȅύΤ ƻƭǎǳƴΦ 

 

.ǳǊŀŘŀ ŦΤ Ǝ ǎǸǊŜƪƭƛ ƪƤǎƳƛ ǘǸǊŜǾƭŜǊƭŜ ƛŦŀŘŜ ŜŘƛƭŜōƛƭƛǊ ǾŜ ƘŜǊ ƛƪƛǎƛ ŘŜ όȄлΤ ȅлύ ƴƻƪǘŀǎƤƴŘŀ ǎƤŦƤǊ 

ƻƭƳŀƪǘŀŘƤǊΦ WΣ ōǳ ƴƻƪǘŀŘŀ WŀŎƻōƛŀƴ ƳŀǘǊƛǎƛƴƛ ƎǀǎǘŜǊǎƛƴΣ ȅŀƴƛ 

 

 

ὐ
Ὢὼȟώ Ὢὼȟώ

Ὣ ὼȟώ Ὣ ὼȟώ
 

 

Wϥƴƛƴ ǘǸƳ ǀȊŘŜƐŜǊƭŜǊƛ ƴŜƎŀǘƛŦ ǊŜŜƭ ƪƤǎƳŀ ǎŀƘƛǇǎŜΣ όȄлΤ ȅлύ ŀǎƛƳǇǘƻǘƛƪ ƻƭŀǊŀƪ ƪŀǊŀǊƭƤŘƤǊΦ ±Ŝ ŜƐŜǊ 

Wϥƴƛƴ ǀȊŘŜƐŜǊƭŜǊƛƴŘŜƴ ōƛǊƛƴƛƴ ǊŜŜƭ ƪƤǎƳƤ ǇƻȊƛǘƛŦǎŜΣ ƻ ȊŀƳŀƴ όȄлΤ ȅлύ ƪŀǊŀǊǎƤȊŘƤǊΦ 

 

Örnek: 

ŦόȄΣȅύҐȄΩόǘύ Ґ м-y  

ƎόȄΣȅύҐȅΩόǘύ Ґ Ȅ2 ς y2 

 

Bu durumda, kritik noktalar tatmin edilebilir. 

1-y=0, y=1 

x2 ς y2=0, x2 =  y2 

 

Kritik noktalar A(-1,1), B(1,1) olarak elde edilir. 

 

YŀǊŀǊƭƤƭƤƪ ǀȊŜƭƭƛƪƭŜǊƛƴƛ ōŜƭƛǊƭŜƳŜƪ ƛœƛƴ WŀŎƻōƛŀƴ ƳŀǘǊƛǎƛƴŜ ōŀƪƤƭƤǊΦ 

 

ὐ
Ὢ Ὢ
Ὣ Ὣ =

π ρ
ςὼ ςώ

 

 

 

A(-мΤ мύ ƪǊƛǘƛƪ ƴƻƪǘŀǎƤƴŘŀΣ  Wό-1,1)=
π ρ
ς ς

 

 

ōǳ ƳŀǘǊƛǎƛƴ ǀȊŘŜƐŜǊƭŜǊƛ 5ŜǘόW-˂LύҐл Řŀƴ ōǳƭǳƴǳǊΦ ˂2 Ҍ н˂ -нҐлΣ  ˂Ґ-1 ЍσΣ ǀȊŘŜƐŜǊƭŜǊŘŜƴ ōƛǊƛ 

ǇƻȊƛǘƛŦ ƻƭŘǳƐǳ ƛœƛƴ ! ό-1,1) kritik ƴƻƪǘŀǎƤƴŘŀ ƪŀǊŀǊǎƤȊŘƤǊΦ 

 

 

.όмΤ мύ ƪǊƛǘƛƪ ƴƻƪǘŀǎƤƴŘŀΣ  Wό-1,1)=
π ρ
ς ς

 

 

ōǳ ƳŀǘǊƛǎƛƴ ǀȊŘŜƐŜǊƭŜǊƛ 5ŜǘόW-˂LύҐл Řŀƴ ōǳƭǳƴǳǊΦ ˂2 Ҍ н˂ Ҍ нҐлΣ  ˂Ґ-1  ὭΣ ǀȊŘŜƐŜǊƭŜǊƛƴ ǊŜŜƭ 

ƪƤǎƤƳƭŀǊƤ ƴŜƎŀǘƛŦ ƻƭŘǳƐǳƴŀ . όмΣмύ ƪǊƛǘƛƪ ƴƻƪǘŀǎƤƴŘŀ ŀǎƛƳǘƻǘƛƪ ƪŀǊŀǊƭƤŘƤǊΦ 



5ƻƐǊǳǎŀƭ ƻƭƳŀȅŀƴ ŘǸȊŜƴƭƛ ƻǘƻƴƻƳ ǎƛǎǘŜƳƛƴ Ȅ  Ґ CόȄύ ǘŀǎƭŀƐƤ όƪŀōŀύ ŦŀȊ ǇƻǊǘǊŜƭŜǊƛ ǾŀǊΦ Tƭƪ 

ƻƭŀǊŀƪΣ ŀǒŀƐƤŘŀƪƛ ǇǊƻǎŜŘǸǊƭŜ ƪǊƛǘƛƪ ƴƻƪǘŀƭŀǊŀ ȅŀƪƤƴ ȅǀǊǸƴƎŜƭŜǊƛƴ ŘŀǾǊŀƴƤǒƤ ōŜƭƛǊƭŜƴƛǊΥ 

1) {ƛǎǘŜƳ ƛœƛƴ WόȄΣ ȅύ WŀŎƻōƛŀƴ ƳŀǘǊƛǎƛƴƛ ƘŜǎŀǇƭŀƴƤǊΦ 

2) Tüm kritik noktalar bulunur. 

3) Her kritik nokta için (x0, y0) : 

-  A = J(x0, y0ύ ƴƻƪǘŀǎƤƴŘŀƪƛ WŀŎƻōƛŀƴ ƳŀǘǊƛǎƛƴƛ ŘŜƐŜǊƭŜƴŘƛǊƛƭƛǊΦ .ǳΣ όȄ0, y0ύϥŘŀ ƪŀǊǒƤƭƤƪ ƎŜƭŜƴ 

lineer sistem için matristir. 

-  ! ƛœƛƴ ǀȊŘŜƐŜǊƭŜǊƛ ǾŜ ǳȅƎǳƴǎŀ ǀȊǾŜƪǘǀǊƭŜǊƛ ōǳƭǳƴǳǊΦ 

-  aŀǘǊƛǎ !ϥƴƤƴ ǀȊŘŜƐŜǊƭŜǊƛ ǾŜ ǳȅƎǳƴǎŀΣ ǀȊǾŜƪǘǀǊƭŜǊƛ ƪǳƭƭŀƴƤƭŀǊŀƪΣ ƘŜǊ ōƛǊ ƪǊƛǘƛƪ ƴƻƪǘŀƴƤƴ 

ƪŀǊŀǊƭƤƭƤƐƤ ǾŜ ǘƛǇƛ ōŜƭƛǊƭŜƴƛǊ ǾŜ ƪǊƛǘƛƪ ƴƻƪǘŀƴƤƴ ȅŀƪƤƴƤƴŘŀƪƛ ōǀƭƎŜŘŜƪƛ ȅǀǊǸƴƎŜƭŜǊ œƛȊƛƭƛǊΦ 

¸ǀǊǸƴƎŜƭŜǊƛƴ άƘŀǊŜƪŜǘ ȅǀƴǸέ ƎǀǎǘŜǊƎŜƭŜǊƛƴƛƴ ŜƪƭŜƴŘƛƐƛƴŘŜƴ ŜƳƛƴ ƻƭǳƴǳǊΦ 

 

 

3.9. Directional Derivatives and Gradient Vectors 

 

9ƐƛƳ όDǊŀŘƛŜƴǘύ 

Gradients are extremely important in machine learning because this is how we optimize 

neural networks. 

 

To understand gradients we need to return to partial derivatives, which we can reorganize 

into a vector as shown below: ddxandddyddxandddy 

ҐɳҦŘŘȄΣ 

dyɳ =dx, 

ŘȅҦ 

where ɳ  is the gradient. 

 

Let's look at an example - if we have the gradient for f(x,y) this is the same as writing the 

partial of ff with respect to xx and the partial with respect to y: 

ŦɳόȄΣȅύҐҦŘŦόȄΣȅύŘȄΣ ŘŦόȄΣȅύŘȅ 

 

Understanding the Gradient 

As you may have guessed, like the derivative, the gradient represents the slope of a 

function. 

 

The gradient points in the direction of the largest rate of increase of the function, and its 

magnitude is the slope in that direction. 

This is very valuable because we can determine the direction to change our variables that  

will have the greatest impact. In the context of machine learning we take the negative 

gradient direction to minimize our loss function. 

 

 



Gradient Vectors 

It's important to note that gradients are not restricted to two dimensions like we've seen, 

and are often expanded into higher dimensions. In the context of machine learning we 

rarely stop at 3 dimensions, so gradient vectors can be organized as partial derivatives for a 

scalar function. If there are multiple functions, we use the Jacobian, which is a vector of 

gradients. 

 

Let's now look at convex optimization and see how we can use gradients to minimize the 

loss function in our machine learning algorithm. 

 

Örnek:  

[X,Y] = meshgrid(-2:0.25:2,-1:0.2:1); 

Z = X.*exp(-X.^2 - Y.^2); 

[U,V,W] = surfnorm(X,Y,Z); 

Display the vectors as a 3-D quiver plot. Then, display the surface in the same axes. Adjust 

the display so that the vectors appear normal to the surface by calling axis equal. 

quiver3(X,Y,Z,U,V,W) 

hold on 

surf(X,Y,Z) 

axis equal 

 

Örnek: 

spacing = 0.2; 

[X,Y] = meshgrid(-2:spacing:2); 

Z = X.*exp(-X.^2 - Y.^2); 

[DX,DY] = gradient(Z,spacing); 

Display the gradient vectors as a quiver plot. Then, display contour lines in the same axes. 

Adjust the display so that the gradient vectors appear perpendicular to the contour lines by 

calling axis equal. 

quiver(X,Y,DX,DY) 

hold on 

contour(X,Y,Z) 

axis equal 

hold off 

 

Örnek: 

[X,Y] = meshgrid(-pi:pi/8:pi,-pi:pi/8:pi); 

U = sin(Y); 

V = cos(X); 

quiver(X,Y,U,V,'r') 

 

https://en.wikipedia.org/wiki/Jacobian_matrix_and_determinant


Gradients, Gradient Plots and Tangent Planes 

Visualizing Gradients of Functions of Two Variables 

.ƛǊƪŀœ ŘŜƐƛǒƪŜƴƭƛ ōƛǊ Ŧƻƴƪǎƛȅƻƴǳƴ ƎǊŀŘȅŀƴƤΣ ōƛƭŜǒŜƴƭŜǊƛ Ŧƻƴƪǎƛȅƻƴǳƴ ƪƤǎƳƛ ǘǸǊŜǾƭŜǊƛ ƻƭŀƴ ǾŜƪǘǀǊ ŘŜƐŜǊƭƛ 

fonksiyondur.  

 

syms x y z 

f=((x^2-1)+(y^2-4)+(x^2-1)*(y^2-4))/(x^2+y^2+1)^2 

 f =((x^2 - 1)*(y^2 - 4) + x^2 + y^2 - 5)/(x^2 + y^2 + 1)^2 

 

Ŧϥƴƛƴ ƎǊŀŘȅŀƴƤΣ ǎƛƳƎŜǎŜƭ ŀǊŀœ ƪǳǘǳǎǳƴŘŀƪƛ ƧŀŎƻōƛŀƴ ƛǒƭŜǾƛ ƪǳƭƭŀƴƤƭŀǊŀƪ ƘŜǎŀǇƭŀƴŀōƛƭƛǊΦ WŀŎƻōƛŀƴϥƤƴ ƛƪƛƴŎƛ 

ŀǊƎǸƳŀƴƤ ƻƭŀǊŀƪ ōƛƭŜǒŜƴƭŜǊƛ ŘŜƐƛǒƪŜƴ ƻƭŀƴ ōƛǊ ǾŜƪǘǀǊŜ ƛƘǘƛȅŀœ ŘǳȅǳƭŘǳƐǳƴŀ Řƛƪƪŀǘ ŜŘƛƴΦ .ǳ ŀǊŀŘŀΣ 

ƎǊŀŘȅŀƴ ŀŘƤƴŘŀ ōƛǊ a!¢[!. ƪƻƳǳǘǳ Řŀ ǾŀǊŘƤǊΣ ŀƴŎŀƪ ƎǊŀŘȅŀƴ ƛœƛƴ ǎŜƳōƻƭƛƪ ōƛǊ ŦƻǊƳ ŘŜƐƛƭΣ ƎǊŀŘȅŀƴ 

ƛœƛƴ ǎŀȅƤǎŀƭ ōƛǊ ȅŀƪƭŀǒƤƳ ǸǊŜǘƛǊΦ 

 

gradf=jacobian(f,[x,y]) 

 gradf = 

 [ (2*x + 2*x*(y^2 - 4))/(x^2 + y^2 + 1)^2 - (4*x*((x^2 - 1)*(y^2 - 4) + x^2 + y^2 - 5))/(x^2 + y^2 + 1)^3, 

(2*y + 2*y*(x^2 - 1))/(x^2 + y^2 + 1)^2 - (4*y*((x^2 - 1)*(y^2 - 4) + x^2 + y^2 - 5))/(x^2 + y^2 + 1)^3] 

  

vǳƛǾŜǊ ƪǳƭƭŀƴŀǊŀƪ Ŧϥƴƛƴ ƎǊŀŘȅŀƴƤƴƤ œƛȊŜōƛƭƛǊƛȊΦ .ǳƴǳ Ŧϥƴƛƴ ƪƻƴǘǳǊ ƎǊŀŦƛƐƛ ǸȊŜǊƛƴŜ ōƛƴŘƛǊƳŜƪ ǀȊŜƭƭƛƪƭŜ 

ƛƭƎƛƴœǘƛǊΦ IŜƳ ǘƛǘǊŜƳŜ ƘŜƳ ŘŜ ƪƻƴǘǳǊΣ ǀƴŎŜ ƳŜǎƘƎǊƛŘ ƪǳƭƭŀƴƤƭƳŀǎƤƴƤ ƎŜǊŜƪǘƛǊƛǊΦ Tȅƛ ōƛǊ ǊŜǎƛƳ ŜƭŘŜ 

ŜǘƳŜƪ ƛœƛƴΣ ƎŜƴŜƭƭƛƪƭŜ ƪƻƴǘǳǊ ƛœƛƴ ƻƭŘǳƪœŀ ȅŀƪƤƴ ŀǊŀƭƤƪƭƤ ōƛǊ ŀƐŀΣ ŀƴŎŀƪ ǘƛǘǊŜƳŜ ƛœƛƴ ŘŀƘŀ ǎŜȅǊŜƪ ōƛǊ ŀƐŀ 

ƛƘǘƛȅŀŎƤƴƤȊ ƻƭŘǳƐǳƴǳ ǳƴǳǘƳŀȅƤƴΦ 

 

[xx, yy] = meshgrid(-3:.1:3,-3:.1:3); 

ffun = @(x,y) eval(vectorize(f)); 

fxfun = @(x,y) eval(vectorize(gradf(1))); 

fyfun = @(x,y) eval(vectorize(gradf(2))); 

contour(xx, yy, ffun(xx,yy), 30) 

hold on 

[xx, yy] = meshgrid(-3:.25:3,-3:.25:3); 

quiver(xx, yy, fxfun(xx,yy), fyfun(xx,yy), 0.6) 

axis equal tight, hold off 



 
DǊŀŘȅŀƴ ƎǊŀŦƛƐƛƴŘŜƪƛ ƻƪƭŀǊƤƴ ǳȊǳƴƭǳƪƭŀǊƤΣ ƘŜƳ ŀŘƤƳ ōƻȅǳǘǳ ƘŜƳ ŘŜ ǳȊǳƴƭǳƪ ǇŀǊŀƳŜǘǊŜǎƛ ƻƭŀǊŀƪ 

ŀŘƭŀƴŘƤǊŀŎŀƐƤƳƤȊ όƛǎǘŜƐŜ ōŀƐƭƤύ ǎƻƴ ǎŀȅƤǎŀƭ ǇŀǊŀƳŜǘǊŜ ǘŀǊŀŦƤƴŘŀƴ ōŜƭƛǊƭŜƴƛǊΦ .ǳǊŀŘŀ ƻƭŀƴ ǒŜȅΣ ǎŀȅƤǎŀƭ 

ϥƎǊŀŘȅŀƴϥ ƛǒƭŜǾƛƴƛƴΣ ƛǒƭŜǾƛƴ ƤȊƎŀǊŀ ǸȊŜǊƛƴŘŜƪƛ ōƛǘƛǒƛƪ ƴƻƪǘŀƭŀǊŘŀƪƛ ŘŜƐŜǊƭŜǊƛƴƛ ƪŀǊǒƤƭŀǒǘƤǊƳŀǎƤ ǾŜ ƻƪƭŀǊƤ 

ǎƻƴ ǇŀǊŀƳŜǘǊŜƴƛƴ ŦŀǊƪ ƪŀǘƭŀǊƤȅƭŀ ƻǊŀƴǘƤƭƤ ƘŀƭŜ ƎŜǘƛǊƳŜǎƛŘƛǊΦ ¸ŀǊŀǊƭƤ ōƛǊ ƎǊŀŘȅŀƴ ƎǊŀŦƛƐƛ ŜƭŘŜ ŜǘƳŜƪ ƛœƛƴ 

birkaç ŦŀǊƪƭƤ ŀŘƤƳ ōƻȅǳǘǳ ǾŜ ǳȊǳƴƭǳƪ ǇŀǊŀƳŜǘǊŜǎƛ ǎŜǘƛ ƛƭŜ ŘŜƴŜƳŜ ȅŀǇƳŀƪ ƎŜǊŜƪƭƛ ƻƭŀōƛƭƛǊΦ 5ŜƎǊŀŘŜ 

ƻƪƭŀǊƤƴ ƘŜǊ ȊŀƳŀƴ ǎŜǾƛȅŜ ŜƐǊƛƭŜǊƛƴŜ Řƛƪ ƻƭŘǳƐǳƴŀ Řƛƪƪŀǘ ŜŘƛƴΦ .ǳ ƘŜǊ ȊŀƳŀƴ ōǀȅƭŜŘƛǊΦ 

 

Behavior Near Critical Points 

Bunun gibi bir çizim, fonksiyonun kritik noktalarƤ ƘŀƪƪƤƴŘŀ ōƛƭƎƛ ǾŜǊƳŜƪ ƛœƛƴ ȅƻǊǳƳƭŀƴŀōƛƭƛǊΦ YǊƛǘƛƪ 

ƴƻƪǘŀƭŀǊΣ ƎǊŀŘȅŀƴ ǾŜƪǘǀǊǸƴǸƴ ƪŀȅōƻƭŘǳƐǳ ƴƻƪǘŀƭŀǊŘƤǊΦ Cƻƴƪǎƛȅƻƴǳƴ ƪǊƛǘƛƪ ƴƻƪǘŀȅŀ ȅŀƪƤƴ ŘŀǾǊŀƴƤǒƤ 

ƛƪƛƴŎƛ ǘǸǊŜǾƭŜǊ ǘŀǊŀŦƤƴŘŀƴ ƪƻƴǘǊƻƭ ŜŘƛƭƛȅƻǊǎŀ όōǀȅƭŜŎŜ ϥƛƪƛƴŎƛ ǘǸǊŜǾ ǘŜǎǘƛϥ ǳȅƎǳƭŀƴƤǊύ ƪǊƛǘƛƪ ōƛǊ ƴƻƪǘŀ 

dejeƴŜǊŜ ƻƭŀǊŀƪ ŀŘƭŀƴŘƤǊƤƭƤǊΦ Tƪƛ ŘŜƐƛǒƪŜƴƭƛ ŦƻƴƪǎƛȅƻƴƭŀǊ ƛœƛƴΣ Ǹœ ǘǸǊ ŘŜƧŜƴŜǊŜ ƻƭƳŀȅŀƴ ƪǊƛǘƛƪ ƴƻƪǘŀ 

ǾŀǊŘƤǊΦ .ǳƴƭŀǊƤ ŀǒŀƐƤŘŀƪƛ Ǹœ ǘǸǊ ǊŜǎƛƳŘŜƴ ǘŀƴƤȅŀōƛƭƛǊǎƛƴƛȊΥ 

 

f1 = x^2 + y^2; gradf1 = jacobian(f1,[x,y]); 

f1fun = @(x,y) eval(vectorize(f1)); 

f1xfun = @(x,y) eval(vectorize(gradf1(1))); 

f1yfun = @(x,y) eval(vectorize(gradf1(2))); 

[xx, yy] = meshgrid(-1:.1:1,-1:.1:1); 

contour(xx, yy, f1fun(xx, yy), 10) 

hold on 

quiver(xx, yy, f1xfun(xx, yy), f1yfun(xx, yy), 0.5) 

title('local minimum'), axis equal tight, hold off 

set(gca, 'YTick', -1:.5:1) 



 
contour(xx, yy, -f1fun(xx, yy), 10) 

hold on 

quiver(xx, yy, -f1xfun(xx, yy), -f1yfun(xx, yy), 0.5) 

title('local maximum'), axis equal tight, hold off 

set(gca, 'YTick', -1:.5:1) 

 
 



f2 = x^2 - y^2; gradf2 = jacobian(f2,[x,y]); 

f2fun = @(x,y) eval(vectorize(f2)); 

f2xfun = @(x,y) eval(vectorize(gradf2(1))); 

f2yfun = @(x,y) eval(vectorize(gradf2(2))); 

contour(xx, yy, f2fun(xx, yy), 10) 

hold on 

quiver(xx, yy, f2xfun(xx, yy), f2yfun(xx, yy), 0.5) 

title('saddle point'), axis equal tight, hold off 

set(gca, 'YTick', -1:.5:1) 

 
Ŧ Ŧƻƴƪǎƛȅƻƴǳ ŘǳǊǳƳǳƴŘŀΣ Ȅ ŜƪǎŜƴƛƴŘŜ ƛƪƛ ȅŜǊŜƭ ƳƛƴƛƳǳƳ ǾŜ ōƛǊ ŜȅŜǊ ƴƻƪǘŀǎƤ ƻƭŘǳƐǳƴǳ ƎǀǊŜōƛƭƛǊƛȊΦ Tƪƛ 

ƳƛƴƛƳǳƳΣ ƎǊŀŘȅŀƴ ƻƪƭŀǊƤƴƤƴ ŘƤǒŀǊƤȅƤ ƎǀǎǘŜǊŘƛƐƛ ƪŀǇŀƭƤ ƪƻƴǘǳǊƭŀǊƭŀ œŜǾǊƛƭƛ ƻƭŘǳƪƭŀǊƤ ƎŜǊœŜƐƛƴŘŜƴ 

belirlenebilir. Eyer ƴƻƪǘŀǎƤΣ ƛƪƛ ƳƛƴƛƳǳƳ ŜǘǊŀŦƤƴŘŀƪƛ ƪŀǇŀƭƤ ƪƻƴǘǳǊ œƛŦǘƭŜǊƛƴŘŜƴ ƻƭǳǒŀƴ ƪƻƴǘǳǊƭŀǊŘŀƴΣ 

ƘŜǊ ƛƪƛ ƳƛƴƛƳǳƳǳ œŜǾǊŜƭŜȅŜƴ ǘŜƪ ŜƐǊƛƭŜǊŜ ƎŜœƛǒƛ ƛǒŀǊŜǘƭŜǊΦ .ƛǊ ŜȅŜǊ ƴƻƪǘŀǎƤƴŘŀƴ ƎŜœŜƴ ǎŜǾƛȅŜ ŜƐǊƛǎƛƴƛƴ 

ƪŜƴŘƛ ƪŜƴŘƛƴŜ ƪŜǎƛǒǘƛƐƛƴŜ Řƛƪƪŀǘ ŜŘƛƴΦ {ƛƳŜǘǊƛ ƛƭŜΣ ŜȅŜǊ ƴƻƪǘŀǎƤƴƤƴ ƻǊƛƧƛƴŘŜ ƻƭŘǳƐǳ ǾŜ ƳƛƴƛƳǳƳƭŀǊƤƴ 

ǎƛƳŜǘǊƛƪ ƻƭŀǊŀƪ ŜǘǊŀŦƤƴŀ ȅŜǊƭŜǒǘƛǊƛƭŘƛƐƛ ǎƻƴǳŎǳƴŀ ǾŀǊƳŀƪ ƎǸǾŜƴƭƛ ƎǀǊǸƴǸȅƻǊΦ .ƛǊ ǎƻƴǊŀƪƛ ŘŜŦǘŜǊŘŜ ōǳ 

ǀǊƴŜƐƛ ǘŀƪƛǇ ŜǘƳŜȅŜ ŘŜǾŀƳ ŜŘŜŎŜƐƛȊΦ 

 

Problem 1: 

¶ (a) Obtain a simultaneous contour and gradient plot of the function 

 
defined in Problem 1 of the previous lesson. 

¶ (b) Explain what information the plot conveys regarding the location and nature of the 

critical points of the function. 



 

Gradients of Functions of Three Variables, and Tangent Planes to Surfaces 

Tƪƛ ŘŜƐƛǒƪŜƴƭƛ ōƛǊ Ŧƻƴƪǎƛȅƻƴǳƴ ƎǊŀŘȅŀƴƤƴƤƴ ƘŜǊ ȊŀƳŀƴ Ŧƻƴƪǎƛȅƻƴǳƴ ǎŜǾƛȅŜ ŜƐǊƛƭŜǊƛƴŜ ƴƻǊƳŀƭ ƻƭŘǳƐǳ 

ƎǀȊƭŜƳƛƴƛƴ Ǹœ ōƻȅǳǘƭǳ ōŜƴȊŜǊƛΣ Ǹœ ōƻȅǳǘƭǳ ōƛǊ Ŧƻƴƪǎƛȅƻƴǳƴ ƎǊŀŘȅŀƴƤƴƤƴ ƘŜǊ ȊŀƳŀƴ Ŧƻƴƪǎƛȅƻƴǳƴ ǎŜǾƛȅŜ 

ȅǸȊŜȅƭŜǊƛƴŜ ƴƻǊƳŀƭ ƻƭƳŀǎƤŘƤǊΦ .ǳƴŘŀƴΣ ƘŜǊƘŀƴƎƛ ōƛǊ ƴƻƪǘŀŘŀƪƛ Ŧƻƴƪǎƛȅƻƴǳƴ ƎǊŀŘȅŀƴƤƴƤƴΣ o noktadaki 

ǘŜƐŜǘ ŘǸȊƭŜƳŜ ƻ ƴƻƪǘŀŘŀƴ ƎŜœŜƴ ŘǸȊ ȅǸȊŜȅŜ Řƛƪ ƻƭŘǳƐǳ ǎƻƴǳŎǳ œƤƪŀǊΦ .ǳΣ ǎŜœƛƭŜƴ ōƛǊ ƴƻƪǘŀŘŀ ōƛǊ 

ȅǸȊŜȅŜ ǘŜƐŜǘ ŘǸȊƭŜƳƛ œƛȊƳŜƪ ƛœƛƴ ƪǳƭƭŀƴƤƭŀōƛƭƛǊΦ ¸ǸȊŜȅƛ œƛȊŜƭƛƳ 

 

 
together with its tangent plane at the point (2,4,2). We begin by checking that the indicated point 

satisfies the equation. 

 

g = 3*z^3-2*x^2-y^2; subs(g,[x,y,z],[2,4,2]) 

ans =      0 

 

Next we determine the gradient of g at (2,4,2). 

 

gradg=jacobian(g, [x,y,z]) 

planenormal=subs(gradg, [x,y,z], [2,4,2]) 

  

gradg =  [ (-4)*x, (-2)*y, 9*z^2] 

 planenormal =     -8    -8    36 

 

Next we write the function that determines the plane. 

realdot = @(u, v) u*transpose(v); 

planeq = realdot(planenormal, [x-2,y-4,z-2]) 

  

planeq = 36*z - 8*y - 8*x - 24 

  

Then we solve for z in terms of x and y to make this easier to plot. 

planefun=solve(planeq,z) 

  

planefun = (2*x)/9 + (2*y)/9 + 2/3 

  

Finally we plot the surface g = 0 and add a plot of the plane so we can see the tangency. 

implicitplot3d(g, 0, -5, 5, -5, 5, 0, 3, 20), hold on 

plot3(2, 4, 2, 'xr') 

ezmesh(planefun, [-5, 5, -5, 5]), hold off 

set(gca, 'YTick', -5:5:5, 'ZTick', 0:3) 

title '3z^3 - 2x^2 - y^2 = 0 and its tangent plane at one point' 



 
Note that there is another way we could have done this. We could have instead solved for z as a 

function of x and y in the equation g(x, y, z) = 0 and represented our surface as the graph of a 

function of two variables: z = h(x, y). Then we could have gotten the equation of the tangent plane 

from the gradient of h. Here are the details: 

h=solve(g,z) 

  

h = 

                         (3^(2/3)*(2*x^2 + y^2)^(1/3))/3 

  (3^(2/3)*(2*x^2 + y^2)^(1/3)*((3^(1/2)*i)/2 - 1/2))/3 

 -(3^(2/3)*(2*x^2 + y^2)^(1/3)*((3^(1/2)*i)/2 + 1/2))/3 

 Since h should be real, we want the first solution. 

 

h=h(1) 

 

 h = (3^(2/3)*(2*x^2 + y^2)^(1/3))/3 

  

The equation of the tangent plane is then given by: 

 
 

gradh=simplify(subs(jacobian(h,[x,y]), [x,y], [sym(2),sym(4)])) 

planefun=simplify(subs(h,[x,y], [sym(2),sym(4)]))+realdot(gradh,[x-2,y-4]) 

  

gradh =  [ 2/9, 2/9] 

planefun =  (2*x)/9 + (2*y)/9 + 2/3 

 

This is the same answer as before. Again we can produce a plot: 

 

ezmesh(h,[-5,5,-5,5]), hold on, ezmesh(planefun,[-5,5,-5,5]), hold off 



 
Problem 2: 

Obtain a plot showing the hyperboloid together with its tangent plane at the point (3,4,5). 

Additional Problems: 

¶ 1. Obtain simultaneous contour and gradient plots for the function 

 
What information does your plot give you regarding the location and classification of the critical 

points of in the region -1.5 < x, y < 1.5? 

¶ 2. Obtain a plot showing the ellipsoid 

 
together with its tangent plane at the point (2,3,1). 

¶ 3. Find the equation of the tangent plane to the surface x y z = 8 at the point (-2, -2, 2) in two 

different ways: by thinking of the surface as a graph of a function of two variables, and also 

by thinking of the surface as a level surface of a function of three variables. Check that your 

two answers agree. Then plot the surface (in a vicinity of this point) along with the tangent 

plane, so that the tangency is visible (you need only do this once). 

 

 

 

 

 

 

 

 

 

 



3.10. The Potansiyel fonksiyon 

Konservatif bir sistemin potansiyel enerjisi V(x) ǎǸǊŜƪƭƛŘƛǊ ǾŜ Ȅ ғҍм ƛœƛƴ ƪŜǎƛƴƭƛƪƭŜ ŀǊǘƳŀƪǘŀΣ 

μȄμ Җм ƛœƛƴ ǎƤŦƤǊ ǾŜ ȄҔ м ƛœƛƴ ƪŜǎƛƴƭƛƪƭŜ ŀȊŀƭƳŀƪǘŀŘƤǊΦ 5ŜƴƎŜ ƴƻƪǘŀƭŀǊƤƴƤ ōǳƭǳƴ ǾŜ ǎƛǎǘŜƳƛƴ ŦŀȊ 

ŘƛȅŀƎǊŀƳƤƴƤ œƛȊƛƴΦ 

 

V(x) potansiyeli olan bir sistem geçerli denkleme sahiptir. 

ὼ
Ὠὠὼ

Ὠὼ
 

 

ὠὼ ὪὼȟώὨὼ 

 

5ŜƴƎŜ ƴƻƪǘŀƭŀǊƤ ὼҐ л ƻƭŘǳƐǳƴŘŀ ǾŜȅŀ Ř±όȄύκŘȄ Ґ л ƻƭŘǳƐǳƴŘŀ ƻƭǳǒǳǊΤ ōǳΣ Ȅ ŜƪǎŜƴƛƴŘŜƪƛ ǘǸƳ 

ƴƻƪǘŀƭŀǊƤƴ μȄμ Җм ŘŜƴƎŜ ƴƻƪǘŀƭŀǊƤ ƻƭŘǳƐǳ ŀƴƭŀƳƤƴŀ ƎŜƭƛǊΦ !ȅǊƤŎŀΣ ŦŀȊ ŘƛȅŀƎǊŀƳƭŀǊƤ  

ώ ὠὼ ὅ  ȅŀǊŘƤƳƤȅƭŀ ǾŜǊƛƭƛǊΦ 

 

.ǳ ǇƻǘŀƴǎƛȅŜƭ ƛŦŀŘŜΣ {ŎƘǿŀǊȊƛŀƴ ǘǸǊŜǾƛ ƛƭŜ ƪŀƻǘƛƪ ŘŀǾǊŀƴƤǒ ŀƴŀƭƛȊƛƴŘŜ ƪǳƭƭŀƴƤƭƳŀƪǘŀŘƤǊΦ 

 

quiver(X,Y,U,V) plots arrows with directional components U and V at the Cartesian 

coordinates specified by X and Y. 

  

 

 

The Potansiyel fonksiyon: 

 

ό ὼ 

ὺ ώ 

 

Ȅ ǾŜ ȅ ŘŜƐƛǒƪŜƴƭŜǊƛƴƛƴ ƛǾƳŜƭŜǊƛΣ ό ὺὩ ὺ dir.  

ό  ὼ  

ὺ  ώ  

 

Potansiyel bir fonksiyon bu ivmeleri verir. 

 

Ὂ ὠɳὼȟώ Ὂ ὼȟώȟὊὼȟώ όȟὺ  

 

 

 

 

 

 



4. Cƻƴƪǎƛȅƻƴ hǇǘƛƳƛȊŀǎȅƻƴǳ 
 

4.1. Veri biliminde cebir ve diferansiyel hesaplama 

 

¢ǸǊŜǾΣ ōƛǊ ōŀƐƤƳƭƤ ŘŜƐƛǒƪŜƴƛƴ ŘƛƐŜǊ ōŀƐƤƳǎƤȊ ŘŜƐƛǒƪŜƴŜ ƎǀǊŜ ŘŜƐƛǒƛƳ ƻǊŀƴƤƴƤ ǘŀƴƤƳƭŀǊΦ 

aŀƪƛƴŜ ǀƐǊŜƴƛƳƛƴŘŜ ǘǸǊŜǾƭŜǊΣ Ŧƻƴƪǎƛȅƻƴ ƻǇǘƛƳƛȊŀǎȅƻƴǳ ƛœƛƴ ǀƴŜƳƭƛŘƛǊΦ ¢ǸǊŜǾƭŜǊΣ ϦbŜ ƪŀŘŀǊ 

ƘƤȊƭƤΚϦ ϦbŜ ƪŀŘŀǊ ŘƛƪΚϦ ǾŜ ϦbŜ ƪŀŘŀǊ ƘŀǎǎŀǎΚϦ Ǝƛōƛ ŘŜƐƛǒƛƳ ƻǊŀƴƭŀǊƤ ǾŜ ȅǀƴǸ ƛƭŜ ƛƭƎƛƭƛ ǎƻǊǳƭŀǊŀ 

ȅŀƴƤǘ ǾŜǊƛǊΦ .ǳ ŘŜƐƛǒƛƳ ƻǊŀƴƭŀǊƤ ‏y / ‏Ȅ ƛƭŜ ƎǀǎǘŜǊƛƭƛǊΣ ŘƻƭŀȅƤǎƤȅƭŀ ōŀƐƤƳǎƤȊ ŘŜƐƛǒƪŜƴ ‏x'teki bir 

ŘŜƐƛǒƛƪƭƛƐŜ ƎǀǊŜ ōŀƐƤƳƭƤ ŘŜƐƛǒƪŜƴ ‏ȅϥŘŜƪƛ ōƛǊ ŘŜƐƛǒƛƪƭƛƐƛ ǘŀƴƤƳƭŀǊΦ .ƛǊ ŀǊŀōŀ ǎŀŀǘǘŜ млл 

ƪƛƭƻƳŜǘǊŜ ƘƤȊƭŀ ƎƛŘƛȅƻǊ ŘŜŘƛƐƛƳƛȊŘŜ ǎŀŘŜŎŜ ŘŜƐƛǒƛƳ ƘƤȊƤƴƤ ōŜƭƛǊǘƳƛǒ ƻƭǳȅƻǊǳȊΦ {ƤƪƭƤƪƭŀ 

ƪǳƭƭŀƴŘƤƐƤƳƤȊ ƻǊǘŀƪ ǘŜǊƛƳ ƘƤȊƤƴΣ ŦŀǊƪƭƤ ƛƪƛ ŀƴƭŀƳƤ ǾŀǊŘƤǊΦ  mƴŎŜ ƛƪƛǎƛƴƛ ōƛǊōƛǊƛƴŘŜƴ ŀȅƤǊƳŀƳƤȊ Ŝƴ 

ƛȅƛǎƛ ƻƭŀŎŀƪǘƤǊΦ ½ŀƳŀƴǎŀƭ IƤȊ όǎǇŜŜŘύΣ ōƛǊ ƴŜǎƴŜƴƛƴ ōƛǊ ȅƻƭ ōƻȅǳƴŎŀ ƘŀǊŜƪŜǘ ŜǘǘƛƐƛ ȊŀƳŀƴ 

ƘƤȊƤŘƤǊΣ IŀǊŜƪŜǘǎŜƭ ƘƤȊ ό±ŜƭƻŎƛǘȅύ ƛǎŜ ōƛǊ ƴŜǎƴŜƴƛƴ ƘŀǊŜƪŜǘƛƴƛƴ ƘƤȊƤ ǾŜ ȅǀƴǸŘǸǊΦ ½ŀƳŀƴǎŀƭ ƘƤȊ 

ƘŜǊ ȊŀƳŀƴ ǇƻȊƛǘƛŦǘƛǊΣ ƻȅǎŀ ƘŀǊŜƪŜǘǎŜƭ ƘƤȊ ōƛǊ ȅǀƴ ƪŀǾǊŀƳƤ ƎŜǘƛǊƛǊ ǾŜ ōǳ ƴŜŘŜƴƭŜ ƘŜƳ ǇƻȊƛǘƛŦ 

ƘŜƳ ŘŜ ƴŜƎŀǘƛŦ ŘŜƐŜǊƭŜǊ ƎǀǎǘŜǊŜōƛƭƛǊΦ  

 

IŀǊŜƪŜǘǎŜƭ IƤȊ Ґ ‏y / ‏t 

 

IŀǊŜƪŜǘǎŜƭ ƘƤȊƤƴ ŀǊŀōŀƴƤƴ ƪƻƴǳƳǳƴŘŀƪƛ ŘŜƐƛǒƛƳƛ ‏y, ‏ǘ ȊŀƳŀƴ ŀǊŀƭƤƐƤ ƛœƛƴŘŜ ǾŜǊŘƛƐƛ ŀƴƭŀƳƤƴŀ 

ƎŜƭƛǊΦ .ŀǒƪŀ ōƛǊ ŘŜȅƛǒƭŜΣ ƘŀǊŜƪŜǘǎŜƭ ƘƤȊΣ ƪƻƴǳƳǳƴ ȊŀƳŀƴŀ ƎǀǊŜ ōƛǊƛƴŎƛ ǘǸǊŜǾƛŘƛǊΦ 

 

 
 

 

 !ǊŀōŀƴƤƴ ƘŀǊŜƪŜǘǎŜƭ ƘƤȊƤΣ ǀǊƴŜƐƛƴ ŀǊŀōŀ ǎǸǊŜƪƭƛ ƻƭŀǊŀƪ ǎŀŀǘǘŜ млл ƪƛƭƻƳŜǘǊŜ ƘƤȊƭŀ ƎƛŘƛȅƻǊǎŀ 

ǎŀōƛǘ ƪŀƭŀōƛƭƛǊ ǾŜȅŀ ȊŀƳŀƴƤƴ ōƛǊ Ŧƻƴƪǎƛȅƻƴǳ ƻƭŀǊŀƪ Řŀ ŘŜƐƛǒŜōƛƭƛǊΦ TƪƛƴŎƛǎƛ ŘǳǊǳƳǳƴŘŀΣ ōǳΣ 

ƘŀǊŜƪŜǘǎŜƭ ƘƤȊ Ŧƻƴƪǎƛȅƻƴǳƴǳƴ ƪŜƴŘƛǎƛƴƛƴ ȊŀƳŀƴƤƴ ōƛǊ Ŧƻƴƪǎƛȅƻƴǳ ƻƭŀǊŀƪ ŘŜƐƛǒǘƛƐƛ ŀƴƭŀƳƤƴŀ 

ƎŜƭƛǊ ǾŜȅŀ ŘŀƘŀ ōŀǎƛǘ ōƛǊ ƛŦŀŘŜȅƭŜΣ ŀǊŀōŀƴƤƴ ƘƤȊƭŀƴŘƤƐƤ ǎǀȅƭŜƴŜōƛƭƛǊΦ TǾƳŜΣ ƘƤȊƤƴ ōƛǊƛƴŎƛ ǘǸǊŜǾƛ Ǿ 

ǾŜ ƪƻƴǳƳǳƴ ƛƪƛƴŎƛ ǘǸǊŜǾƛ ȅ ƻƭŀǊŀƪ ȊŀƳŀƴŀ ƎǀǊŜ ǘŀƴƤƳƭŀƴƤǊΥ ƛǾƳŜ Ґ ‏v / ‏t = 2‏y / ‏t2 

 



5ŀƘŀ ƛȅƛ ƎǀǊǎŜƭƭŜǒǘƛǊƳŜƪ ƛœƛƴ ƪƻƴǳƳΣ ƘƤȊ ǾŜ ƛǾƳŜ ŜƐǊƛƭŜǊƛƴƛ œƛȊŜōƛƭƛǊƛȊΦ !ǊŀōŀƴƤƴ ƪƻƴǳƳǳƴǳƴ 

ȊŀƳŀƴƤƴ ōƛǊ Ŧƻƴƪǎƛȅƻƴǳ ƻƭŀǊŀƪ ȅόǘύ = t3 ς 8t2 + 40t ƛƭŜ ǾŜǊƛƭŘƛƐƛƴƛ ǾŀǊǎŀȅŀƭƤƳΦ 

 
!ǊŀōŀƴƤƴ ȊŀƳŀƴŀ ƪŀǊǒƤ ƪƻƴǳƳǳƴǳƴ œƛȊƎƛ ƎǊŀŦƛƐƛ 

 

¢ǸǊŜǾƛƴƛ ōǳƭƳŀƪ ƛœƛƴ ƪǳǾǾŜǘ ƪǳǊŀƭƤƴƤ ȅόǘύϥȅŜ ǳȅƎǳƭŀƳŀƪ ȊƻǊǳƴŘŀ ƪŀƭǎŀȅŘƤƪΣ ƘƤȊƤƴ ŀǒŀƐƤŘŀƪƛ 

Ŧƻƴƪǎƛȅƻƴ ǘŀǊŀŦƤƴŘŀƴ ǘŀƴƤƳƭŀƴŘƤƐƤƴƤ ōǳƭǳǊŘǳƪΥ v(t) = yΩόt) = 3t2 ς 16t + 40. 

.ǳΣ ŀǊŀōŀƴƤƴ ƘƤȊ ƎǊŀŦƛƐƛȅƭŜ ƎǀǎǘŜǊƛƭƛǊΥ 

 
!ǊŀōŀƴƤƴ ȊŀƳŀƴŀ ƪŀǊǒƤ ƘƤȊƤƴƤƴ œƛȊƎƛ ƎǊŀŦƛƐƛ 

 

 DǊŀŦƛƪΣ ŀǊŀōŀƴƤƴ ƪƻƴǳƳǳƴǳƴ ȅƻƭŎǳƭǳƐǳƴ ōŀǒƤƴŘŀ ȅŀǾŀǒœŀ ŘŜƐƛǒǘƛƐƛƴƛΣ ȅŀƪƭŀǒƤƪ ǘ Ґ нΣт 

ǎŀƴƛȅŜȅŜ ƪŀŘŀǊ ƘŀŦƛŦœŜ ȅŀǾŀǒƭŀŘƤƐƤƴƤΣ ōǳ ƴƻƪǘŀŘŀ ŘŜƐƛǒƛƳ ƘƤȊƤƴƤƴ ŀǊǘǘƤƐƤƴƤ ǾŜ ȅƻƭŎǳƭǳƐǳƴ 

ǎƻƴǳƴŀ ƪŀŘŀǊ ŀǊǘƳŀȅŀ ŘŜǾŀƳ ŜǘǘƛƐƛƴƛ ƎǀǎǘŜǊƛȅƻǊΦ 

 

!ǊŀōŀƴƤƴ ȅƻƭŎǳƭǳƪ ōƻȅǳƴŎŀ ǇƻȊƛǘƛŦ ōƛǊ ƘƤȊŀ ǎŀƘƛǇ ƻƭŘǳƐǳƴŀ Řƛƪƪŀǘ ŜŘƛƴ ǾŜ ōǳƴǳƴ ƴŜŘŜƴƛ ŀǎƭŀ 

ȅǀƴ ŘŜƐƛǒǘƛǊƳŜƳŜǎƛŘƛǊΦ .ǳ ƴŜŘŜƴƭŜΣ ƪŜƴŘƛƳƛȊƛ ōǳ ƘŀǊŜƪŜǘ ƘŀƭƛƴŘŜƪƛ ŀǊŀōŀŘŀ ƻǘǳǊǳǊƪŜƴ Ƙŀȅŀƭ 

https://machinelearningmastery.com/wp-content/uploads/2021/06/applications_1.png
https://machinelearningmastery.com/wp-content/uploads/2021/06/applications_2.jpg


etmemiz gereksŜȅŘƛΣ ƘƤȊ ƎǀǎǘŜǊƎŜǎƛ ōƛȊŜ ƘƤȊ ƎǊŀŦƛƐƛƴŘŜ œƛȊŘƛƐƛƳƛȊ ŘŜƐŜǊƭŜǊƛ ƎǀǎǘŜǊƛȅƻǊ ƻƭǳǊŘǳ 

όœǸƴƪǸ ƘƤȊ ōŀǒǘŀƴ ǎƻƴŀ ǇƻȊƛǘƛŦ ƪŀƭƤǊΣ ŀƪǎƛ ǘŀƪŘƛǊŘŜ ƘƤȊƤ ƘŜǎŀǇƭŀƳŀƪ ƛœƛƴ ƘƤȊ ƎǊŀŦƛƐƛƴƛƴ Ƴǳǘƭŀƪ 

ŘŜƐŜǊƛƴƛ ōǳƭƳŀƳƤȊ ƎŜǊŜƪƛǊŘƛύΦ  

 

¢ǸǊŜǾƛƴƛ ōǳƭƳŀƪ ƛœƛƴ ƪǳǾǾŜǘ ƪǳǊŀƭƤƴƤ ǾόǘύϥȅŜ ǘŜƪǊŀǊ ǳȅƎǳƭŀƳŀƪ ȊƻǊǳƴŘŀ ƪŀƭǎŀȅŘƤƪΣ ƛǾƳŜƴƛƴ 

ŀǒŀƐƤŘŀƪƛ Ŧƻƴƪǎƛȅƻƴ ǘŀǊŀŦƤƴŘŀƴ ǘŀƴƤƳƭŀƴŘƤƐƤƴƤ ōǳƭǳǊŘǳƪΥ a(t) = vΩόt) = 6t ς мсΦ TǾƳŜ ƎǊŀŦƛƐƛƴƛ 

de çizebiliriz: 

 

 
!ǊŀōŀƴƤƴ ȊŀƳŀƴŀ ƪŀǊǒƤ ƛǾƳŜǎƛƴƛƴ œƛȊƎƛ ƎǊŀŦƛƐƛ 

 

DǊŀŦƛƐƛƴ ŀǊǘƤƪ ǘ Ґ ώлΣ нΦтύ ǎŀƴƛȅŜ ȊŀƳŀƴ ŀǊŀƭƤƐƤƴŘŀ ƴŜƎŀǘƛŦ ƛǾƳŜ ƛƭŜ ƪŀǊŀƪǘŜǊƛȊŜ ŜŘƛƭŘƛƐƛƴƛ 

ƎǀǊǸȅƻǊǳȊΦ .ǳƴǳƴ ƴŜŘŜƴƛΣ ƛǾƳŜƴƛƴ ƘƤȊƤƴ ǘǸǊŜǾƛ ƻƭƳŀǎƤ ǾŜ ōǳ ȊŀƳŀƴ ŀǊŀƭƤƐƤƴŘŀ ŀǊŀōŀƴƤƴ 

ƘƤȊƤƴƤƴ ŀȊŀƭƳŀǎƤŘƤǊΦ  

 

¢ǸƳ ŦƻƴƪǎƛȅƻƴƭŀǊ ōƛǊ ŀǊŀȅŀ ƎŜǘƛǊƛƭŘƛƐƛƴŘŜ ŀǒŀƐƤŘŀƪƛƭŜǊ ȅŀȊƤƭƤǊΥ 

y(t) = t3 ς 8t2 + 40t 

v(t) = yΩόt) = 3t2 ς 16t + 40 

a(t) = vΩόt) = 6t ς 16 

 

ǘ Ґ млǎ ȅŜǊƛƴŜ ƪƻȅŀǊǎŀƪΣ ȅƻƭŎǳƭǳƐǳƴ ǎƻƴǳƴŘŀ ŀǊŀōŀƴƤƴ слл Ƴ ȅƻƭ ŀƭŘƤƐƤƴƤΣ ƘƤȊƤƴƤƴ мул Ƴκǎ 

ƻƭŘǳƐǳƴǳ ǾŜ пп Ƴκǎ2ϥŘŜ ƘƤȊƭŀƴŘƤƐƤƴƤ ōǳƭƳŀƪ ƛœƛƴ ōǳ Ǹœ ƛǒƭŜǾƛ ƪǳƭƭŀƴŀōƛƭƛǊƛȊΦ ¢ǸƳ ōǳ ŘŜƐŜǊƭŜǊƛƴ 

ŀȊ ǀƴŎŜ œƛȊŘƛƐƛƳƛȊ ƎǊŀŦƛƪƭŜǊƭŜ ǳȅǳǒǘǳƐǳƴǳ ŘƻƐǊǳƭŀȅŀōƛƭƛǊƛȊΦ .ǳ ǀȊŜƭ ǀǊƴŜƐƛΣ ōƛǊ ŀǊŀōŀƴƤƴ ƘƤȊƤƴƤ 

ǾŜ ƛǾƳŜǎƛƴƛ ōǳƭƳŀ ōŀƐƭŀƳƤƴŘŀ ƻƭǳǒǘǳǊŘǳƪΦ !ƴŎŀƪ ȊŀƳŀƴƭŀ όǾŜȅŀ ȊŀƳŀƴŘŀƴ ōŀǒƪŀ 

ŘŜƐƛǒƪŜƴƭŜǊƭŜύ ŘŜƐƛǒŜƴ ǾŜ ōǳ ǀȊŜƭ ǀǊƴŜƪ ƛœƛƴ ŀȊ ǀƴŎŜ ȅŀǇǘƤƐƤƳƤȊ Ǝƛōƛ ǘǸǊŜǾ ƪŀǾǊŀƳƤ 

ǳȅƎǳƭŀƴŀǊŀƪ ƛƴŎŜƭŜƴŜōƛƭŜŎŜƪ œƻƪ ǎŀȅƤŘŀ ƎŜǊœŜƪ Ƙŀȅŀǘ ƻƭƎǳǎǳ ǾŀǊŘƤǊΦ 
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Birkaç örnek: 

ω ¸ŀƪƤƴ ƎŜƭŜŎŜƪǘŜ ƴǸŦǳǎ ōǸȅǸƪƭǸƐǸƴŘŜƪƛ ŘŜƐƛǒƛƪƭƛƪƭŜǊƛ ǘŀƘƳƛƴ ŜǘƳŜƪ ƛœƛƴ ƪǳƭƭŀƴƤƭŀōƛƭŜƴΣ ōƛǊ 

ǇƻǇǸƭŀǎȅƻƴǳƴ όōƛǊ ƛƴǎŀƴ ǘƻǇƭǳƭǳƐǳ ǾŜȅŀ ōƛǊ ōŀƪǘŜǊƛ ƪƻƭƻƴƛǎƛ ƻƭǎǳƴύ ȊŀƳŀƴ ƛœƛƴŘŜƪƛ 

ōǸȅǸƳŜ ƘƤȊƤΦ 

ω IŀǾŀ ǘŀƘƳƛƴƛ ƛœƛƴ ƪǳƭƭŀƴƤƭŀōƛƭŜƴ ƪƻƴǳƳǳƴ ōƛǊ Ŧƻƴƪǎƛȅƻƴǳ ƻƭŀǊŀƪ ǎƤŎŀƪƭƤƪǘŀƪƛ ŘŜƐƛǒƛƪƭƛƪƭŜǊΦ 

ω DŜƭŜŎŜƪǘŜƪƛ ōƻǊǎŀ ŘŀǾǊŀƴƤǒƤƴƤ ǘŀƘƳƛƴ ŜǘƳŜƪ ƛœƛƴ ƪǳƭƭŀƴƤƭŀōƛƭŜƴ ōƻǊǎŀƴƤƴ ȊŀƳŀƴ ƛœƛƴŘŜƪƛ 

ŘŀƭƎŀƭŀƴƳŀƭŀǊƤΦ 

 

hǇǘƛƳƛȊŀǎȅƻƴ !ƭƎƻǊƛǘƳŀƭŀǊƤƴŘŀ ¢ǸǊŜǾ ¦ȅƎǳƭŀƳŀƭŀǊƤ 

Türevler optimizasyon problemlerinin çözümǸƴŘŜ ǀƴŜƳƭƛ ōƛƭƎƛƭŜǊ ǎŀƐƭŀǊΦ !Ǌŀōŀ ǀǊƴŜƐƛ ƛœƛƴ 

ȅŀǇǘƤƐƤƳƤȊ ŀƭƤǒǘƤǊƳŀƴƤƴ ŀȅƴƤǎƤƴƤ ȅŀǇŀǊŀƪΣ ǘǸǊŜǾƭŜǊƛƴ Ƙŀǘŀ Ŧƻƴƪǎƛȅƻƴǳ ƘŀƪƪƤƴŘŀ ƴŜ ǎǀȅƭŜŘƛƐƛƴŜ 

ŘŀƘŀ ȅŀƪƤƴŘŀƴ ōŀƪŀƭƤƳΦ 

 

.ǳ ŀƳŀœƭŀΣ Ŧƻƴƪǎƛȅƻƴ ƻǇǘƛƳƛȊŀǎȅƻƴǳ ƛœƛƴ ŀǒŀƐƤŘŀƪƛ ǘŜƪ ōƻȅǳǘƭǳ ǘŜǎǘ Ŧƻƴƪǎƛȅƻƴǳƴǳ ŜƭŜ ŀƭŀƭƤƳΥ 

f(x) = ςx sin(x) 

 

ŦϥόȄύ ƛƭŜ ƎǀǎǘŜǊƛƭŜƴ ōƛǊƛƴŎƛ ǘǸǊŜǾƛƴƛ ōǳƭƳŀƪ ƛœƛƴ ŦόȄύϥŜ œŀǊǇƤƳ ƪǳǊŀƭƤ ǳȅƎǳƭŀƴƤǊ ǾŜ ǎƻƴǊŀ ŦϥΩόȄύ ƛƭŜ 

ƎǀǎǘŜǊƛƭŜƴ ƛƪƛƴŎƛ ǘǸǊŜǾƛ ōǳƭƳŀƪ ƛœƛƴ ŦϥόȄύϥŜ œŀǊǇƤƳ ƪǳǊŀƭƤƴƤ ǘŜƪǊŀǊ ǳȅƎǳƭŀƴƤǊΥ 

fΩόx) = -sin(x) ς x cos(x) 

fΩΩόx) = x sin(x) ς 2 cos(x) 

 

.ǳ Ǹœ ƛǒƭŜǾƛ ƎǀǊǎŜƭƭŜǒǘƛǊƳŜƪ ƛœƛƴ Ȅϥƛƴ ŦŀǊƪƭƤ ŘŜƐŜǊƭŜǊƛ ƛœƛƴ œƛȊŜōƛƭƛǊƛȊΥ

 
Cƻƴƪǎƛȅƻƴǳƴ 5ƻƐǊǳ DǊŀŦƛƐƛΣ ŦόȄύΣ ōƛǊƛƴŎƛ ǘǸǊŜǾƛΣ ŦϥόȄύ ǾŜ ƛƪƛƴŎƛ ǘǸǊŜǾƛΣ ŦέόȄύ 

  

5ŀƘŀ ǀƴŎŜ ŀǊŀōŀ ǀǊƴŜƐƛƴŘŜ ƎǀȊƭŜƳƭŜŘƛƐƛƳƛȊ ƎƛōƛΣ ōƛǊƛƴŎƛ ǘǸǊŜǾƛƴ ƎǊŀŦƛƐƛ ŦόȄύϥƛƴ ƴŀǎƤƭ ǾŜ ƴŜ 

kadar deƐƛǒǘƛƐƛƴƛ ƎǀǎǘŜǊƛǊΦ mǊƴŜƐƛƴΣ ǇƻȊƛǘƛŦ ōƛǊ ǘǸǊŜǾΣ ŦόȄύϥƛƴ ŀǊǘŀƴ ōƛǊ Ŧƻƴƪǎƛȅƻƴ ƻƭŘǳƐǳƴǳ 

ƎǀǎǘŜǊƛǊƪŜƴΣ ƴŜƎŀǘƛŦ ōƛǊ ǘǸǊŜǾ ōƛȊŜ ŦόȄύϥƛƴ ŀǊǘƤƪ ŀȊŀƭƳŀƪǘŀ ƻƭŘǳƐǳƴǳ ǎǀȅƭŜǊΦ .ǳ ƴŜŘŜƴƭŜΣ 

https://machinelearningmastery.com/wp-content/uploads/2021/06/applications_4.png


ƳƛƴƛƳǳƳ Ŧƻƴƪǎƛȅƻƴ ŀǊŀȅƤǒƤƴŘŀ ƻǇǘƛƳƛȊŀǎȅƻƴ ŀƭƎƻǊƛǘƳŀǎƤΣ ǀƐǊŜƴƳŜ ƘƤȊƤ ʶϥȅŀ ŘŀȅŀƭƤ ƻƭarak 

ƎƛǊŘƛŘŜ ƪǸœǸƪ ŘŜƐƛǒƛƪƭƛƪƭŜǊ ƎŜǊœŜƪƭŜǒǘƛǊƛǊǎŜΥ 

x_new = x ς ʁ   fΩόx) 

 

5ŀƘŀ ǎƻƴǊŀ ŀƭƎƻǊƛǘƳŀΣ ǘǸǊŜǾƛƴ ǘŜǊǎ ȅǀƴǸƴŜ ƘŀǊŜƪŜǘ ŜŘŜǊŜƪ όƛǒŀǊŜǘƛ ǘŜǊǎ œŜǾƛǊŜǊŜƪύ ŦόȄύϥƛ 

ŀȊŀƭǘŀōƛƭƛǊΦ  TƪƛƴŎƛ ǘǸǊŜǾƛ ŜƐǊƛƭƛƐƛ ǀƭœƳŜƪ ƻƭŀǊŀƪ ŘǸǒǸƴŜōƛƭƛǊƛȊΦ 

 

mǊƴŜƐƛƴΣ ŀƭƎƻǊƛǘƳŀ ōƛǊƛƴŎƛ ǘǸǊŜǾƛƴ ǎƤŦƤǊ ƻƭŘǳƐǳ ƪǊƛǘƛƪ ōƛǊ ƴƻƪǘŀȅŀ ǳƭŀǒƤǊǎŀΣ ōǳ ƴƻƪǘŀƴƤƴ ȅŜǊŜƭ 

ƳŀƪǎƛƳǳƳΣ ȅŜǊŜƭ ƳƛƴƛƳǳƳΣ ŜȅŜǊ ƴƻƪǘŀǎƤ ǾŜȅŀ ȅŀƭƴƤȊŎŀ ŦϥόȄύϥŜ ŘŀȅŀƭƤ ŘǸȊ ōǀƭƎŜ ƻƭŘǳƐǳƴǳ ŀȅƤǊǘ 

ŜŘŜƳŜȊΦ .ǳƴǳƴƭŀ ōƛǊƭƛƪǘŜΣ ƛƪƛƴŎƛ ǘǸǊŜǾ ŀǊŀȅŀ ƎƛǊŘƛƐƛƴŘŜΣ ŀƭƎƻǊƛǘƳŀΣ ƛƪƛƴŎƛ ǘǸǊŜǾ ǎƤŦƤǊŘŀƴ 

büyüksŜΣ ǎǀȊ ƪƻƴǳǎǳ ƪǊƛǘƛƪ ƴƻƪǘŀƴƤƴ ȅŜǊŜƭ ōƛǊ ƳƛƴƛƳǳƳ ƻƭŘǳƐǳƴǳ ǎǀȅƭŜȅŜōƛƭƛǊΦ .ƛǊ ȅŜǊŜƭ 

ƳŀƪǎƛƳǳƳ ƛœƛƴΣ ƛƪƛƴŎƛ ǘǸǊŜǾ ǎƤŦƤǊŘŀƴ ƪǸœǸƪǘǸǊΦ 5ƻƭŀȅƤǎƤȅƭŀΣ ƛƪƛƴŎƛ ǘǸǊŜǾΣ ƻǇǘƛƳƛȊŀǎȅƻƴ 

ŀƭƎƻǊƛǘƳŀǎƤƴŀ ƘŀƴƎƛ ȅǀƴŜ ƘŀǊŜƪŜǘ ŜǘƳŜǎƛ ƎŜǊŜƪǘƛƐƛ ƪƻƴǳǎǳƴŘŀ ōƛƭƎƛ ǾŜǊŜōƛƭƛǊΦ bŜ ȅŀȊƤƪ ƪƛ, bu 

ǘŜǎǘΣ ƘŜǊ ƛƪƛ ŘǳǊǳƳŘŀ Řŀ ƛƪƛƴŎƛ ǘǸǊŜǾƛ ǎƤŦƤǊ ƻƭŀƴ ŜȅŜǊ ƴƻƪǘŀƭŀǊƤ ǾŜ ŘǸȊ ōǀƭƎŜƭŜǊ ƛœƛƴ ǎƻƴǳœǎǳȊ 

ƪŀƭƳŀƪǘŀŘƤǊΦ 

 

DǊŀŘȅŀƴ ƛƴƛǒƛƴŜ ŘŀȅŀƭƤ ƻǇǘƛƳƛȊŀǎȅƻƴ ŀƭƎƻǊƛǘƳŀƭŀǊƤΣ ƛƪƛƴŎƛ ŘŜǊŜŎŜŘŜƴ ǘǸǊŜǾƭŜǊƛ ƪǳƭƭŀƴƳŀȊƭŀǊ ǾŜ 

bu nedenle birinci dereceden optimizasyon algoriǘƳŀƭŀǊƤ ƻƭŀǊŀƪ ōƛƭƛƴƛǊƭŜǊΦ TƪƛƴŎƛ ǘǸǊŜǾƭŜǊƛƴ 

ƪǳƭƭŀƴƤƳƤƴŘŀƴ ȅŀǊŀǊƭŀƴŀƴ bŜǿǘƻƴ ȅǀƴǘŜƳƛ Ǝƛōƛ ƻǇǘƛƳƛȊŀǎȅƻƴ ŀƭƎƻǊƛǘƳŀƭŀǊƤƴŀΣ ŀƪǎƛ ǘŀƪŘƛǊŘŜ 

ƛƪƛƴŎƛ ŘŜǊŜŎŜŘŜƴ ƻǇǘƛƳƛȊŀǎȅƻƴ ŀƭƎƻǊƛǘƳŀƭŀǊƤ ŘŜƴƛǊΦ 

 

Türev Formülleri 

5ƻƐǊǳǎŀƭΣ ǸǎǘŜƭ ǾŜ ƭƻƎŀǊƛǘƳƛƪ ŦƻƴƪǎƛȅƻƴƭŀǊ Ǝƛōƛ ōŀȊƤ ŦƻƴƪǎƛȅƻƴƭŀǊƤƴ ǘǸǊŜǾ ŦƻǊƳǸƭƭŜǊƛ ŀǒŀƐƤŘŀ 

ƭƛǎǘŜƭŜƴƳƛǒǘƛǊΥ 

¶ d/dx (k) = 0, burada k herhangi bir sabittir. 

¶ d/dx(x) = 1 

¶ d/dx(xn) = nxn-1 

¶ d/dx (kx) = k, burada k herhangi bir sabittir. 

¶ ŘκŘȄ όҞȄύ Ґ мκнҞȄ 

¶ d/dx (1/x) = -1/x2 

¶ d/dx (log x) = 1/x, x > 0 

¶ d/dx (ex) = ex 

¶ d/dx (ax) = ax log a 

 

¢ǊƛƎƻƴƻƳŜǘǊƛƪ CƻƴƪǎƛȅƻƴƭŀǊƤƴ ¢ǸǊŜǾƭŜǊƛΥ 

¶ d/dx (sin x) = cos x 

¶ d/dx (cos x) = -sin x 

¶ d/dx (tan x) = sec2x 

¶ d/dx (cosec x) = -cosec x cot x 

¶ d/dx (sec x) = sec x tan x 

¶ d/dx (cot x) = -cosec2x 



Türev Türleri: 

Türevler, birinci ve ikinci ŘŜǊŜŎŜŘŜƴ ǘǸǊŜǾƭŜǊ Ǝƛōƛ ǎƤǊŀƭŀǊƤƴŀ ƎǀǊŜ ŦŀǊƪƭƤ ǘǸǊƭŜǊŘŜ 

ǎƤƴƤŦƭŀƴŘƤǊƤƭŀōƛƭƛǊΦ .ǳƴƭŀǊ ŀǒŀƐƤŘŀ ǾŜǊƛƭŘƛƐƛ Ǝƛōƛ ǘŀƴƤƳƭŀƴŀōƛƭƛǊΦ 

 

.ƛǊƛƴŎƛ ƳŜǊǘŜōŜŘŜƴ ǘǸǊŜǾƭŜǊΣ Ŧƻƴƪǎƛȅƻƴǳƴ ŀǊǘŀƴ ƳƤ ȅƻƪǎŀ ŀȊŀƭŀƴ ƳƤ ƻƭŘǳƐǳƴǳ Ŧƻƴƪǎƛȅƻƴǳƴ 

ȅǀƴǸ ƘŀƪƪƤƴŘŀ ǎǀȅƭŜǊΦ .ƛǊƛƴŎƛ ǘǸǊŜǾ ƳŀǘŜƳŀǘƛƐƛ ǾŜȅŀ ōƛǊƛƴŎƛ ŘŜǊŜŎŜŘŜƴ ǘǸǊŜǾΣ ŀƴƭƤƪ ōƛǊ 

ŘŜƐƛǒƛƳ ƻǊŀƴƤ ƻƭŀǊŀƪ ȅƻǊǳƳƭŀƴŀōƛƭƛǊΦ ¢ŜƐŜǘ ŘƻƐǊǳƴǳƴ ŜƐƛƳƛƴŘŜƴ ŘŜ ǘŀƘƳƛƴ ŜŘƛƭŜōƛƭƛǊΦ 

 

TƪƛƴŎƛ ŘŜǊŜŎŜŘŜƴ ǘǸǊŜǾƭŜǊΣ ǾŜǊƛƭŜƴ Ŧƻƴƪǎƛȅƻƴ ƛœƛƴ ƎǊŀŦƛƐƛƴ ǒŜƪƭƛ ƘŀƪƪƤƴŘŀ ōƛǊ ŦƛƪƛǊ ŜŘƛƴƳŜƪ ƛœƛƴ 

ƪǳƭƭŀƴƤƭƤǊΦ CƻƴƪǎƛȅƻƴƭŀǊ ƛœōǸƪŜȅƭƛƪ ŀœƤǎƤƴŘŀƴ ǎƤƴƤŦƭŀƴŘƤǊƤƭŀōƛƭƛǊΦ ±ŜǊƛƭŜƴ ƎǊŀŦƛƪ Ŧƻƴƪǎƛȅƻƴǳƴǳƴ 

ƛœōǸƪŜȅƭƛƐƛ ƛƪƛ ǘǸǊŜ ŀȅǊƤƭƤǊΥ 

ω ¸ǳƪŀǊƤ TœōǸƪŜȅ 

ω !ǒŀƐƤ TœōǸƪŜȅ 

 

Analiz-¢ǸǊŜǾ mǊƴŜƐƛΥ  .ǳǊŀŘŀ ŦόȄύ ōƛǊ Ŧƻƴƪǎƛȅƻƴ ƻƭǎǳƴ ŦόȄύ Ґ Ȅ2 

x2ϥƴƛƴ ǘǸǊŜǾƛ нȄϥǘƛǊΣ ȅŀƴƛ ȄϥǘŜƪƛ ƘŜǊ ōƛǊƛƳ ŘŜƐƛǒƛƳŘŜ Ŧƻƴƪǎƛȅƻƴǳƴ ŘŜƐŜǊƛ ƛƪƛ ƪŀǘƤƴŀ œƤƪŀǊ όнȄύΦ 

 

Limitler ve Türevler: 

ŘȄ ƻ ƪŀŘŀǊ ƪǸœǸƪ ȅŀǇƤƭŘƤƐƤƴŘŀ ƴŜǊŜŘŜȅǎŜ Ƙƛœ ƻƭǳȅƻǊΦ [ƛƳƛǘƭŜǊ ƛƭŜΣ Ȅϥƛƴ ǎƤŦƤǊŀ ȅŀƪƭŀǒǘƤƐƤƴƤ ŀƴŎŀƪ 

ǎƤŦƤǊ ƻƭƳŀŘƤƐƤƴƤ ǎǀȅƭŜƳŜƪ ƛǎǘƛȅƻǊǳȊΦ 

aŀǘŜƳŀǘƛƪǎŜƭ ƻƭŀǊŀƪΥ ǘǸƳ ƎŜǊœŜƪ ʶ Ҕ л ƛœƛƴ ƎŜǊœŜƪ ōƛǊ ʵ Ҕ л ǾŀǊŘƤǊΣ ǀȅƭŜ ƪƛ л ғ μȄ ҍ Ŏμ ғ ʵΣ 

(burada c ɴ  wύ μŦόȄύ ҍ [μ ғ Ŝ 

 

!ƴƭƤƪ ŘŜƐƛǒƛƳ ƘƤȊƤ ǇǊƻōƭŜƳƛƴƛ œǀȊƳŜƪ ƛœƛƴ ǘǸǊŜǾ ƪǳǊŀƭƭŀǊƤƴƤƴ ǳȅƎǳƭŀƴƳŀǎƤΥ 

.ƛǊ ǇŀǊŀǒǸǘœǸ ннлл Ƴ ȅǸƪǎŜƪƭƛƪǘŜƴ ǳœŀƪǘŀƴ ŀǘƭƤȅƻǊΦ ǘ ǎŀƴƛȅŜ ǎƻƴǊŀ ǇŀǊŀǒǸǘœǸƴǸƴ ȅŜǊŘŜƴ 

ƳŜǘǊŜ ŎƛƴǎƛƴŘŜƴ ȅǸƪǎŜƪƭƛƐƛ Ƙόǘύ Ґ ннлл ς 4,9t2 fonksiyonu ile temsil edilir (hava direncinin bir 

ŦŀƪǘǀǊ ƻƭƳŀŘƤƐƤ ǾŀǊǎŀȅƤƭŀǊŀƪύΦ tŀǊŀǒǸǘœǸ п ǎŀƴƛȅŜ ǎƻƴǊŀ ƴŜ ƪŀŘŀǊ ƘƤȊƭƤ ŘǸǒǸȅƻǊΚ 

 

½ŀƳŀƴƤƴ ƘŜǊƘŀƴƎƛ ōƛǊ ƴƻƪǘŀǎƤƴŘŀ ƘŀǾŀ ŘŀƭƤǒœƤǎƤƴƤƴ ōƻȅǳƴǳƴ ŀƴƭƤƪ ŘŜƐƛǒƛƳ ƻǊŀƴƤΣ ȅǸƪǎŜƪƭƛƪ 

fonksiyonunun türevi ile temsil edilir. 

h(t) = 2200 ς 4,9t2 

h'(t) = 0 ς 4,9 (2t) = -9,8 t 

 

п ǎϥŘŜƪƛ ŀƴƭƤƪ ŘŜƐƛǒƛƳ ƻǊŀƴƤƴƤ ōǳƭƳŀƪ ƛœƛƴ ǘǸǊŜǾ ŦƻƴƪǎƛȅƻƴǳƴŘŀ ǘ Ґ пϥǸ ŘŜƐƛǒǘƛǊƛƴΦ 

h'(t) = ς 9,8 (4) = -39,2 

 

п ǎŀƴƛȅŜ ǎƻƴǊŀ ǇŀǊŀǒǸǘœǸ офΦн Ƴκǎ ƘƤȊƭŀ ŘǸǒǸȅƻǊΦ 

 

 

 

 



Derivative of tan x 

Let f(x) = tan x  

We know that tan x = sin x/ cos x 

Let us take u = sin x and v = cos x 

As we know, 

d/dx (u/v) = [v(du/dx) ς u(dv/dx)]/ v2 

d/dx (sin x/cos x) = [cos x(d/dx)sin x ς sin x(d/dx)cos x]/ cos2x 

= [cos x . cos x ς sin x . (-sin x)]/cos2x = (cos2x + sin2x)/cos2x 

Using the identity sin2A + cos2A = 1, 

= 1/cos2x= sec2x [since 1/cos x = sec x] 

d/dx (tan x) = sec2x 

Therefore, the derivative of tan x is sec2x. 

 

Derivative of 1/x 

The derivative of 1/x can be derived as given below: 

d/dx (1/x) = d/dx (x-1) 

We know that d/dx (xn) = nxn ς 1 

Here, n = -1 

d/dx(1/x) = d/dx (x-1) = (-1)x(-1 ς 1) 

= -x-2 = -1/x2 

Hence, the derivative of 1/x is -1/x2. 

 

 

Diferansiyel hesap 

5ƛŦŜǊŀƴǎƛȅŜƭ IŜǎŀǇΣ ƴƛŎŜƭƛƪƭŜǊƛƴ ŘŜƐƛǒƳŜ ƻǊŀƴƭŀǊƤ ƛƭŜ ƛƭƎƛƭƛŘƛǊΦ .ƛǊ ǀǊƴŜƪΣ ōƻȅǳǘǎŀƭ ǳȊŀȅŘŀ ōƛǊ 

ƴƻƪǘŀƴƤƴ ȅŀƪƤƴƤƴŘŀ ŘŜƐƛǒƛƪƭƛƪ ŘŀǾǊŀƴƤǒƤƴƤ ǀƭœƳŜƪ ƛœƛƴ ōƛǊ ǘǸǊŜǾ ƪǳƭƭŀƴƳŀƪǘƤǊΦ 9ƐŜǊ ōƛǊ 

fonksiyonumuz varsa: 

 
 

ŘŀƘŀ ǎƻƴǊŀΣ ŘƛŦŜǊŀƴǎƛȅŜƭ ƘŜǎŀōƤƴ ƪǳǾǾŜǘ ƪǳǊŀƭƤ ǳȅƎǳƭŀƴŀǊŀƪΣ ǘǸǊŜǾ ƛǒƭŜǾƛ ƘŜǊ Ȅ ƴƻƪǘŀǎƤƴŀ ƎǀǊŜ 

ȅ ŜƪǎŜƴƛ ƻƭŀǊŀƪ Řŀ ŘǸǒǸƴǸƭŜƴ ŦόȄύϥǘŜƪƛ ŘŜƐƛǒƛƳ ƻƭŀǊŀƪ ƛŦŀŘŜ edilir: 

 
.ǳ ŀȅƴƤ ȊŀƳŀƴŘŀ ŜƐǊƛƴƛƴ Ȅ ƴƻƪǘŀǎƤƴŘŀƪƛ ŜƐƛƳƛƴƛ ǾŜȅŀ ƎǊŀŘȅŀƴƤƴƤ Řŀ ƎǀǎǘŜǊƛǊΦ .ƛǊ ǎƪŀƭŜǊ ŀƭŀƴƤƴ 

ȅǀƴ ǘǸǊŜǾƛ όƎǊŀŘȅŀƴύ ŀǊǘƤƳƤƴ Ŝƴ œƻƪ ƻƭŘǳƐǳ ȅŜǊŜ ŘƻƐǊǳ ȅǀƴŜƭƳƛǒ ōƛǊ ǾŜƪǘǀǊ ŀƭŀƴƤƴƤ ǾŜǊƛǊ ǾŜ 

ōǸȅǸƪƭǸƐǸ ŘŜƐƛǒƛƳƛƴ Ŝƴ ōǸȅǸƪ ŘŜƐŜǊƛƴŜ ŜǒƛǘǘƛǊΦ 

https://www.codecogs.com/eqnedit.php?latex=f/left(x/right)=x^{2}
https://www.codecogs.com/eqnedit.php?latex=f'/left&space;(&space;x&space;/right&space;)=/frac{dy}{dx}=2x


 
 

 

DiferansiȅŜƭ IŜǎŀǇ YǳǊŀƭƭŀǊƤ 

!ǒŀƐƤŘŀƪƛ ƪǳǊŀƭƭŀǊΣ ƻǊǘŀƪ ŦƻƴƪǎƛȅƻƴƭŀǊƤƴ ǘǸǊŜǾƛƴƛ ƘƤȊƭƤ ōƛǊ ǒŜƪƛƭŘŜ ōŜƭƛǊƭŜƳŜƴƛƴ ōƛǊ ȅƻƭǳƴǳ 

ǎǳƴŀǊΦ 5ŀƘŀ ƪŀǊƳŀǒƤƪ ƛǒƭŜǾƭŜǊΣ ōǳ ƪǳǊŀƭƭŀǊ ǳȅƎǳƭŀƴŀōƛƭŜƴŜ ƪŀŘŀǊ ƪŀŘŜƳŜƭƛ ƻƭŀǊŀƪ ŘŀƘŀ ƪǸœǸƪ 

ōƛƭŜǒŜƴƭŜǊŜ ōǀƭǸƴŜōƛƭƛǊΦ 

 
 

 



 
 

 
 

 

 



aŀǘŜƳŀǘƛƪǘŜ ¢ǸǊŜǾΣ ōƛǊ Ŧƻƴƪǎƛȅƻƴǳƴ ōƛǊ ŘŜƐƛǒƪŜƴŜ ƎǀǊŜ ŘŜƐƛǒƛƳ ƻǊŀƴƤŘƤǊΦ ¢ǸǊŜǾƭŜǊΣ 

matematik ve diferansiyel denklemlerdeki problemlerin çözümü için temeldir. Genel olarak 

ōƛƭƛƳ ŀŘŀƳƭŀǊƤΣ ƛƭƎƛƭŜƴƛƭŜƴ ōŀȊƤ ŘŜƐƛǒƪŜƴƭŜǊƛƴ ŘŜƐƛǒƛƳ ƻǊŀƴƤƴƤ ŜƭŘŜ ŜǘƳŜƪ ƛœƛƴ ŘƛƴŀƳƛk 

ǎƛǎǘŜƳƭŜǊƛ ƎǀȊƭŜƳƭŜǊΣ ōǳ ōƛƭƎƛȅƛ ōŀȊƤ ŘƛŦŜǊŀƴǎƛȅŜƭ ŘŜƴƪƭŜƳƭŜǊŜ ŘŀƘƛƭ ŜŘŜǊ ǾŜ ŦŀǊƪƭƤ ƪƻǒǳƭƭŀǊ 

ŀƭǘƤƴŘŀ ƻǊƛƧƛƴŀƭ ǎƛǎǘŜƳƛƴ ŘŀǾǊŀƴƤǒƤƴƤ ǘŀƘƳƛƴ ŜǘƳŜƪ ƛœƛƴ ƪǳƭƭŀƴƤƭŀōƛƭŜŎŜƪ ōƛǊ Ŧƻƴƪǎƛȅƻƴ ŜƭŘŜ 

ŜǘƳŜƪ ƛœƛƴ ŜƴǘŜƎǊŀǎȅƻƴ ǘŜƪƴƛƪƭŜǊƛƴƛ ƪǳƭƭŀƴƤǊΦ  

 

Türev, belirli bir ƴƻƪǘŀŘŀ ŦƻƴƪǎƛȅƻƴŘŀ ƳŜȅŘŀƴŀ ƎŜƭŜƴ ŘŜƐƛǒƛƪƭƛƐƛƴ ƳƛƪǘŀǊƤ ƻƭŀƴ ŀƴƭƤƪ ŘŜƐƛǒƛƳ 

ƻǊŀƴƤƴƤ ƎǀǎǘŜǊƳŜƴƛƴ ōƛǊ ȅƻƭǳŘǳǊΦ DŜǊœŜƪ ǎŀȅƤƭŀǊ ǸȊŜǊƛƴŘŜ Ŝǘƪƛƭƛ ƻƭŀƴ ŦƻƴƪǎƛȅƻƴƭŀǊ ƛœƛƴΣ ƎǊŀŦƛƪ 

ǸȊŜǊƛƴŘŜƪƛ ōƛǊ ƴƻƪǘŀŘŀƪƛ ǘŜƐŜǘ ŘƻƐǊǳƴǳƴ ŜƐƛƳƛŘƛǊΦ Φ ¢ǸǊŜǾ ƎŜƴŜƭƭƛƪƭŜ ǒǳ ǒŜƪƛƭŘŜ ȅŀȊƤƭƤǊ: 

 

 
 

.ǳΣ ȅϥŘŜƪƛ ŦŀǊƪƤƴ ȄϥǘŜƪƛ ŦŀǊƪŀ ōǀƭǸƳǸŘǸǊΦ .ǳǊŀŘŀ Ř ŘŜƐƛǒƪŜƴ ŘŜƐƛƭŘƛǊΣ ŘƻƭŀȅƤǎƤȅƭŀ ƛǇǘŀƭ 

ŜŘƛƭŜƳŜȊΦ ȅϥƴƛƴ ȄϥŜ ƎǀǊŜ ǘǸǊŜǾƛΣ ȅϥŘŜƪƛ ŘŜƐƛǒƛƳ ōǀƭǸ ȄϥǘŜƪƛ ŘŜƐƛǒƛƳ ƻƭŀǊŀƪ ǘŀƴƤƳƭŀƴƤǊΦ 

Matematiksel olarak, 

 

 
 

¸ŀƴƛΣ ƛƪƛ Ȅ ƴƻƪǘŀǎƤ ŀǊŀǎƤƴŘŀƪƛ ƳŜǎŀŦŜ ǎƤŦƤǊŀ ȅŀƪƭŀǒǘƤƪœŀΣ ŀǊŀƭŀǊƤƴŘŀƪƛ œƛȊƎƛƴƛƴ ŜƐƛƳƛ ƛƭƎƛƭƛ ǘŜƐŜǘ 

œƛȊƎƛǎƛƴŜ ȅŀƪƭŀǒƤǊΦ 

 

Importance of derivatives in data science: 

¢ǸǊŜǾƭŜǊΣ aŀƪƛƴŜ ǀƐǊŜƴƛƳƛ ǘŀǊŀŦƤƴŘŀƴ ƻǇǘƛƳƛȊŀǎȅƻƴ ǇǊƻōƭŜƳƭŜǊƛƴƛ œǀȊƳŜƪ ƛœƛƴ ƪǳƭƭŀƴƤƭƤǊΦ 

DǊŀŘȅŀƴ ƛƴƛǒ Ǝƛōƛ ƻǇǘƛƳƛȊŀǎȅƻƴ ŀƭƎƻǊƛǘƳŀƭŀǊƤΣ ƘŜǊƘŀƴƎƛ ōƛǊ ŀƳŀœ Ŧƻƴƪǎƛȅƻƴǳƴǳ ŀǊǘƤǊƳŀƪ ǾŜȅŀ 

ŀȊŀƭǘƳŀƪ ƛœƛƴ ŀƐƤǊƭƤƪƭŀǊƤƴ ŀǊǘƤǊƤƭƤǇ ŀȊŀƭǘƤƭƳŀȅŀŎŀƐƤƴŀ ƪŀǊŀǊ ǾŜǊƳŜƪ ƛœƛƴ ǘǸǊŜǾƭŜǊƛ ƪǳƭƭŀƴƤǊΦ 

 

±ŜǊƛ .ƛƭƛƳ ƘŜƳŜƴ ƘŜƳŜƴ ƘŜǊ ƳƻŘŜƭ ƛœƛƴ ƘŜǎŀōƤ ƪǳƭƭŀƴƤǊ ǾŜ aŀƪƛƴŜ mƐǊŜƴƛƳƛƴŘŜ ǘŜƳŜƭ ŀƳŀ 

œƻƪ ƳǸƪŜƳƳŜƭ ōƛǊ ƳŀǘŜƳŀǘƛƪ ǀǊƴŜƐƛ DǊŀŘƛŜnt Descent'tir. 

 

Gradient Descent: - 

DǊŀŘȅŀƴΣ ƎƛǊƛǒƭŜǊƛ ōƛǊŀȊ ŘŜƐƛǒǘƛǊƛǊǎŜƴƛȊ ōƛǊ Ŧƻƴƪǎƛȅƻƴǳƴ œƤƪǘƤǎƤƴƤƴ ƴŜ ƪŀŘŀǊ ŘŜƐƛǒǘƛƐƛƴƛ ǀƭœŜǊΦ 

aŀƪƛƴŜ ǀƐǊŜƴƛƳƛ ƳƻŘŜƭƛƴŘŜ ŀƳŀŎƤƳƤȊ ƎƛǊŘƛ ǾŜǊƛƭŜǊƛƳƛȊŘŜƪƛ ƳŀƭƛȅŜǘƛ ŀȊŀƭǘƳŀƪǘƤǊΦ aŀƭƛȅŜǘ 

fonksiyonu, bir ML modelinin tahminlŜǊƛƴŘŜƪƛ ƘŀǘŀȅƤ ƛȊƭŜƳŜƪ ƛœƛƴ ƪǳƭƭŀƴƤƭƤǊΦ .ǳƴǳ Ŝƴ ŀȊŀ 

ƛƴŘƛǊƳŜƪΣ ǘŜƳŜƭŘŜ ƳǸƳƪǸƴ ƻƭŀƴ Ŝƴ ŘǸǒǸƪ Ƙŀǘŀ ŘŜƐŜǊƛƴŜ ǳƭŀǒƳŀƪ ǾŜȅŀ ƳƻŘŜƭƛƴ 

ŘƻƐǊǳƭǳƐǳƴǳ ŀǊǘƤǊƳŀƪ ŀƴƭŀƳƤƴŀ ƎŜƭƛǊΦ .ǳ ƴŜŘŜƴƭŜΣ ƳƻŘŜƭƛƳƛȊƛƴ ǇŀǊŀƳŜǘǊŜƭŜǊƛƴƛ ŘŜƐƛǒǘƛǊƛǊƪŜƴ 

ōƛǊ ŜƐƛǘƛƳ ǾŜǊƛ ƪǸƳŜǎƛ ǸȊŜǊƛƴŘŜ ȅƛƴŜƭŜƳŜ ȅŀǇŀǊŀƪ ŘƻƐǊǳƭǳƐǳ ŀǊǘƤǊƤȅƻǊǳȊΦ 



 
 

mǊƴŜƐƛƴΣ ōŀȊƤ ƪƻƴǳƭŀǊŘŀƪƛ ƴƻǘƭŀǊƤƴƤ ǾŜ ƳŜȊǳƴƛȅŜǘ ƛœƛƴ ǎŜœǘƛƪƭŜǊƛ ƛƭŜǊƛ œŀƭƤǒƳŀƭŀǊƤ ƛœŜǊŜƴ ōƛǊ 

ƪǳƭƭŀƴƤŎƤ ǾŜǊƛ ǎŜǘƛƳƛȊ ǾŀǊΦ !ƳŀŎƤƳƤȊΣ ƪƛǒƛƴƛƴ ƴƻǘƭŀǊƤƴƤ ŘƛƪƪŀǘŜ ŀƭŀǊŀƪ ƳŜȊǳƴƛȅŜǘ ŀƪƤǒƤƴƤ ǘŀƘƳƛƴ 

etmektir. 

 

 
 

Bu veri setinde {ǿŀǇƴƛƭ ǾŜ tǊƛȅŀƴƪŜǊΩŀ ŀƛǘ ǾŜǊƛƭŜǊ ǾŀǊ ǾŜ ōǳ ǾŜǊƛƭŜǊƛ ƪǳƭƭŀƴŀǊŀƪ {ŀǊŀƴƎϥƤƴ 

ƳŜȊǳƴƛȅŜǘ ŀƪƤǒƤƴƤ ǘŀƘƳƛƴ ŜǘƳŜƳƛȊ ƎŜǊŜƪƛȅƻǊΦ 

 

 ƛƳŘƛ ǀȊƴŜŘŜƪƛ ƛǒŀǊŜǘƭŜǊƛ ōƛǊ ƎǊŀŘȅŀƴ ǾŜ ŀƪƤǒ ƻƭŀǊŀƪ ŀƭǘ ƘŜŘŜŦ ƻƭŀǊŀƪ ŜƭŜ ŀƭƤȅƻǊǳȊΦ !ƭǘǘŀ ǘŀƘƳƛƴ 

ŜǘǘƛƐƛ ǎƻƴǳŎǳƴ ŘƻƐǊǳ ƻƭƳŀǎƤ ƛœƛƴ modeli optimize etmeliyiz. 

 

{ǿŀǇƴƛƭϥƛƴ ǾŜ tǊƛȅŀƴƪŜǊϥƛƴ ǾŜǊƛƭŜǊƛƴƛ ƪǳƭƭŀƴŀǊŀƪΣ ƎǊŀŘȅŀƴ ƛƴƛǒƛƴƛ ƻƭǳǒǘǳǊŀŎŀƐƤȊ ǾŜ ƳƻŘŜƭƛƳƛȊƛ 

ǀȅƭŜ ŀȅŀǊƭŀȅŀŎŀƐƤȊ ƪƛΣ ŜƐŜǊ {ŀǊŀƴƎϥƤƴ ƛǒŀǊŜǘƭŜǊƛƴƛ ǾŜǊƛǊǎŜƪΣ {ŎƛŜƴŎŜϥƤƴ ƎǊŀŘȅŀƴƤƴ ŀƭǘƤƴŘŀƪƛ 

ǎƻƴǳŎǳƴǳ ǾŜ tǊƛȅŀƴƪŜǊ ƛœƛƴ ŀȅƴƤǎƤƴƤ ǘŀƘƳƛƴ ŜǘƳŜǎƛ ƎŜǊŜƪƛȅƻǊΦ .ǳ ōƛȊƛƳ ŜƐƛǘƛƳƭƛ ƳƻŘŜƭƛƳƛȊΦ 

 ƛƳŘƛ ƳƻŘŜƭƛƳƛȊŜ ƪƻƴǳ ƛǒŀǊŜǘƭŜǊƛ ǾŜǊƛǊǎŜƪ ŀƪƤǒƤ ƪƻƭŀȅŎŀ ǘŀƘƳƛƴ ŜŘŜōƛƭƛǊƛȊΦ 

 

.ǳ ƳƻŘŜƭŘŜ ƪǳƭƭŀƴŀōƛƭŜŎŜƐƛƳƛȊ ǘŜƳŜƭ ŦƻǊƳǸƭ ȅ Ґ ƳϝȄ Ҍ ōϥŘƛǊΦ .ǳǊŀŘŀΣ ȅ Ґ ȅƻǊŘŀȅƤŎƤΣ Ƴ Ґ 

ŜƐƛƳΣ Ȅ Ґ ƎƛǊƛǒΣ ō Ґ ȅ- ƪŜǎƛǒƳŜ ƴƻƪǘŀǎƤŘƤǊΦ .ǳ ǘǸǊ ōƛǊ ǇǊƻōƭŜƳΣ ōŜƭƛǊƭƛ ōƛǊ ƘŀǘǘƤƴ ƴŜ ƪŀŘŀǊ ƛȅƛ 

ƻƭŘǳƐǳƴǳ ōŜƭƛǊƭŜȅŜƴ ōƛǊ ƳŀƭƛȅŜǘ Ŧƻƴƪǎƛȅƻƴǳ ǘŀƴƤƳƭŀƴŀǊŀƪ œǀȊǸƭŜōƛƭƛǊΦ aŀƭƛȅŜǘ Ŧƻƴƪǎƛȅƻƴǳ 

ŀǒŀƐƤŘŀƪƛ ŘŜƴƪƭŜƳ ƪǳƭƭŀƴƤƭŀǊŀƪ ƘŜǎŀǇƭŀƴŀōƛƭƛǊΥ

 



±ŜǊƛƭŜǊƛƳƛȊŜ ŘŀƘŀ ƛȅƛ ǳȅŀƴ ǎŀǘƤǊƭŀǊΣ ŘŀƘŀ ŘǸǒǸƪ Ƙŀǘŀ ŘŜƐŜǊƭŜǊƛ ƛƭŜ ǎƻƴǳœƭŀƴŀŎŀƪǘƤǊΦ .ǳ 

Ŧƻƴƪǎƛȅƻƴǳ Ŝƴ ŀȊŀ ƛƴŘƛǊƛǊǎŜƪΣ ǾŜǊƛƭŜǊƛƳƛȊ ƛœƛƴ Ŝƴ ƛȅƛ ǎŀǘƤǊƤ ŜƭŘŜ ŜŘŜǊƛȊΦ 9ƐƛƳƛ ƘŜǎŀǇƭŀƳŀƪ ƛœƛƴ 

ŦŀǊƪƭƤƭŀǒƳŀȅƤ ƪǳƭƭŀƴƤǊƤȊΦ  

 

.ǳ Ƙŀǘŀ ŦƻƴƪǎƛȅƻƴǳƴŘŀ ƎǊŀŘȅŀƴ ƛƴƛǒƛƴƛ œŀƭƤǒǘƤǊƳŀƪ ƛœƛƴ ƎǊŀŘȅŀƴƤƴƤ ƘŜǎŀǇƭŀƳŀƳƤȊ ƎŜǊŜƪƛǊΦ 

Gradyan hesaplamak için haǘŀ ŦƻƴƪǎƛȅƻƴǳƳǳȊǳƴ ǘǸǊŜǾƛƴƛ ŀƭƳŀƳƤȊ ƎŜǊŜƪƛǊΦ CƻƴƪǎƛȅƻƴǳƳǳȊ 

ƛƪƛ ǇŀǊŀƳŜǘǊŜ όƳ ǾŜ ōύ ǘŀǊŀŦƤƴŘŀƴ ǘŀƴƤƳƭŀƴŘƤƐƤƴŘŀƴΣ ƘŜǊ ōƛǊƛ ƛœƛƴ ƪƤǎƳƛ ōƛǊ ǘǸǊŜǾ 

ƘŜǎŀǇƭŀƳŀƳƤȊ ƎŜǊŜƪŜŎŜƪΦ .ǳ ǘǸǊŜǾƭŜǊ ŀǒŀƐƤŘŀƪƛ Ǝƛōƛ ƘŜǎŀǇƭŀƴŀōƛƭƛǊΥ 

 

 
 

!ǊŀƳŀƳƤȊƤ ƘŜǊƘŀƴƎƛ ōƛǊ Ƴ ǾŜ ō ŘŜƐŜǊƛ œƛŦǘƛƴŘŜ όȅŀƴƛ ƘŜǊƘŀƴƎƛ ōƛǊ ǎŀǘƤǊŘŀύ ōŀǒƭŀȅŀŎŀƪ ǒŜƪƛƭŘŜ 

ōŀǒƭŀǘŀōƛƭƛǊ ǾŜ ƎǊŀŘȅŀƴ ƛƴƛǒ ŀƭƎƻǊƛǘƳŀǎƤƴƤƴ Ƙŀǘŀ ŦƻƴƪǎƛȅƻƴǳƳǳȊŘŀ ȅƻƪǳǒ ŀǒŀƐƤ Ŝƴ ƛȅƛ ǎŀǘƤǊŀ 

ŘƻƐǊǳ ƛƭŜǊƭŜƳŜǎƛƴŜ ƛȊƛƴ ǾŜǊŜōƛƭƛǊƛȊΦ IŜǊ ȅƛƴŜƭŜƳŜΣ Ƴ ǾŜ ōϥȅƛ ǀƴŎŜƪƛ ȅƛƴŜƭŜƳŜŘŜƴ ōƛǊŀȊ ŘŀƘŀ 

ŘǸǒǸƪ Ƙŀǘŀ ǾŜǊŜƴ ōƛǊ ǎŀǘƤǊŀ ƎǸƴŎŜƭƭŜȅŜŎŜƪǘƛǊΦ IŜǊ ȅƛƴŜƭŜƳŜ ƛœƛƴ ƘŀǊŜƪŜǘ ȅǀƴǸΣ ȅǳƪŀǊƤŘŀƴ ƛƪƛ 

ƪƤǎƳƛ ǘǸǊŜǾ ƪǳƭƭŀƴƤƭŀǊŀƪ ƘŜǎŀǇƭŀƴƤǊΦ 

 

mƐǊŜƴƳŜ IƤȊƤ ŘŜƐƛǒƪŜƴƛΣ ƘŜǊ ȅƛƴŜƭŜƳŜŘŜ ȅƻƪǳǒ ŀǒŀƐƤ ŀǘǘƤƐƤƳƤȊ ŀŘƤƳƤƴ ƴŜ ƪŀŘŀǊ ōǸȅǸƪ 

ƻƭŘǳƐǳƴǳ ƪƻƴǘǊƻƭ ŜŘŜǊΦ 4ƻƪ ōǸȅǸƪ ōƛǊ ŀŘƤƳ ŀǘŀǊǎŀƪΣ ƳƛƴƛƳǳƳǳƴ ǸȊŜǊƛƴŜ œƤƪŀōƛƭƛǊƛȊΦ !ƴŎŀƪΣ 

ƪǸœǸƪ ŀŘƤƳƭŀǊ ŀǘŀǊǎŀƪΣ ƳƛƴƛƳǳƳŀ ǳƭŀǒƳŀƪ ƛœƛƴ ōƛǊœƻƪ ȅƛƴŜƭŜƳŜ ƎŜǊŜƪŜŎŜƪǘƛǊΦ 

 

 

±ŜǊƛ .ƛƭƛƳƛƴŘŜ aŀǘŜƳŀǘƛƪ ǾŜ ƪǳƭƭŀƴƤƳ ŀƭŀƴƭŀǊƤΥ 

aŀǘŜƳŀǘƛƪΣ ǘŀƳŀƳŜƴ ǊŜǎƳƛ ōƛǊ ǒŜƪƛƭŘŜ ƎŜƭƛǒǘƛǊƛƭƳƛǒ ǎƻȅǳǘ ōƛǊ ǘŜƻǊƛŘƛǊΦ !ƴŀƭƛȊΣ ŘŀƘŀ ŘƻƐǊǳǎǳ 

analiz olarak adlanŘƤǊƤƭŀƴΣ ƴƛŎŜƭƛƪƭŜǊƛƴ ŘŜƐƛǒƛƳ ƻǊŀƴƤƴƤ όŜƐǊƛƭŜǊƛƴ ŜƐƛƳƭŜǊƛ ƻƭŀǊŀƪ 

ȅƻǊǳƳƭŀƴŀōƛƭƛǊύ ǾŜ ƴŜǎƴŜƭŜǊƛƴ ǳȊǳƴƭǳƐǳƴǳΣ ŀƭŀƴƤƴƤ ǾŜ ƘŀŎƳƛƴƛ ƛƴŎŜƭŜȅŜƴ ƳŀǘŜƳŀǘƛƐƛƴ ŘŀƭƤŘƤǊΦ 

YŀƭƪǸƭǸǎΣ ŘƛŦŜǊŀƴǎƛȅŜƭ ǾŜ ƛƴǘŜƎǊŀƭ ƘŜǎŀǇ ƻƭŀǊŀƪ ƛƪƛȅŜ ŀȅǊƤƭƤǊΦ 

 

Türev, 

 
 

TƴǘŜƎǊŀƭΣ 

 
 



Calculus kelƛƳŜǎƛΣ άƪǸœǸƪ ǘŀǒέ ŀƴƭŀƳƤƴŀ ƎŜƭŜƴ [ŀǘƛƴŎŜ ƪǀƪŜƴƭƛŘƛǊΦ 4ǸƴƪǸ ƪǸœǸƪ ǇŀǊœŀƭŀǊŀ 

ōŀƪŀǊŀƪ ōƛǊ ǒŜȅƛ ŀƴƭŀƳŀƪ ƎƛōƛΦ !ƴŀƭƛȊΣ ƳŀǘŜƳŀǘƛƐƛƴ ƪŜƴŘƛƴŜ ǀȊƎǸ ōƛǊ ŀƭŀƴƤŘƤǊ ǾŜ ǀȊŜƭƭƛƪƭŜ 

ōƛǊœƻƪ ƳŀƪƛƴŜ ǀƐǊŜƴƛƳƛ ŀƭƎƻǊƛǘƳŀǎƤƴŘŀΣ ±ŜǊƛ .ƛƭƛƳƛƴƛƴ ǀȊǸƴǸ ǀƐǊŜƴƳŜƪ ƛœƛƴ ƎŜǊŜƪƭƛŘƛǊΦ  

5ƛŦŜǊŀƴǎƛȅŜƭ !ƴŀƭƛȊΣ ƴŀǎƤƭ ŘŜƐƛǒǘƛƐƛƴƛ ōǳƭƳŀƪ ƛœƛƴ ōƛǊ ǒŜȅƛ ƪǸœǸƪ ǇŀǊœŀƭŀǊŀ ŀȅƤǊƤǊΦ 

LƴǘŜƎǊŀƭ /ŀƭŎǳƭǳǎΣ ƴŜ ƪŀŘŀǊ ƻƭŘǳƐǳƴǳ ōǳƭƳŀƪ ƛœƛƴ ƪǸœǸƪ ǇŀǊœŀƭŀǊƤ ōƛǊƭŜǒǘƛǊƛǊ όōǸǘǸƴƭŜǒǘƛǊƛǊύΦ 

 

Dereceli alçalma (Gradient Descent): 

DǊŀŘȅŀƴΣ ƎƛǊƛǒƭŜǊƛ ōƛǊŀȊ ŘŜƐƛǒǘƛǊƛǊǎŜƴƛȊ ōƛǊ Ŧƻƴƪǎƛȅƻƴǳƴ œƤƪǘƤǎƤƴƤƴ ƴŜ ƪŀŘŀǊ ŘŜƐƛǒǘƛƐƛƴƛ ǀƭœŜǊΦ .ƛǊ 

ǘƻǇǳƴǳȊ ǾŜ ōƛǊ ƪŀǎŜƴƛȊ ƻƭŘǳƐǳƴǳ ǾŀǊǎŀȅŀƭƤƳΦ ¢ƻǇǳ ƪŀǎŜŘŜ ƴŜǊŜȅŜ ƪŀȅŘƤǊƤǊǎŀƴƤȊ ƪŀȅŘƤǊƤƴΣ 

ǎƻƴǳƴŘŀ ƪŀǎŜƴƛƴ ŘƛōƛƴŜ ŘǸǒŜŎŜƪǘƛǊΦ 

 

 
DǀǊŘǸƐǸƴǸȊ Ǝƛōƛ ōǳ ǘƻǇ ƪŀǎŜƴƛƴ ŘƛōƛƴŘŜ ōƛǘŜƴ ōƛǊ ȅƻƭ ƛȊƭƛȅƻǊΦ ¢ƻǇǳƴ ƪŀǎŜƴƛƴ ŘƛōƛƴŜ ƛƴŘƛƐƛƴƛ ŘŜ 

ǎǀȅƭŜȅŜōƛƭƛǊƛȊΦ wŜǎƛƳŘŜƴ ŘŜ ƎǀǊŜōƛƭŜŎŜƐƛƴƛȊ Ǝƛōƛ ƪƤǊƳƤȊƤ œƛȊƎƛƭŜǊ ƪŀǎŜƴƛƴ ƎǊŀŘȅŀƴƤ ǾŜ ƳŀǾƛ œƛȊƎƛ 

ǘƻǇǳƴ ƛȊƭŜŘƛƐƛ ȅƻƭŘǳǊ ǾŜ ǘƻǇǳƴ ŜƐƛƳƛƴƛƴ ȅƻƭǳ ŀȊŀƭŘƤƪœŀ ōǳƴŀ ƎǊŀŘȅŀƴ ƛƴƛǒ ŘŜƴƛǊΦ 

 

aŀƪƛƴŜ ǀƐǊŜƴƛƳƛ ƳƻŘŜƭƛƳƛȊŘŜ ŀƳŀŎƤƳƤȊΣ ƎƛǊŘƛ ǾŜǊƛƭŜǊƛƳƛȊŘŜƪƛ ƳŀƭƛȅŜǘƛ ŀȊŀƭǘƳŀƪǘƤǊΦ ƳŀƭƛȅŜǘ 

ŦƻƴƪǎƛȅƻƴǳΣ ōƛǊ a[ ƳƻŘŜƭƛƴƛƴ ǘŀƘƳƛƴƭŜǊƛƴŘŜƪƛ ƘŀǘŀȅƤ ƛȊƭŜƳŜƪ ƛœƛƴ ƪǳƭƭŀƴƤƭƤǊΦ 5ƻƭŀȅƤǎƤȅƭŀ ōǳƴǳ 

Ŝƴ ŀȊŀ ƛƴŘƛǊƳŜƪΣ ǘŜƳŜƭŘŜ ƳǸƳƪǸƴ ƻƭŀƴ Ŝƴ ŘǸǒǸƪ Ƙŀǘŀ ŘŜƐŜǊƛƴŜ ǳƭŀǒƳŀƪ ǾŜȅŀ ƳƻŘŜƭƛƴ 

ŘƻƐǊǳƭǳƐǳƴǳ ŀǊǘƤǊƳŀƪ ŀƴƭŀƳƤƴŀ ƎŜƭƛǊΦ YƤǎŀŎŀǎƤΣ ƳƻŘŜƭƛƳƛȊƛƴ ǇŀǊŀƳŜǘǊŜƭŜǊƛƴƛ όŀƐƤǊƭƤƪƭŀǊ ǾŜ 

ǀƴȅŀǊƎƤƭŀǊύ ƛƴŎŜ ŀȅŀǊƭŀǊƪŜƴ ōƛǊ ŜƐƛǘƛƳ ǾŜǊƛ ǎŜǘƛ ǸȊŜǊƛƴŘŜ ȅƛƴŜƭŜƳŜ ȅŀǇŀǊŀƪ ŘƻƐǊǳƭǳƐǳ 



ŀǊǘƤǊƤȅƻǊǳȊΦ .ŀȊƤ ƪƻƴǳƭŀǊŘŀ ƴƻǘƭŀǊƤ ǾŜ ƳŜǎƭŜƪƭŜǊƛ ƻƭŀƴ ōƛǊ ƪǳƭƭŀƴƤŎƤ ǾŜǊƛ ǎŜǘƛƳƛȊ ƻƭŘǳƐǳƴǳ 

ŘǸǒǸƴŜƭƛƳΦ !ƳŀŎƤƳƤȊΣ ƪƛǒƛƴƛƴ ƛǒŀǊŜǘƭŜǊƛƴƛ ŘƛƪƪŀǘŜ ŀƭŀǊŀƪ ƪƛǒƛƴƛƴ ƳŜǎƭŜƐƛƴƛ ǘŀƘƳƛƴ ŜǘƳŜƪǘƛǊΦ 

 

 
 

.ǳ ǾŜǊƛ ǎŜǘƛƴŘŜ WƻƘƴ ǾŜ ƘŀǾǾŀ ǾŜǊƛƭŜǊƛƳƛȊ ǾŀǊΦ ¸ǳƘŀƴƴŀ ǾŜ IŀǾǾŀϥƴƤƴ ǊŜŦŜǊŀƴǎ ǾŜǊƛƭŜǊƛȅƭŜ 

!ŘŜƳϥƛƴ ƳŜǎƭŜƐƛƴƛ ǘŀƘƳƛƴ ŜǘƳŜƳƛȊ ƎŜǊŜƪƛȅƻǊΦ 

 

 ƛƳŘƛ ƪƻƴǳŘŀƪƛ ƴƻǘƭŀǊƤ ōƛǊ ŜƐƛƳ ƻƭŀǊŀƪ ǾŜ ƳŜǎƭŜƐƛ ŀƭǘ ƘŜŘŜŦ ƻƭŀǊŀƪ ŘǸǒǸƴǸƴΦ !ƭǘǘŀ ǘŀƘƳƛƴ 

ŜǘǘƛƐƛ ǎƻƴǳŎǳƴ ŘƻƐǊǳ ƻƭƳŀǎƤ ƛœƛƴ ƳƻŘŜƭƛƴƛȊƛ ƻǇǘƛƳƛȊŜ ŜǘƳŜƭƛǎƛƴƛȊΦ WƻƘƴϥǎ ǾŜ 9ǾŜϥƛƴ ǾŜǊƛƭŜǊƛƴƛ 

ƪǳƭƭŀƴŀǊŀƪ ƎǊŀŘȅŀƴ ƛƴƛǒ ƻƭǳǒǘǳǊŀŎŀƐƤȊ ǾŜ ƳƻŘŜƭƛƳƛȊƛ ǀȅƭŜ ŀȅŀǊƭŀȅŀŎŀƐƤȊ ƪƛΣ WƻƘƴϥǳƴ ƛǒŀǊŜǘƭŜǊƛƴƛ 

ƎƛǊŜǊǎŜƪ 5ƻƪǘƻǊϥǳƴ ƎǊŀŘȅŀƴƤƴ ŀƭǘƤƴŘŀƪƛ ǎƻƴǳŎǳƴǳ ǾŜ 9ǾŜ ƛœƛƴ ŀȅƴƤ ǎƻƴǳŎǳ ǘŀƘƳƛƴ ŜǘƳŜǎƛ 

ƎŜǊŜƪƛȅƻǊΦ .ǳ ōƛȊƛƳ ŜƐƛǘƛƳƭƛ ƳƻŘŜƭƛƳƛȊΦ  ƛƳŘƛ ƳƻŘŜƭƛƳƛȊŜ ƪƻƴǳ ƛǒŀǊŜǘƭŜǊƛƴƛ ǾŜǊƛǊǎŜƪ ƳŜǎƭŜƐƛ 

kolayca tahmin edebiliriz. 

 

 
 

¢ŜƻǊƛƪ ƻƭŀǊŀƪ ōǳΣ ƎǊŀŘȅŀƴ ƛƴƛǒƛ ƛœƛƴŘƛǊΣ ŀƴŎŀƪ ƎǊŀŘȅŀƴ ƛƴƛǒƛ ƘŜǎŀǇƭŀƳŀƪ ǾŜ ƳƻŘŜƭƭŜƳŜƪ için 

ƳŀǘŜƳŀǘƛƪ ƎŜǊŜƪǘƛǊƛǊ ǾŜ ŀǊǘƤƪ ƳŀƪƛƴŜ ǀƐǊŜƴƛƳƛƴŘŜ ŀƴŀƭƛȊƛƴ ǀƴŜƳƛƴƛ ƎǀǊŜōƛƭƛǊƛȊΦ 

mƴŎŜƭƛƪƭŜ ǒǳ ŀƴŀ ƪŀŘŀǊ ōƛƭŘƛƐƛƴƛȊ ƪƻƴǳŘŀƴ ōŀǒƭŀȅŀƭƤƳΦ [ƛƴŜŜǊ /ŜōƛǊΦ aƻŘŜƭƛƳƛȊ ƛœƛƴ ǀƴŎŜ 

ƭƛƴŜŜǊ ŎŜōƛǊƛ ǾŜ ŦƻǊƳǸƭǸƴǸ ƪǳƭƭŀƴŀƭƤƳΦ 

 

 



 
 

.ǳ ƳƻŘŜƭŘŜ ƪǳƭƭŀƴŀōƛƭŜŎŜƐƛƳƛȊ ǘŜƳŜƭ ŦƻǊƳǸƭ ȅ Ґ ƳϝȄ ҌōϥŘƛǊΦ ōǳǊŀŘŀΣ ȅ Ґ ȅƻǊŘŀȅƤŎƤΣ Ƴ Ґ ŜƐƛƳΣ 

x = girdi, b= y-ƪŜǎƳŜ ƴƻƪǘŀǎƤΦ 

 

.ǳ ǘǸǊ ōƛǊ ǎƻǊǳƴǳ œǀȊƳŜȅŜ ȅǀƴŜƭƛƪ ǎǘŀƴŘŀǊǘ ōƛǊ ȅŀƪƭŀǒƤƳΣ ōŜƭƛǊƭƛ ōƛǊ ǎŀǘƤǊƤƴ ƴŜ ƪŀŘŀǊ ϦƛȅƛϦ 

ƻƭŘǳƐǳƴǳ ǀƭœŜƴ ōƛǊ Ƙŀǘŀ ƛǒƭŜǾƛ όƳŀƭƛȅŜǘ ƛǒƭŜǾƛ ƻƭŀǊŀƪ Řŀ ŀŘƭŀƴŘƤǊƤƭƤǊύ ǘŀƴƤƳƭŀƳŀƪǘƤǊΦ .ǳ 

Ŧƻƴƪǎƛȅƻƴ ōƛǊ όƳΣōύ œƛŦǘƛ ŀƭŀŎŀƪ ǾŜ œƛȊƎƛƴƛƴ ǾŜǊƛƭŜǊƛƳƛȊŜ ƴŜ ƪŀŘŀǊ ƛȅƛ ǳȅŘǳƐǳƴŀ ōŀƐƭƤ ƻƭŀǊŀƪ ōƛǊ 

Ƙŀǘŀ ŘŜƐŜǊƛ ŘǀƴŘǸǊŜŎŜƪǘƛǊΦ .ŜƭƛǊƭƛ ōƛǊ ŘƻƐǊǳ ƛœƛƴ ōǳ ƘŀǘŀȅƤ ƘŜǎŀǇƭŀƳŀƪ ƛœƛƴΣ ǾŜǊƛ ƪǸƳŜƳƛȊŘŜƪƛ 

ƘŜǊ ōƛǊ όȄΣȅύ ƴƻƪǘŀǎƤƴƤ ȅƛƴŜƭŜȅŜŎŜƐƛȊ ǾŜ ƘŜǊ ƴƻƪǘŀƴƤƴ ȅ ŘŜƐŜǊƛ ƛƭŜ ŀŘŀȅ ƘŀǘǘƤƴ ȅ ŘŜƐŜǊƛ όƳȄ Ҍ 

ōϥŘŜ ƘŜǎŀǇƭŀƴŀƴύ ŀǊŀǎƤƴŘŀƪƛ ƪŀǊŜ ƳŜǎŀŦŜƭŜǊƛ ǘƻǇƭŀȅŀŎŀƐƤȊΦ tƻȊƛǘƛŦ ƻƭƳŀǎƤƴƤ ǎŀƐƭŀƳŀƪ ǾŜ Ƙŀǘŀ 

ŦƻƴƪǎƛȅƻƴǳƳǳȊǳƴ ǘǸǊŜǾƭŜƴŜōƛƭƛǊ ƻƭƳŀǎƤƴƤ ǎŀƐƭŀƳŀƪ ƛœƛƴ ōǳ ƳŜǎŀŦŜƴƛƴ ƪŀǊŜǎƛƴƛ ŀƭƳŀƪ 

gelenekseldir. 

 
Verilerimize daha iyi uyan ǎŀǘƤǊƭŀǊ όƘŀǘŀ ŦƻƴƪǎƛȅƻƴǳƳǳȊ ǘŀǊŀŦƤƴŘŀƴ ŘŀƘŀ ƛȅƛ ǘŀƴƤƳƭŀƴŘƤƐƤ 

ȅŜǊŘŜύΣ ŘŀƘŀ ŘǸǒǸƪ Ƙŀǘŀ ŘŜƐŜǊƭŜǊƛ ƛƭŜ ǎƻƴǳœƭŀƴŀŎŀƪǘƤǊΦ .ǳ Ŧƻƴƪǎƛȅƻƴǳ Ŝƴ ŀȊŀ ƛƴŘƛǊƛǊǎŜƪΣ 

ǾŜǊƛƭŜǊƛƳƛȊ ƛœƛƴ Ŝƴ ƛȅƛ ǎŀǘƤǊƤ ŜƭŘŜ ŜŘŜǊƛȊΦ Iŀǘŀ ŦƻƴƪǎƛȅƻƴǳƳǳȊ ƛƪƛ ǇŀǊŀƳŜǘǊŜŘŜƴ όƳ ǾŜ ōύ 

ƻƭǳǒǘǳƐǳ ƛœƛƴ ƻƴǳ ƛƪƛ ōƻȅǳǘƭǳ ōƛǊ ȅǸȊŜȅ ƻƭŀǊŀƪ ƎǀǊǎŜƭƭŜǒǘƛǊŜōƛƭƛǊƛȊΦ ±ŜǊƛ ƪǸƳŜƳƛȊ ƛœƛƴ ōǀȅƭŜ 

görünüyor: 



 
 

 

.ǳ ƛƪƛ ōƻȅǳǘƭǳ ǳȊŀȅŘŀ ƘŜǊ ƴƻƪǘŀ ōƛǊ œƛȊƎƛȅƛ ǘŜƳǎƛƭ ŜŘŜǊΦ Cƻƴƪǎƛȅƻƴǳƴ ƘŜǊ ƴƻƪǘŀŘŀƪƛ ȅǸƪǎŜƪƭƛƐƛ 

ƻ ǎŀǘƤǊ ƛœƛƴ Ƙŀǘŀ ŘŜƐŜǊƛŘƛǊΦ .ŀȊƤ ǎŀǘƤǊƭŀǊƤƴ ŘƛƐŜǊƭŜǊƛƴŘŜƴ ŘŀƘŀ ƪǸœǸƪ Ƙŀǘŀ ŘŜƐŜǊƭŜǊƛ ǾŜǊŘƛƐƛƴƛ 

ƎǀǊŜōƛƭƛǊǎƛƴƛȊ όȅŀƴƛ ǾŜǊƛƭŜǊƛƳƛȊŜ ŘŀƘŀ ƛȅƛ ǳȅǳȅƻǊύΦ DǊŀŘȅŀƴ ƛƴƛǒ ŀǊŀƳŀǎƤ ȅŀǇǘƤƐƤƳƤȊŘŀΣ ōǳ 

ȅǸȊŜȅŘŜ ōƛǊ ȅŜǊŘŜƴ ōŀǒƭŀȅƤǇ Ŝƴ ŘǸǒǸƪ Ƙŀǘŀȅŀ ǎŀƘƛǇ œƛȊƎƛȅƛ ōǳƭƳŀƪ ƛœƛƴ ȅƻƪǳǒ ŀǒŀƐƤ ƛƴŜŎŜƐƛȊΦ 

 

 
ȊҐŦόȄΣȅύȊҐŦόȄΣȅύ Ŧƻƴƪǎƛȅƻƴǳƴǳƴ ƎǊŀŦƛƐƛ ōƛǊ ȅǸȊŜȅŘƛǊ ǾŜ ȅҐōȅҐō ǎŀōƛǘƭŜƴƳŜǎƛ ōƛǊ ŜƐǊƛ ǾŜǊƛǊ 

όȅŜǒƛƭƭŜ ƎǀǎǘŜǊƛƭƳƛǒǘƛǊύΦ ҜŦҜȄόŀΣōύҜŦҜȄόŀΣōύ ƪƤǎƳƛ ǘǸǊŜǾƛΣ ōǳ ŜƐǊƛȅŜ ȄҐŀȄҐŀ ƴƻƪǘŀǎƤƴŘŀƪƛ ǘŜƐŜǘ 

ŘƻƐǊǳƴǳƴ ŜƐƛƳƛŘƛǊΦ 

 

.ǳ Ƙŀǘŀ ŦƻƴƪǎƛȅƻƴǳƴŘŀ ƎǊŀŘȅŀƴ ƛƴƛǒƛƴƛ œŀƭƤǒǘƤǊƳŀƪ ƛœƛƴ ǀƴŎŜ ƎǊŀŘȅŀƴƤƴƤ ƘŜǎŀǇƭŀƳŀƳƤȊ 

ƎŜǊŜƪƛǊΦ 9ƐƛƳ ōƛǊ Ǉǳǎǳƭŀ Ǝƛōƛ ŘŀǾǊŀƴŀŎŀƪ ǾŜ ōƛȊƛ ƘŜǊ ȊŀƳŀƴ ȅƻƪǳǒ ŀǒŀƐƤ ƎǀǎǘŜǊŜŎŜƪΦ .ǳƴǳ 

ƘŜǎŀǇƭŀƳŀƪ ƛœƛƴ Ƙŀǘŀ ŦƻƴƪǎƛȅƻƴǳƳǳȊǳƴ ǘǸǊŜǾƛƴƛ ŀƭƳŀƳƤȊ ƎŜǊŜƪŜŎŜƪΦ CƻƴƪǎƛȅƻƴǳƳǳȊ ƛƪƛ 

ǇŀǊŀƳŜǘǊŜ όƳ ǾŜ ōύ ǘŀǊŀŦƤƴŘŀƴ ǘŀƴƤƳƭŀƴŘƤƐƤƴŘŀƴΣ ƘŜǊ ōƛǊƛ ƛœƛƴ ƪƤǎƳƛ ōƛǊ ǘǸǊŜǾ ƘŜǎŀǇƭŀƳŀƳƤȊ 

gerekecŜƪΦ .ǳ ǘǸǊŜǾƭŜǊ ǒǀȅƭŜ œŀƭƤǒƤǊΥ 

 



 
!ǊǘƤƪ ƎǊŀŘȅŀƴ ƛƴƛǒƛƴƛ œŀƭƤǒǘƤǊƳŀƪ ƛœƛƴ ƎŜǊŜƪŜƴ ǘǸƳ ŀǊŀœƭŀǊŀ ǎŀƘƛōƛȊΦ !ǊŀƳŀƳƤȊƤ ƘŜǊƘŀƴƎƛ ōƛǊ Ƴ 

ǾŜ ō ŘŜƐŜǊƛ œƛŦǘƛƴŘŜ όȅŀƴƛ ƘŜǊƘŀƴƎƛ ōƛǊ ǎŀǘƤǊŘŀύ ōŀǒƭŀȅŀŎŀƪ ǒŜƪƛƭŘŜ ōŀǒƭŀǘŀōƛƭƛǊ ǾŜ ƎǊŀŘȅŀƴ ƛƴƛǒ 

ŀƭƎƻǊƛǘƳŀǎƤƴƤƴ Ƙŀǘŀ ŦƻƴƪǎƛȅƻƴǳƳǳȊŘŀ ȅƻƪǳǒ ŀǒŀƐƤ Ŝƴ ƛȅƛ ǎŀǘƤǊŀ ŘƻƐǊǳ ƛƭŜǊƭŜƳŜǎƛƴŜ ƛȊƛƴ 

ǾŜǊŜōƛƭƛǊƛȊΦ IŜǊ ȅƛƴŜƭŜƳŜΣ Ƴ ǾŜ ōϥȅƛ ǀƴŎŜƪƛ ȅƛƴŜƭŜƳŜŘŜƴ ōƛǊŀȊ ŘŀƘŀ ŘǸǒǸƪ Ƙŀǘŀ ǾŜǊŜƴ ōƛǊ 

ǎŀǘƤǊŀ ƎǸƴŎŜƭƭŜȅŜŎŜƪǘƛǊΦ IŜǊ ȅƛƴŜƭŜƳŜ ƛœƛƴ ƘŀǊŜƪŜǘ ȅǀƴǸΣ ȅǳƪŀǊƤŘŀƴ ƛƪƛ ƪƤǎƳƛ ǘǸǊŜǾ ƪǳƭƭŀƴƤƭŀǊŀƪ 

ƘŜǎŀǇƭŀƴƤǊΦ 

 

mƐǊŜƴƳŜ IƤȊƤ ŘŜƐƛǒƪŜƴƛΣ ƘŜǊ ȅƛƴŜƭŜƳŜŘŜ ȅƻƪǳǒ ŀǒŀƐƤ ŀǘǘƤƐƤƳƤȊ ŀŘƤƳƤƴ ƴŜ ƪŀŘŀǊ ōǸȅǸƪ 

ƻƭŘǳƐǳƴǳ ƪƻƴǘǊƻƭ ŜŘŜǊΦ 4ƻƪ ōǸȅǸƪ ōƛǊ ŀŘƤƳ ŀǘŀǊǎŀƪΣ ƳƛƴƛƳǳƳǳƴ ǸȊŜǊƛƴŜ œƤƪŀōƛƭƛǊƛȊΦ !ƴŎŀƪΣ 

ƪǸœǸƪ ŀŘƤƳƭŀǊ ŀǘŀǊǎŀƪΣ ƳƛƴƛƳǳƳŀ ǳƭŀǒƳŀƪ ƛœƛƴ ōƛǊœƻƪ ȅƛƴŜƭŜƳŜ ƎŜǊŜƪŜŎŜƪǘƛǊΦ DǊŀŘȅŀƴ ƛƴƛǒƛni 

ǀƐǊŜƴƳŜƪ ƛœƛƴ ȅǸȊŜȅƛ œƛȊŜōƛƭƳƛǒ ƻƭǎŀƪ ŘŀΣ ǘŀǊǘƤǒŀƳŀŘƤƐƤƳƤȊƤƴ ŦŀǊƪƤƴŘŀ ƻƭƳŀƳƤȊŘŀ ŦŀȅŘŀ ƻƭŀƴ 

ōƛǊƪŀœ Ŝƪ ƪŀǾǊŀƳ ǾŀǊΦ .ǳƴƭŀǊŘŀƴ ōƛǊƪŀœƤ ǒǳƴƭŀǊƤ ƛœŜǊƛǊΥ 

 

5ƤǒōǸƪŜȅƭƛƪ (/ƻƴǾŜȄƛǘȅҐΥ 5ƻƐǊǳǎŀƭ ǊŜƎǊŜǎȅƻƴ ǎƻǊǳƴǳƳǳȊŘŀ ȅŀƭƴƤȊŎŀ ōƛǊ ƳƛƴƛƳǳƳ ǾŀǊŘƤΦ Iŀǘŀ 

ȅǸȊŜȅƛƳƛȊ ŘƤǒōǸƪŜȅŘƛΦ bŜǊŜŘŜƴ ōŀǒƭŀǊǎŀƪ ōŀǒƭŀȅŀƭƤƳΣ ǎƻƴǳƴŘŀ Ƴǳǘƭŀƪ ƳƛƴƛƳǳƳŀ ǳƭŀǒŀŎŀƐƤȊΦ 

DŜƴŜƭ ƻƭŀǊŀƪΣ ŘǳǊǳƳǳƴ ōǀȅƭŜ ƻƭƳŀǎƤ ƎŜǊŜƪƳŜȊΦ .ƛǊ ƎǊŀŘȅŀƴ ŀǊŀƳŀǎƤƴƤƴ ǘŀƪƤƭƤǇ ƪŀƭŀōƛƭŜŎŜƐƛ 

ȅŜǊŜƭ ƳƛƴƛƳǳƳƭŀǊƭŀ ƛƭƎƛƭƛ ōƛǊ ǎƻǊǳƴ ƻƭƳŀǎƤ ƳǸƳƪǸƴŘǸǊΦ .ǳƴǳ ƘŀŦƛŦƭŜǘƳŜƪ ƛœƛƴ ōƛǊƪŀœ ȅŀƪƭŀǒƤƳ 

varŘƤǊ όǀǊƴŜƐƛƴΣ ǎǘƻƪŀǎǘƛƪ ƎǊŀŘȅŀƴ ŀǊŀƳŀύΦ 

 

 



 

¸ŀƪƤƴǎŀƳŀ ό/ƻƴǾŜǊƎŜƴŎŜύΥ !ǊŀƳŀƴƤƴ ōƛǊ œǀȊǸƳ ōǳƭŘǳƐǳƴŘŀ ƴŀǎƤƭ ōŜƭƛǊƭŜƴŜŎŜƐƛƴŘŜƴ 

ōŀƘǎŜǘƳŜŘƛƪΦ .ǳ ƎŜƴŜƭƭƛƪƭŜ Ƙŀǘŀ ȅƛƴŜƭŜƳŜŘŜƴ ȅƛƴŜƭŜƳŜȅŜ ƪǸœǸƪ ŘŜƐƛǒƛƪƭƛƪƭŜǊ ŀǊŀƴŀǊŀƪ ȅŀǇƤƭƤǊ 

όǀǊƴŜƐƛƴΣ ƎǊŀŘȅŀƴƤƴ ǎƤŦƤǊŀ ȅŀƪƤƴ ƻƭŘǳƐǳ ȅer). 

 

 
 

 

4ƻƪ 5ŜƐƛǒƪŜƴƭƛ !ƴŀƭƛȊ ό aǳƭǘƛǾŀǊƛŀǘŜ /ŀƭŎǳƭǳǎύΥ  ƛƳŘƛΣ ǎƻƴǳƴŘŀ ƎŜǊœŜƪ Ƙŀȅŀǘǘŀ ŜƭŘŜ 

ŜŘŜŎŜƐƛƳƛȊ œƻƪ ŘŜƐƛǒƪŜƴƭƛ ǾŜǊƛƭŜǊŘŜ ƘŜǎŀōƤ ǀƐǊŜǘŜŎŜƪ ƻƭŀƴ 4ƻƪ 5ŜƐƛǒƪŜƴƭƛ ŀƴŀƭƛȊŜ 

ŘŜǊƛƴƭŜƳŜǎƛƴŜ ŘŀƭŀƭƤƳΦ 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 



4.2. Fonksiyon optimizasyonu için tek boyutlu όмŘύ ǘŜǎǘ ŦƻƴƪǎƛȅƻƴƭŀǊƤ 

(One-Dimensional (1D) Test Functions for Function Optimization) 

 

TǒƭŜǾ ƻǇǘƛƳƛȊŀǎȅƻƴǳΣ ōƛǊ ƛǒƭŜǾŜΣ ƛǒƭŜǾƛƴ ƳŀƪǎƛƳǳƳ ǾŜȅŀ ƳƛƴƛƳǳƳ œƤƪǘƤǎƤȅƭŀ ǎƻƴǳœƭŀƴŀƴ ōƛǊ 

ƎƛǊŘƛ ŀǊŀȅŀƴ ōƛǊ œŀƭƤǒƳŀ ŀƭŀƴƤŘƤǊΦ 

 

4ƻƪ ǎŀȅƤŘŀ ƻǇǘƛƳƛȊŀǎȅƻƴ ŀƭƎƻǊƛǘƳŀǎƤ ǾŀǊŘƤǊΣ ōŀǎƛǘ ǾŜ ƎǀǊǎŜƭƭŜǒǘƛǊƳŜǎƛ ƪƻƭŀȅ ǘŜǎǘ ŦƻƴƪǎƛȅƻƴƭŀǊƤ 

ǸȊŜǊƛƴŘŜ ƻǇǘƛƳƛȊŀǎȅƻƴ ŀƭƎƻǊƛǘƳŀƭŀǊƤ ƛœƛƴ ǎŜȊƎƛƭŜǊƛ ƛƴŎŜƭŜƳŜƪ ǾŜ ƎŜƭƛǒǘƛǊƳŜƪ ǀƴŜƳƭƛŘƛǊΦ 

¢Ŝƪ ōƻȅǳǘƭǳ ŦƻƴƪǎƛȅƻƴƭŀǊΣ ǘŜƪ ōƛǊ ƎƛǊŘƛ ŘŜƐŜǊƛ ŀƭƤǊ ǾŜ ƎƛǊŘƛƴƛƴ ǘŜƪ ōƛǊ ŘŜƐŜǊƭŜƴŘƛǊƳŜǎƛƴƛ ǾŜǊƛǊΦ 

TǒƭŜǾ ƻǇǘƛƳƛȊŀǎȅƻƴǳ œŀƭƤǒƤǊƪŜƴ ƪǳƭƭŀƴƤƭŀŎŀƪ Ŝƴ ōŀǎƛǘ ǘŜǎǘ ƛǒƭŜǾƛ ǘǸǊǸ ƻƭŀōƛƭƛǊƭŜǊΦ 

 

¢Ŝƪ ōƻȅǳǘƭǳ ŦƻƴƪǎƛȅƻƴƭŀǊƤƴ ȅŀǊŀǊƤΣ Ȅ ŜƪǎŜƴƛƴŘŜ Ŧƻƴƪǎƛȅƻƴŀ ƎƛǊƛǒƭŜǊ ǾŜ ȅ ŜƪǎŜƴƛƴŘŜ 

Ŧƻƴƪǎƛȅƻƴǳƴ œƤƪǘƤƭŀǊƤ ƛƭŜ ƛƪƛ ōƻȅǳǘƭǳ ōƛǊ œƛȊƛƳ ƻƭŀǊŀƪ ƎǀǊǎŜƭƭŜǒǘƛǊƛƭŜōƛƭƳŜƭŜǊƛŘƛǊΦ Cƻƴƪǎƛȅƻƴǳƴ 

bilinen ƻǇǘƛƳǳƳƭŀǊƤ ǾŜ Ŧƻƴƪǎƛȅƻƴǳƴ ƘŜǊƘŀƴƎƛ ōƛǊ ǀǊƴŜƪƭŜƳŜǎƛ ŘŜ ŀȅƴƤ œƛȊƛƳ ǸȊŜǊƛƴŘŜ 

çizilebilir. 

 

YǳƭƭŀƴŀōƛƭŜŎŜƐƛƳƛȊ ōƛǊœƻƪ ŦŀǊƪƭƤ ōŀǎƛǘ ǘŜƪ ōƻȅǳǘƭǳ ǘŜǎǘ Ŧƻƴƪǎƛȅƻƴǳ ǾŀǊŘƤǊΦ .ǳƴǳƴƭŀ ōƛǊƭƛƪǘŜΣ 

Ŧƻƴƪǎƛȅƻƴ ƻǇǘƛƳƛȊŀǎȅƻƴǳ ŀƭŀƴƤƴŘŀ ȅŀȅƎƤƴ ƻƭŀǊŀƪ ƪǳƭƭŀƴƤƭŀƴ ǎǘŀƴŘŀǊǘ ǘŜǎǘ ŦƻƴƪǎƛȅƻƴƭŀǊƤ ǾŀǊŘƤǊΦ 

CŀǊƪƭƤ ŀƭƎƻǊƛǘƳŀƭŀǊƤ ǘŜǎǘ ŜŘŜǊƪŜƴ ǎŜœƳŜƪ ƛǎǘŜȅŜōƛƭŜŎŜƐƛƳƛȊ ǘŜǎǘ ŦƻƴƪǎƛȅƻƴƭŀǊƤƴƤƴ ōŜƭƛǊƭƛ 

ǀȊŜƭƭƛƪƭŜǊƛ ŘŜ ǾŀǊŘƤǊΦ .ǳ ǀƐǊŜǘƛŘŜ ŀȊ ǎŀȅƤŘŀ ōŀǎƛǘ ǘŜƪ ōƻȅǳǘƭǳ ǘŜǎǘ ƛǒƭŜǾƛƴƛ ƪŜǒŦŜŘŜŎŜƐƛȊ ǾŜ 

ōǳƴƭŀǊƤ ōŜǒ ŦŀǊƪƭƤ ƎǊǳǇƭŀ ǀȊŜƭƭƛƪƭŜǊƛƴŜ ƎǀǊŜ ŘǸȊŜƴƭŜȅŜŎŜƐƛȊΤ ōǳƴƭŀǊΥ 

1. Konveks Tek Modlu Fonksiyonlar (Convex Unimodal Functions) 

2. Konveks Olmayan Tek Modlu Fonksiyonlar (Non-Convex Unimodal Functions) 

3. 4ƻƪ aƻŘƭǳ TǒƭŜǾƭŜǊ όaǳƭǘƛƳƻŘŀƭ CǳƴŎǘƛƻƴǎύ 

4. Süreksiz Fonksiyonlar - Pürüzsüz Olmayan (Discontinuous Functions - Non-Smooth) 

5. DǸǊǸƭǘǸƭǸ TǒƭŜǾƭŜǊ όbƻƛǎȅ CǳƴŎǘƛƻƴǎύ 

 

IŜǊ ƛǒƭŜǾΣ tȅǘƘƻƴ ƪƻŘǳ ƪǳƭƭŀƴƤƭŀǊŀƪΣ ƘŜŘŜŦ ŀƳŀœ ƛǒƭŜǾƛƴƛƴ ōƛǊ ƛǒƭŜǾ ǳȅƎǳƭŀƳŀǎƤ ǾŜ ƛǒƭŜǾƛƴ 

ƻǇǘƛƳǳƳǳƴǳƴ ŀœƤƪœŀ ƛǒŀǊŜǘƭŜƴŘƛƐƛ ōƛǊ œƛȊƎƛ œƛȊƛƳƛ ƻƭŀǊŀƪ ƎǀǎǘŜǊƛƭŜƴ ƛǒƭŜǾƛƴ ōƛǊ ǀǊƴŜƪƭŜƳŜǎƛ ƛƭŜ 

ǎǳƴǳƭŀŎŀƪǘƤǊΦ ¢ǸƳ Ŧƻnksiyonlar bir minimizasyon problemi olarak sunulur, örn. fonksiyonun 

ƳƛƴƛƳǳƳ όŜƴ ƪǸœǸƪ ŘŜƐŜǊύ œƤƪǘƤǎƤƴƤ ǾŜǊŜƴ ƎƛǊƛǒƛ ōǳƭǳƴΦ IŜǊƘŀƴƎƛ ōƛǊ ƳŀƪǎƛƳƛȊŜ ŜǘƳŜ ƛǒƭŜǾƛΣ 

ǘǸƳ œƤƪǘƤȅŀ ƴŜƎŀǘƛŦ ōƛǊ ƛǒŀǊŜǘ ŜƪƭŜȅŜǊŜƪ ōƛǊ ƳƛƴƛƳƛȊŀǎȅƻƴ ƛǒƭŜǾƛ ƘŀƭƛƴŜ ƎŜǘƛǊƛƭŜōƛƭƛǊΦ .ŜƴȊŜǊ 

ǒŜƪƛƭŘŜΣ ƘŜǊƘŀƴƎƛ ōƛǊ ƪǸœǸƭǘƳŜ ƛǒƭŜǾƛΣ ŀȅƴƤ ǒŜƪƛƭŘŜ Ŝƴ ōǸȅǸƪ ƘŀƭŜ ƎŜǘƛǊƛƭŜōƛƭƛǊΦ !ǊŘƤƴŘŀƴΣ 

ƻǇǘƛƳƛȊŀǎȅƻƴ ŀƭƎƻǊƛǘƳŀƭŀǊƤƴƤƴ ŘŀǾǊŀƴƤǒƤƴƤ ƛƴŎŜƭŜƳŜƪ ǾŜȅŀ ƪŀǊǒƤƭŀǒǘƤǊƳŀƪ ƛœƛƴ ƪŜƴŘƛ 

ǇǊƻƧŜƴƛȊŘŜ ƪǳƭƭŀƴƳŀƪ ǸȊŜǊŜ ōƛǊ ǾŜȅŀ ŘŀƘŀ ŦŀȊƭŀ ƛǒƭŜǾƛƴ ƪƻŘǳƴǳ ǎŜœƛǇ ƪƻǇȅŀƭŀȅƤǇ 

ȅŀǇƤǒǘƤǊŀōƛƭƛǊǎƛƴƛȊΦ 

 

 

 

 

 



Convex Unimodal Function 

A convex function is a function where a line can be drawn between any two points in the 

domain and the line remains in the domain. 

 

For a one-dimensional function shown as a two-dimensional plot, this means the function 

has a bowl shape and the line between two remains above the bowl. 

 

Unimodal means that the function has a single optima. A convex function may or may not 

be unimodal; similarly, a unimodal function may or may not be convex. 

 

The range for the function below is bounded to -5.0 and 5.0 and the optimal input value is 

0.0. 
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# convex unimodal optimization function 

from numpy import arange 

from matplotlib import pyplot 

  

# objective function 

def objective(x): 

 return x**2.0 

  

# define range for input 

r_min, r_max = -5.0, 5.0 

# sample input range uniformly at 0.1 increments 

inputs = arange(r_min, r_max, 0.1) 

# compute targets 

results = objective(inputs) 

# create a line plot of input vs result 

pyplot.plot(inputs, results) 

# define optimal input value 

x_optima = 0.0 

# draw a vertical line at the optimal input 

pyplot.axvline(x=x_optima, ls='--', color='red') 

# show the plot 

pyplot.show() 

 

Running the example creates a line plot of the function and marks the optima with a red 

line. 

https://en.wikipedia.org/wiki/Convex_function
https://en.wikipedia.org/wiki/Unimodality


 
Line Plot of Convex Unimodal Optimization Function 

 

This function can be shifted forward or backward on the number line by adding or 

subtracting a constant value, e.g. 5 + x^2. 

This can be useful if there is a desire to move the optimal input away from a value of 0.0. 

 

 

Non-Convex Unimodal Functions 

A function is non-convex if a line cannot be drawn between two points in the domain and 

the line remains in the domain. 

 

This means it is possible to find two points in the domain where a line between them 

crosses a line plot of the function. 

 

Typically, if a plot of a one-dimensional function has more than one hill or valley, then we 

know immediately that the function is non-convex. Nevertheless, a non-convex function 

may or may not be unimodal. 

 

aƻǎǘ ǊŜŀƭ ŦǳƴŎǘƛƻƴǎ ǘƘŀǘ ǿŜΩǊŜ ƛƴǘŜǊŜǎǘŜŘ ƛƴ ƻǇǘƛƳƛȊƛƴƎ ŀǊŜ ƴƻƴ-convex. 

 

The range for the function below is bounded to -10.0 and 10.0 and the optimal input value is 

0.67956. 
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# non-convex unimodal optimization function 

from numpy import arange 

from numpy import sin 

from numpy import exp 

from matplotlib import pyplot 

  

# objective function 

def objective(x): 

 return -(x + sin(x)) * exp(-x**2.0) 

  

# define range for input 

r_min, r_max = -10.0, 10.0 

# sample input range uniformly at 0.1 increments 

inputs = arange(r_min, r_max, 0.1) 

# compute targets 

results = objective(inputs) 

# create a line plot of input vs result 

pyplot.plot(inputs, results) 

# define optimal input value 

x_optima = 0.67956 

# draw a vertical line at the optimal input 

pyplot.axvline(x=x_optima, ls='--', color='red') 

# show the plot 

pyplot.show() 

 

Running the example creates a line plot of the function and marks the optima with a red 

line. 



 
Line Plot of Non-Convex Unimodal Optimization Function 

 

Multimodal Functions 

A multi-modal function ƳŜŀƴǎ ŀ ŦǳƴŎǘƛƻƴ ǿƛǘƘ ƳƻǊŜ ǘƘŀƴ ƻƴŜ άmodeέ ƻǊ ƻǇǘƛƳŀ όŜΦƎΦ 

valley). 

Multimodal functions are non-convex. 

There may be one global optima and one or more local or deceptive optima. Alternately, 

there may be multiple global optima, i.e. multiple different inputs that result in the same 

minimal output of the function. 

[ŜǘΩǎ ƭƻƻƪ ŀǘ ŀ ŦŜǿ ŜȄŀƳǇƭŜǎ ƻŦ Ƴǳƭǘƛ-modal functions. 

Multimodal Function 1 

The range is bounded to -2.7 and 7.5 and the optimal input value is 5.145735. 

1 

2 

3 

4 

5 

6 

7 

8 

9 

10 

# multimodal function 

from numpy import sin 

from numpy import arange 

from matplotlib import pyplot 

  

# objective function 

def objective(x): 

 return sin(x) + sin((10.0 / 3.0) * x) 

  

# define range for input 

https://en.wikipedia.org/wiki/Multimodal_distribution
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r_min, r_max = -2.7, 7.5 

# sample input range uniformly at 0.1 increments 

inputs = arange(r_min, r_max, 0.1) 

# compute targets 

results = objective(inputs) 

# create a line plot of input vs result 

pyplot.plot(inputs, results) 

# define optimal input value 

x_optima = 5.145735 

# draw a vertical line at the optimal input 

pyplot.axvline(x=x_optima, ls='--', color='red') 

# show the plot 

pyplot.show() 

Running the example creates a line plot of the function and marks the optima with a red 

line. 

 
Line Plot of Multimodal Optimization Function 1 

 

 

 

 

 



Multimodal Function 2 

The range is bounded to 0.0 and 1.2 and the optimal input value is 0.96609. 
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# multimodal function 

from numpy import sin 

from numpy import arange 

from matplotlib import pyplot 

  

# objective function 

def objective(x): 

 return -(1.4 - 3.0 * x) * sin(18.0 * x) 

  

# define range for input 

r_min, r_max = 0.0, 1.2 

# sample input range uniformly at 0.01 increments 

inputs = arange(r_min, r_max, 0.01) 

# compute targets 

results = objective(inputs) 

# create a line plot of input vs result 

pyplot.plot(inputs, results) 

# define optimal input value 

x_optima = 0.96609 

# draw a vertical line at the optimal input 

pyplot.axvline(x=x_optima, ls='--', color='red') 

# show the plot 

pyplot.show() 

Running the example creates a line plot of the function and marks the optima with a red 

line. 



 
Line Plot of Multimodal Optimization Function 2 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 



Multimodal Function 3 

The range is bounded to 0.0 and 10.0 and the optimal input value is 7.9787. 
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# multimodal function 

from numpy import sin 

from numpy import arange 

from matplotlib import pyplot 

  

# objective function 

def objective(x): 

 return -x * sin(x) 

  

# define range for input 

r_min, r_max = 0.0, 10.0 

# sample input range uniformly at 0.1 increments 

inputs = arange(r_min, r_max, 0.1) 

# compute targets 

results = objective(inputs) 

# create a line plot of input vs result 

pyplot.plot(inputs, results) 

# define optimal input value 

x_optima = 7.9787 

# draw a vertical line at the optimal input 

pyplot.axvline(x=x_optima, ls='--', color='red') 

# show the plot 

pyplot.show() 

Running the example creates a line plot of the function and marks the optima with a red 

line. 



 
Line Plot of Multimodal Optimization Function 3 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 



Discontinuous Functions (Non-Smooth) 

A function may have a discontinuity, meaning that the smooth change in inputs to the 

function may result in non-smooth changes in the output. 

We might refer to functions with this property as non-smooth functions or discontinuous 

functions. 

There are many different types of discontinuity, although one common example is a jump or 

acute change in direction in the output values of the function, which is easy to see in a plot 

of the function. 

Discontinuous Function 

The range is bounded to -2.0 and 2.0 and the optimal input value is 1.0. 
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# non-smooth optimization function 

from numpy import arange 

from matplotlib import pyplot 

  

# objective function 

def objective(x): 

 if x > 1.0: 

 return x**2.0 

 elif x == 1.0: 

 return 0.0 

 return 2.0 - x 

  

# define range for input 

r_min, r_max = -2.0, 2.0 

# sample input range uniformly at 0.1 increments 

inputs = arange(r_min, r_max, 0.1) 

# compute targets 

results = [objective(x) for x in inputs] 

# create a line plot of input vs result 

pyplot.plot(inputs, results) 

# define optimal input value 

x_optima = 1.0 

# draw a vertical line at the optimal input 

pyplot.axvline(x=x_optima, ls='--', color='red') 

# show the plot 

pyplot.show() 

Running the example creates a line plot of the function and marks the optima with a red 

line. 

https://en.wikipedia.org/wiki/Classification_of_discontinuities


 
Line Plot of Discontinuous Optimization Function 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 



Noisy Functions 

A function may have noise, meaning that each evaluation may have a stochastic component, 

which changes the output of the function slightly each time. 

Any non-noisy function can be made noisy by adding small Gaussian random numbers to the 

input values. 

The range for the function below is bounded to -5.0 and 5.0 and the optimal input value is 

0.0. 
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# noisy optimization function 

from numpy import arange 

from numpy.random import randn 

from matplotlib import pyplot 

  

# objective function 

def objective(x): 

 return (x + randn(len(x))*0.3)**2.0 

  

# define range for input 

r_min, r_max = -5.0, 5.0 

# sample input range uniformly at 0.1 increments 

inputs = arange(r_min, r_max, 0.1) 

# compute targets 

results = objective(inputs) 

# create a line plot of input vs result 

pyplot.plot(inputs, results) 

# define optimal input value 

x_optima = 0.0 

# draw a vertical line at the optimal input 

pyplot.axvline(x=x_optima, ls='--', color='red') 

# show the plot 

pyplot.show() 

Running the example creates a line plot of the function and marks the optima with a red 

line. 



 
Line Plot of Noisy Optimization Function 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 



4.3. Two-Dimensional (2D) Test Functions for Function Optimization 

 

 

Function optimization is a field of study that seeks an input to a function that results in the 

maximum or minimum output of the function. 

 

There are a large number of optimization algorithms and it is important to study and 

develop intuitions for optimization algorithms on simple and easy-to-visualize test functions. 

Two-dimensional functions take two input values (x and y) and output a single evaluation of 

the input. They are among the simplest types of test functions to use when studying 

function optimization. The benefit of two-dimensional functions is that they can be 

visualized as a contour plot or surface plot that shows the topography of the problem 

domain with the optima and samples of the domain marked with points. 

In this tutorial, you will discover standard two-dimensional functions you can use when 

studying function optimization. 

 

 

Tutorial Overview 

A two-dimensional function is a function that takes two input variables and computes the 

objective value. 

 

We can think of the two input variables as two axes on a graph, x and y. Each input to the 

function is a single point on the graph and the outcome of the function can be taken as the 

height on the graph. 

 

This allows the function to be conceptualized as a surface and we can characterize the 

function based on the structure of the surface. For example, hills for input points that result 

in large relative outcomes of the objective function and valleys for input points that result in 

small relative outcomes of the objective function. 

 

A surface may have one major feature or global optima, or it may have many with lots of 

places for an optimization to get stuck. The surface may be smooth, noisy, convex, and all 

manner of other properties that we may care about when testing optimization algorithms. 

There are many different types of simple two-dimensional test functions we could use. 

Nevertheless, there are standard test functions that are commonly used in the field of 

function optimization. There are also specific properties of test functions that we may wish 

to select when testing different algorithms. 

 

We will explore a small number of simple two-dimensional test functions in this tutorial and 

organize them by their properties with two different groups; they are: 

1. Unimodal Functions 



1. Unimodal Function 1 

2. Unimodal Function 2 

3. Unimodal Function 3 

2. Multimodal Functions 

1. Multimodal Function 1 

2. Multimodal Function 2 

3. Multimodal Function 3 

 

Each function will be presented using Python code with a function implementation of the 

target objective function and a sampling of the function that is shown as a surface plot. 

All functions are presented as a minimization function, e.g. find the input that results in the 

minimum (smallest value) output of the function. Any maximizing function can be made a 

minimization function by adding a negative sign to all output. Similarly, any minimizing 

function can be made maximizing in the same way. 

I did not invent these functions; they are taken from the literature. See the further reading 

section for references. 

 

You can then choose and copy-paste the code one or more functions to use in your own 

project to study or compare the behavior of optimization algorithms. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 



Unimodal Functions 

Unimodal means that the function has a single global optima. 

A unimodal function may or may not be convex. A convex function is a function where a line 

can be drawn between any two points in the domain and the line remains in the domain. 

For a two-dimensional function shown as a contour or surface plot, this means the function 

has a bowl shape and the line between two remains above or in the bowl. 

[ŜǘΩǎ ƭƻƻƪ ŀǘ ŀ ŦŜǿ ŜȄŀƳǇƭŜǎ ƻŦ ǳƴƛƳƻŘŀƭ ŦǳƴŎǘƛƻƴǎΦ 

Unimodal Function 1 

The range is bounded to -5.0 and 5.0 and one global optimal at [0.0, 0.0]. 
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# unimodal test function 

from numpy import arange 

from numpy import meshgrid 

from matplotlib import pyplot 

from mpl_toolkits.mplot3d import Axes3D 

  

# objective function 

def objective(x, y): 

 return x**2.0 + y**2.0 

  

# define range for input 

r_min, r_max = -5.0, 5.0 

# sample input range uniformly at 0.1 increments 

xaxis = arange(r_min, r_max, 0.1) 

yaxis = arange(r_min, r_max, 0.1) 

# create a mesh from the axis 

x, y = meshgrid(xaxis, yaxis) 

# compute targets 

results = objective(x, y) 

# create a surface plot with the jet color scheme 

figure = pyplot.figure() 

axis = figure.gca(projection='3d') 

axis.plot_surface(x, y, results, cmap='jet') 

# show the plot 

pyplot.show() 

Running the example creates a surface plot of the function. 

https://en.wikipedia.org/wiki/Unimodality


 
Surface Plot of Unimodal Optimization Function 1 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 



Unimodal Function 2 

The range is bounded to -10.0 and 10.0 and one global optimal at [0.0, 0.0]. 
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# unimodal test function 

from numpy import arange 

from numpy import meshgrid 

from matplotlib import pyplot 

from mpl_toolkits.mplot3d import Axes3D 

  

# objective function 

def objective(x, y): 

 return 0.26 * (x**2 + y**2) - 0.48 * x * y 

  

# define range for input 

r_min, r_max = -10.0, 10.0 

# sample input range uniformly at 0.1 increments 

xaxis = arange(r_min, r_max, 0.1) 

yaxis = arange(r_min, r_max, 0.1) 

# create a mesh from the axis 

x, y = meshgrid(xaxis, yaxis) 

# compute targets 

results = objective(x, y) 

# create a surface plot with the jet color scheme 

figure = pyplot.figure() 

axis = figure.gca(projection='3d') 

axis.plot_surface(x, y, results, cmap='jet') 

# show the plot 

pyplot.show() 

Running the example creates a surface plot of the function. 



 
Surface Plot of Unimodal Optimization Function 2 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 



Unimodal Function 3 

The range is bounded to -10.0 and 10.0 and one global optimal at [pi, pi]. This function is 

ƪƴƻǿƴ ŀǎ 9ŀǎƻƳΩǎ ŦǳƴŎǘƛƻƴΦ 
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# unimodal test function 

from numpy import cos 

from numpy import exp 

from numpy import pi 

from numpy import arange 

from numpy import meshgrid 

from matplotlib import pyplot 

from mpl_toolkits.mplot3d import Axes3D 

  

# objective function 

def objective(x, y): 

 return -cos(x) * cos(y) * exp(-((x - pi)**2 + (y - pi)**2)) 

  

# define range for input 

r_min, r_max = -10, 10 

# sample input range uniformly at 0.01 increments 

xaxis = arange(r_min, r_max, 0.01) 

yaxis = arange(r_min, r_max, 0.01) 

# create a mesh from the axis 

x, y = meshgrid(xaxis, yaxis) 

# compute targets 

results = objective(x, y) 

# create a surface plot with the jet color scheme 

figure = pyplot.figure() 

axis = figure.gca(projection='3d') 

axis.plot_surface(x, y, results, cmap='jet') 

# show the plot 

pyplot.show() 

Running the example creates a surface plot of the function. 



 
Surface Plot of Unimodal Optimization Function 3 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 



Multimodal Functions 

A multi-modal function ƳŜŀƴǎ ŀ ŦǳƴŎǘƛƻƴ ǿƛǘƘ ƳƻǊŜ ǘƘŀƴ ƻƴŜ άmodeέ ƻǊ ƻǇǘƛƳŀ όŜΦƎΦ 

valley). Multimodal functions are non-convex. There may be one global optima and one or 

more local or deceptive optima. Alternately, there may be multiple global optima, i.e. 

multiple different inputs that result in the same minimal output of the function. 

[ŜǘΩǎ ƭƻƻƪ ŀǘ ŀ ŦŜǿ ŜȄŀƳǇƭŜǎ ƻŦ Ƴultimodal functions. 

Multimodal Function 1 

The range is bounded to -5.0 and 5.0 and one global optimal at [0.0, 0.0]. This function is 

known as !ŎƪƭŜȅΩǎ ŦǳƴŎǘƛƻƴ. 
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# multimodal test function 

from numpy import arange 

from numpy import exp 

from numpy import sqrt 

from numpy import cos 

from numpy import e 

from numpy import pi 

from numpy import meshgrid 

from matplotlib import pyplot 

from mpl_toolkits.mplot3d import Axes3D 

  

# objective function 

def objective(x, y): 

 return -20.0 * exp(-0.2 * sqrt(0.5 * (x**2 + y**2))) - exp(0.5 * (cos(2 * pi * x) + cos(2 * pi 

* y))) + e + 20 

  

# define range for input 

r_min, r_max = -5.0, 5.0 

# sample input range uniformly at 0.1 increments 

xaxis = arange(r_min, r_max, 0.1) 

yaxis = arange(r_min, r_max, 0.1) 

# create a mesh from the axis 

x, y = meshgrid(xaxis, yaxis) 

# compute targets 

results = objective(x, y) 

# create a surface plot with the jet color scheme 

figure = pyplot.figure() 

axis = figure.gca(projection='3d') 

axis.plot_surface(x, y, results, cmap='jet') 

# show the plot 

pyplot.show() 

Running the example creates a surface plot of the function. 

https://en.wikipedia.org/wiki/Multimodal_distribution
https://en.wikipedia.org/wiki/Ackley_function


 
Surface Plot of Multimodal Optimization Function 1 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 



 

Multimodal Function 2 

The range is bounded to -5.0 and 5.0 and the function as four global optima at [3.0, 2.0], [-

2.805118, 3.131312], [-3.779310, -3.283186], [3.584428, -1.848126]. This function is known 

as IƛƳƳŜƭōƭŀǳΩǎ ŦǳƴŎǘƛƻƴ. 
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# multimodal test function 

from numpy import arange 

from numpy import meshgrid 

from matplotlib import pyplot 

from mpl_toolkits.mplot3d import Axes3D 

  

# objective function 

def objective(x, y): 

 return (x**2 + y - 11)**2 + (x + y**2 -7)**2 

  

# define range for input 

r_min, r_max = -5.0, 5.0 

# sample input range uniformly at 0.1 increments 

xaxis = arange(r_min, r_max, 0.1) 

yaxis = arange(r_min, r_max, 0.1) 

# create a mesh from the axis 

x, y = meshgrid(xaxis, yaxis) 

# compute targets 

results = objective(x, y) 

# create a surface plot with the jet color scheme 

figure = pyplot.figure() 

axis = figure.gca(projection='3d') 

axis.plot_surface(x, y, results, cmap='jet') 

# show the plot 

pyplot.show() 

Running the example creates a surface plot of the function. 

https://en.wikipedia.org/wiki/Himmelblau%27s_function


 
Surface Plot of Multimodal Optimization Function 2 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 



 

Multimodal Function 3 

The range is bounded to -10.0 and 10.0 and the function as four global optima at [8.05502, 

9.66459], [-8.05502, 9.66459], [8.05502, -9.66459], [-8.05502, -9.66459]. This function is 

ƪƴƻǿƴ ŀǎ IƻƭŘŜǊΩǎ ǘŀōƭŜ ŦǳƴŎǘƛƻƴΦ 
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# multimodal test function 

from numpy import arange 

from numpy import exp 

from numpy import sqrt 

from numpy import cos 

from numpy import sin 

from numpy import e 

from numpy import pi 

from numpy import absolute 

from numpy import meshgrid 

from matplotlib import pyplot 

from mpl_toolkits.mplot3d import 

Axes3D 

  

# objective function 

def objective(x, y): 

 return -absolute(sin(x) * cos(y) * 

exp(absolute(1 - (sqrt(x**2 + 

y**2)/pi)))) 

  

# define range for input 

r_min, r_max = -10.0, 10.0 

# sample input range uniformly at 0.1 

increments 

xaxis = arange(r_min, r_max, 0.1) 

yaxis = arange(r_min, r_max, 0.1) 

# create a mesh from the axis 

x, y = meshgrid(xaxis, yaxis) 

# compute targets 

results = objective(x, y) 

# create a surface plot with the jet 

color scheme 

figure = pyplot.figure() 

axis = figure.gca(projection='3d') 

axis.plot_surface(x, y, results, 

cmap='jet') 



# show the plot 

pyplot.show() 

Running the example creates a surface plot of the function. 

 
Surface Plot of Multimodal Optimization Function 3 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 



4.4. Optimization algorithms: the Newton Method 

Predictive Statistics and Machine Learning aim at building models with parameters such that 

the final output/prediction is as close as possible to the actual value. This implies the 

optimization of an objective function, which might be either minimized (like loss functions) 

or maximized (like Maximum Likelihood function). 

The idea behind optimization routine is starting from an initial random value of our target 

ŦǳƴŎǘƛƻƴΩǎ ǾŀǊƛŀōƭŜΣ ŀƴŘ ǘƘŜƴ ǳǇŘŀǘƛƴƎ ǘƘƛǎ ǾŀƭǳŜ ŀŎŎƻǊŘƛƴƎ ǘƻ ŀ ƎƛǾŜƴ ǊǳƭŜΦ ¢ƘŜ ƛǘŜǊŀǘƛƻƴ 

stops when the distance between two values is approaching zero, or maybe after a 

maximum number of iterations arbitrarily decided. 

Lƴ ǘƘƛǎ ŀǊǘƛŎƭŜΣ LΩƳ Ǝƻƛng to provide an intuitive explanation of the Newton method, 

proposing a geometric interpretation. The assumption behind this method is that our target 

ŦǳƴŎǘƛƻƴ ŦόȄύΣ ǘƘŜ ƻƴŜ ǿŜ ǿŀƴǘ ǘƻ ƻǇǘƛƳƛȊŜΣ ƛǎ ǘǿƛŎŜ ŘƛŦŦŜǊŜƴǘƛŀōƭŜ ŀƴŘ ŦέόȄύ ƛǎ ƴƻǘ Ŝǉǳŀƭ ǘƻ 

zero. Here, we will be working with a smooth and regular polynomial: 

 
 

import numpy as np 

import math 

import matplotlib.pyplot as plt 

def f(x): 

    return x**3-6*x**2+4*x+2 

x = np.linspace(-1, 1) 

fig, ax = plt.subplots() 

ax.plot(x, f(x), label='target') 

ax.grid() 

 
Now, the idea of Newton method is that, in order to find the optimum (in our case, the 

maximum) of our target, we have to start by approximating our curve in a random starting 

point with a second order Taylor extension, then compute the maximum of that extension 



(that means, taking its first derivative and setting it equal to zero). The maximum of the 

quadratic approximation will be the new value of our x. Then, with an iterative procedure, 

this is repeated and the resulting series of x, xn, tends to converge towards the maximum of 

the target, x*, as n tends towards infinite. 

IƻǿŜǾŜǊΣ ƭŜǘΩǎ ǇǊƻŎŜŜŘ ǎǘŜǇ ōȅ ǎǘŜǇΣ ŀƴŘ ƭŜǘΩǎ ŦƛǊǎǘ ŎƻƳǇǳǘŜ ǘƘŜ ¢ŀȅƭƻǊ ŜȄǇŀƴǎƛƻƴ ƻŦ ƻǳǊ 

function at a given point x0: 

 
Now, we want the first derivative of this quantity to be equal to 0, since we want to 

compute the optimum of this new curve. More specifically, we want to differentiate with 

respect to (x-x0), which is the increment needed to reach the maximum of the 

approximation. Hence: 

 
This formula can be generalized with the following updating rule: 

 
[ŜǘΩǎ ǎŜŜ ƛǘ ƎŜƻƳŜǘǊƛŎŀƭƭȅΥ 

 



As you can see, as xn approaches x*, the distance between two x values approaches 

towards zero. As anticipated, since it might be possible that xn and x* never perfectly 

match, one might impose a stopping criterion when, for example, the updating factor is less 

than an arbitrarily small epsilon. 

bƻǿ ƭŜǘΩǎ ƛƳǇƭŜƳŜƴǘ ƛǘ ƛƴ tȅǘƘƻƴΣ ǳǎƛƴƎ ŀǎ ǘŀǊƎŜǘ ǘƘŜ ŦǳƴŎǘƛƻƴ ǿŜ ŀƭǊŜŀŘȅ ŘŜŦƛƴŜŘΦ ¢ƻ 

proceed with Newton method, we have to define three further elements: first and second 

order derivative, and the quadratic approximation: 
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def fprime(x): 

    return 3*x**2-12*x+4 

def fsecond(x): 

    return 6*x - 12 

def quadratic_approx(x, x0, f, fprime, fsecond): 

    return f(x0)+fprime(x0)*(x-x0)+0.5*fsecond(x0)*(x-x0)**2  

[ŜǘΩǎ ŦƛǊǎǘ ƘŀǾŜ ŀ ƭƻƻƪ ŀǘ ǘƘŜ Ǉƭƻǘ ƻŦ ǘƘŜ ǉǳŀŘǊŀǘƛŎ ŀǇǇǊƻȄƛƳŀǘƛƻƴ ƛƴ ȄлҐлΥ 

 

x = np.linspace(-1, 1) 

fig, ax = plt.subplots() 

ax.plot(x, f(x), label='target') 

ax.grid() 

ax.plot(x, quadratic_approx(x, 0, f, fprime, fsecond), color='red', label='quadratic 

approximation') 

ax.set_ylim([-2,3]) 

ax.axhline(y=0, color='k') 

ax.axvline(x=0, color='k') 

plt.legend() 

 

 
bƻǿ ƭŜǘΩǎ ŘŜŦƛƴŜ ƻǳǊ bŜǿǘƻƴ ƳŜǘƘƻŘΥ 
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def newton(x0, fprime, fsecond, maxiter=100, eps=0.0001): 

    x=x0 
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    for i in range(maxiter): 

        xnew=x-(fprime(x)/fsecond(x)) 

        if xnew-x<eps: 

            return xnew 

            print('converged') 

            break 

        x = xnew 

    return x 

[ŜǘΩǎ Ǉƭƻǘ ǘƘŜ ǊŜǎǳƭǘ ǿƛǘƘ ǘƘŜ ȄψǎǘŀǊΥ 

 

x_star=newton(0, fprime, fsecond) 

fig, ax = plt.subplots() 

ax.plot(x, f(x), label='target') 

ax.grid() 

ax.plot(x, quadratic_approx(x, x_star , f, fprime, fsecond), color='red', label='quaratic 

approximation') 

ax.set_ylim([-2,3]) 

ax.axhline(y=0, color='k') 

ax.axvline(x=0, color='k') 

ax.axvline(x = x_star, color='green') 

plt.legend() 

 
As you can see, now the maximum of the linear approximation coincides (approximately) 

ǿƛǘƘ ǘƘŜ ƳŀȄƛƳǳƳ ƻŦ ƻǳǊ ǘŀǊƎŜǘΦ hŦ ŎƻǳǊǎŜΣ ǘƘŜ ƛǘŜǊŀǘƛƻƴ ŘƛŘƴΩǘ ƭŀǎǘ ŀ ƭƻǘΣ ǎƛƴŎŜ ǿŜ ǎǘŀǊǘŜŘ 

from a x0 pretty close to the real maximum of the function. Nevertheless, this is the exact 

procedure whatever the starting point is. 

Newton method is extremely powerful, yet it can be applied only under the assumption of 

twice differentiability, differently from other optimization methods as gradient descent 



(which only requires first differentiability). Hence, you might want to use this method only 

ƛƴ ŎŀǎŜ ƻŦ ΨǿŜƭƭ-ōŜƘŀǾƛƴƎΩ ŦǳƴŎǘƛƻƴΣ ƭƛƪŜ ƻǳǊ ǇƻƭȅƴƻƳƛŀƭ ƻŦ ǘƘŜ ŜȄŀƳǇƭŜ ŀōƻǾŜΦ 

 

Newton method attracts to saddle points 

saddle points are common in machine learning, or in fact any multivariable optimization. 

 

Look at the function: f=x2ҍy2 

 
If you apply multivariate Newton method, you get the following. 

 

 

 
 

 
 

 

https://en.wikipedia.org/wiki/Saddle_point
https://en.wikipedia.org/wiki/Newton%27s_method_in_optimization#Higher_dimensions
https://i.stack.imgur.com/EX5lC.png


 
 

 
 

 
 

So, you see how the Newton method led you to the saddle point at x=0,y=0. 

 

In contrast, the gradient descent method will not lead to the saddle point. The gradient is 

zero at the saddle point, but a tiny step out would pull the optimization away as you can see 

from the gradient above - its gradient on y-variable is negative. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 



5. CƻǳǊƛŜǊ ¢ǊŀƴǎŦƻǊƳ 
CƻǳǊƛŜǊ ŘǀƴǸǒǸƳǸΣ ǎŀŘŜŎŜ ǎƛƴǸǎ ǾŜ ƪƻǎƛƴǸǎ ǘŜƳŜƭ ƛǒƭŜǾƭŜǊƛ ƪǳƭƭŀƴƤƭŀǊŀƪ ǎŜƴǘŜȊƭŜƴŜōƛƭŜƴ 

sinyalleri analiz etmek için yeterlidir. 

 

5ǸƴȅŀŘŀƪƛ ōƛǊœƻƪ ǒŜȅΣ ōƛǊ ŘŀƭƎŀ ŦƻǊƳǳ ŀǊŀŎƤƭƤƐƤȅƭŀ ǘŀƴƤƳƭŀƴŀōƛƭƛǊ - ȊŀƳŀƴΣ ƳŜƪŀƴ ǾŜȅŀ ōŀǒƪŀ 

ōƛǊ ŘŜƐƛǒƪŜƴƛƴ ŦƻƴƪǎƛȅƻƴǳΦ mǊƴŜƐƛƴΣ ǎŜǎ ŘŀƭƎŀƭŀǊƤΣ ŜƭŜƪǘǊƻƳŀƴȅŜǘƛƪ ŀƭanlar, radyodan 

ŘƛƴƭŜŘƛƐƛƴƛȊ ƳǸȊƛƪΣ ƘƛǎǎŜ ǎŜƴŜǘƭŜǊƛƴƛ ȊŀƳŀƴŀ ƎǀǊŜ ŦƛȅŀǘƤΣ ƴŜŦŜǎƛƴƛȊƛƴ ǎƤƪƭƤƐƤ ǾōΦ  

 

CƻǳǊƛŜǊ 5ǀƴǸǒǸƳǸΣ ōƛȊŜ ōǳ ŘŀƭƎŀ ŦƻǊƳƭŀǊƤƴƤ ŘƻƐǊǳŘŀƴ ƎǀǊǸƴǘǸƭŜƳŜƴƛƴ ōŜƴȊŜǊǎƛȊ ǾŜ ƎǸœƭǸ ōƛǊ 

ȅƻƭǳƴǳ ǎǳƴŘǳƐǳ ƛœƛƴ ǀƴŜƳƭƛ ōƛǊ Ǌƻƭ ƻȅƴŀƳŀƪǘŀŘƤǊΦ CƻǳǊƛŜǊ ¢ǊŀƴǎŦƻǊƳ, görüntü analizi, 

ƎǀǊǸƴǘǸ ŦƛƭǘǊŜƭŜƳŜΣ ƎǀǊǸƴǘǸ ǊŜƪƻƴǎǘǊǸƪǎƛȅƻƴǳ ǾŜ ƎǀǊǸƴǘǸ ǎƤƪƤǒǘƤǊƳŀǎƤ Ǝƛōƛ œƻƪ œŜǒƛǘƭƛ 

ǳȅƎǳƭŀƳŀƭŀǊŘŀ ƪǳƭƭŀƴƤƭƤǊΦ 

 

.ƛǊ CǊŀƴǎƤȊ ƳŀǘŜƳŀǘƛƪœƛ ǾŜ ŦƛȊƛƪœƛ WŜŀƴ .ŀǇǘƛǎǘŜ WƻǎŜǇƘ CƻǳǊƛŜǊΣ CƻǳǊƛŜǊ ŀƴŀƭƛȊƛƴƛ ƎŜƭƛǒǘƛǊŘƛΦ 

Periyodik sinyalin uygun ǎŜœƛƭƳƛǒ ǎƛƴǸȊƻƛŘŀƭ ŘŀƭƎŀƭŀǊƤƴ ǘƻǇƭŀƳƤ ƻƭŀǊŀƪ ǘŜƳǎƛƭ ŜŘƛƭŜōƛƭŜŎŜƐƛ 

ƪƻƴǳǎǳƴŘŀ ǘŀǊǘƤǒƳŀƭƤ ōƛǊ ƛŘŘƛŀȅŀ ǎŀƘƛǇǘƛΦ .ǳ ȅŀȊƤƴƤƴ ōƛǊ ƎǀȊŘŜƴ ƎŜœƛǊƛŎƛǎƛ ƻƭŀƴ ƳŀǘŜƳŀǘƛƪœƛ 

[ŀƎǊŀƴƎŜΣ ǎǸǊŜƪǎƛȊ ŜƐƛƳƭŜǊ Ǝƛōƛ ƪǀǒŜƭŜǊƛ ƻƭŀƴ ǎƛƴȅŀƭƭŜǊƛ ǘŜƳǎƛƭ ŜǘƳŜƪ ƛœƛƴ ōƛǊ ȅŀƪƭŀǒƤƳƤƴ 

ƪǳƭƭŀƴƤƭŀƳŀȅŀŎŀƐƤ ƪƻƴǳǎǳƴŘŀ ƤǎǊŀǊ ŜǘǘƛΦ [ŀƎǊŀƴƎŜΩƤƴ ƎǀǊǸǒǸ ŘƻƐǊǳȅŘǳ ŀƳŀ ǘŀƳ ƻƭŀǊŀƪ ŘŜƐƛƭΣ 

œǸƴƪǸ ǎƤŦƤǊ ŜƴŜǊƧƛȅŜ ǎŀƘƛǇ ƛƪƛ ǎƛƴǸȊƻƛŘŀƭ ƛǒŀǊŜǘ ŀǊŀǎƤƴŘŀƪƛ ŦŀǊƪ œƻƪ ȅŀƪƤƴŘƤΦ aŀƪŀƭŜ ǎƻƴǳƴŘŀ 

[ŀƎǊŀƴƎŜ ǀƭŘǸƪǘŜƴ ǎƻƴǊŀ ȅŀȅƤƴƭŀƴŘƤΦ CƻǳǊƛŜǊΩƛƴ ƎŜƴŜƭƭŜƳŜ ƛŘŘƛŀǎƤƴƤƴ ōƛǊŀȊ ƪǳǾǾŜǘƭƛ ƻƭŘǳƐǳ 

ƻǊǘŀȅŀ œƤƪǎŀ ŘŀΣ ǎƻƴǳœƭŀǊƤ ƎǸƴǸƳǸȊŜ ƪŀŘŀǊ ŘŜǾŀƳ ŜŘŜƴ ǀƴŜƳƭƛ ōƛǊ ŀǊŀǒǘƤǊƳŀ ǎŜƭƛƴƛ ƘŀǊŜƪŜǘŜ 

geçirdi. 

 

CƻǳǊƛŜǊ ŘǀƴǸǒǸƳǸ ŦƛȊƛƪ ǾŜ ƳǸƘŜƴŘƛǎƭƛƪ ŀƭŀƴƤƴŘŀƪƛ ōƛǊœƻƪ ǳȅƎǳƭŀƳŀ ƛƭŜ ƳŀǘŜƳŀǘƛƪǎŜƭ ōƛǊ 

ŘǀƴǸǒǸƳŘǸǊΦ CƻǳǊƛŜǊ ǎŜǊƛƭŜǊƛ ŘŜƴƛƭŜƴ ǘǊƛƎƻƴƻƳŜǘǊƛƪ ǎŜǊƛƭŜǊƛ ƪǳƭƭŀƴŀǊŀƪ ƪƤǎƳƛ ŘƛŦŜǊŀƴǎƛȅŜƭ 

denklemleri içeren birçok önemli problemi çözebiliriz.  

 

9ǾǊŜƴŘŜ ƎǀȊƭŜŘƛƐƛƴƛȊ ǘǸƳ ŘŀƭƎŀ ŦƻǊƳƭŀǊƤ ŦŀǊƪƭƤ ŦǊŜƪŀƴǎ ǾŜ ƎŜƴƭƛƪƭŜǊŜ ǎŀƘƛǇ ǎƛƴǸǎ 

ŦƻƴƪǎƛȅƻƴƭŀǊƤƴƤƴ ǘƻǇƭŀƳƤƴŘŀƴ ƛōŀǊŜǘǘƛǊΗ 

 

 

 

 

 

 

 

 

 

 



 

 
 



 

 



 

 
 



 

 



 

 

 
 

 
 

 
 

 
 

 
 

 

 

 

 

 

 



Soru: 

 

 
 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 



Soru-15: 

 

 
 ŜƪƛƭŘŜ ǾŜǊƛƭƳƛǒ ƻƭŀƴ ŦόǘύΩƴƛƴ ŦƻǳǊƛŜǊ ŘǀƴǸǒǸƳǸƴǸ ōǳƭǳƴǳȊΦ 

 

 
 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 


















































































































































































